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Abstract

reduces the size of the entire system. Folding by means of
a curved mirror can result in greater size reduction. More
importantly, curved folding mirrors can serve to reduce
undesirable optical effects such as field curvature.

A framework is developed for the design and analysis
of single-viewpoint catadioptric cameras that use two or
more mirrors. The use of multiple mirrors permits folding
of the optics which leads to more compact camera designs
than ones that use a single mirror. A dictionary of camera
designs that use two conic mirrors is presented. We show
that any folded system that uses conic mirrors has a geometrically equivalent system that uses a single conic mirror. This result makes it easy to determine the scene-toimage mapping of a conic folded system. In addition, we
discuss the optical benefits of using folded systems. As
an example, we choose a camera design from our dictionary and optimize its parameters via optical simulations.
This design is used to construct a compact video camera
that provides a hemispherical field of view.

In the context of wide-angle imaging, a few folded systems have been implemented in the past. Here, we will
focus on coaxial systems where the axes of the all the
optical components are coincident. Buchele and Buchele
[Buchele and Buchele, 19531 designed a single optical
unit (a refractive solid) with a concave spherical mirror
and a planar mirror attached to (or coated on) the solid.
This idea was extended by Greguss [Greguss, 19861 who
used a similar refractive solid with convex and concave
aspherical mirrors. Powell [Powell, 19951 further improved the design by using a different shape for the refractive solid and convex and concave conics for the reflectors. Rees [Rees, 19701 has implemented a system
that includes a convex hyperbolic primary mirror and a
convex spherical secondary mirror. Rosendahl and Dykes
[Rosendahl and Dykes, 19831 described an implementation that uses convex and concave hyperbolic mirrors and
accompanying imaging optics for correction of field curvature. Charles [Charles, 19901 proposed a simple design
in which the primary mirror is curved and the secondary
one is planar. Several variants of the above designs have
surfaced in the last few years which we will not review
due to lack of space (see [Nayar and Peri, 19991 for recent implementations).

1 Introduction
Catadioptric cameras use a combination of mirrors and
lenses to image the scene of interest. Of particular interest in computational vision are wide-angle cameras
that satisfy the single viewpoint constraint; if a catadioptric system is capable of viewing the world from a single point in space, the captured image can be mapped to
distortion-free images. Since such mapped images adhere to perspective projection, a variety of existing results in vision can be directly applied. Surveys of existing
single-mirror catadioptric systems have been presented in
[Nalwa, 19961 and [Nayar, 19971. The complete class of
single-mirror, single-lens imaging systems that satisfy the
single viewpoint constraint have been analyzed in [Baker
and Nayar, 19981.

The previous work described above has not paid much attention to the single viewpoint constraint; the main objective has been to develop systems that produce high quality
images of large fields of view. In this paper, we first look
at the general problem of designing folded catadioptric
cameras that have a single viewpoint. Geometric tools
used in telescope design [Manly, 19911 and microwave
optics [Cornbleet, 19841 are invoked in the context of
wide-angle imaging. This leads to a general framework
for designing multiple-mirror systems with single viewpoints. However, the mirror shapes are shown to be arbitrarily complex. Such mirrors make it difficult for the
designer to minimize optical aberrations over the entire
field of view. Hence, we restrict ourselves to designs that
use conic mirrors whose optical manifestations are better
understood and easier to correct. A complete dictionary
of conic systems is presented within which some of the
existing designs lie. In addition, we show that any folded
system that uses conics can be geometrically represented

A major issue with catadioptric imaging systems is that

they tend to be physically large when compared with conventional ones. This is due to the fact that the capture of
a wide unobstructed field of view requires the lens and
the mirror to be adequately separated from each other. To
work around this problem, the well-known method of optical folding is used. A simple example is the use of a
planar mirror to fold the optical path between a curved
mirror and an imaging lens. The folding can be in any
direction; a 90" fold may help conceal some of the optical elements in an outdoor application and a 180" fold
'This work was supported in parts by DARPA's Image Understanding Program, DARPA's Tactical Mobile Robots Program and an
ONR/DARPA MURI grant under ONR contract No. N00014-97-10553. Venkata Pen is supported by CycloVision Technologies.
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by an equivalent system that uses a single conic. This result makes is easy to determine the scene-to-image mapping of any folded system that uses conic mirrors.

single point. Instead, they can be viewed as tangents to
a surface that is called a caustic'. We would like to design a secondary mirror that would reflect these rays such
that they intersect at a single point P , where the entrance
pupil of the lens is located. For this, consider a string
(dotted curve) with one end wound around and fixed to
the caustic and the other end attached to the lens location
P . Now, consider the point L that pulls on the string to
keep it taut. As L moves along the string (while keeping
it taut) in the direction shown in Figure 1, the string will
wrap around the caustic and the locus of L is the required
shape of the secondary mirror.

Finally, as an example, we choose a specific design from
our dictionary and implement a folded catadioptric video
camera that is 9 cm tall, 5 cm wide and has a hemispherical field of view. The performance of the camera is described in terms of its spatially varying point blur function
and enclosed energy plots. Perspective and panoramic
video are shown that are computed from the hemispherical video using software.

2 Background: Single Mirror Systems
These cameras use a single mirror and a single lens to
capture a large field of view that is observed from a fixed
viewpoint. In [Baker and Nayar, 19981 the general problem of deriving mirror shapes that satisfy the fixed viewpoint constraint was studied. If Z ( T ) is the profile of the
mirror shape, the complete class of solutions is given by
(Z-;)2+r2(1-;)
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where, c is the distance between the desired viewpoint
and the entrance pupil of the imaging lens, and t is a constant of Integration. This solution reveals that, to ensure a
fixed viewpoint, the mirror must be a plane, ellipsoid, hyperboloid, or paraboloid (see [Baker and Nayar, 19981).

3

Geometry of Folded Systems
Figure 1 : Geometrical construction of a wide-angle two-mirror
imaging system. For any chosen primary mirror, a secondary
mirror can be found that maps scene rays in the direction of a
chosen viewpoint 0 to a chosen imaging pupil P.

As stated earlier, optical folding allows us to develop

catadioptric cameras with significantly better packaging
and optical performance.

3.1

The General Problem of Folding

It is worth noting that this elegant method for deriving
mirror shapes from caustics can be applied repeatedly to
design systems with more than two mirrors. It is a general
technique for designing mirrors that transforms one caustic to another. In our case, the second caustic happens to
be the point P . If the camera lens itself is not perspective
but instead has a locus of viewpoints (yet another nonpoint caustic), it is possible to determine the secondary
mirror that would map the first caustic to the second one,
while ensuring that the complete system maintains a single viewpoint.

The general problem of designing folded imaging systems can be stated as follows: Given a desired viewpoint
location and a desired field of view, determine the mirrors
(shapes, positions and orientations) that would reflect the
scene through a single point, namely, the center of projection of the imaging lens. Though this problem has not
be addressed in the context of wide-angle imaging, valuable theory has been developed for the construction of
multiple-mirror telescopes and microwave devices [Cornbleet, 19841. These are essentially imaging systems with
very narrow fields of view (typically a couple of degrees).
This theory is truly attractive in that it provides a suite
of geometric tools for constructing folded systems (see
[Cornbleet, 19841). Here, we will outline the approach in
the context of single-viewpoint, wide-angle systems.

Clearly, the shape of the secondary mirror depends on the
shape of the first caustic, which in turn depends on the
shape of the primary mirror. Even for simple mirrors the
caustics can have complex shapes such as nephroids, cardioids, cycloids, astroids, etc. For instance, in the case
of collimated rays incident on a sphere, the caustic is a
nephroid, which is rather complex [Cornbleet, 19841.

Figure 1 shows a sketch of the problem. Let us assume
that shape of the primary mirror is arbitrarily chosen and
positioned with respect to the desired viewpoint 0. Since
the mirror has an arbitrary shape, the rays of light that
travel from the scene towards the viewpoint 0, after reflection by the mirror, do not necessarily converge at a

'Caustics have been used in vision for the recovery of specular
shapes from highlights (see [Oren and Nayar, 19961).
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3.2 The Simpler World of Conics

and image coordinates, which is needed to map images
produced by a folded system to perspective or panoramic
ones. Our equivalence proof here will be brief (see [Nayar and Pen, 19991for details).

As we have seen, a variety of exotic mirror pairs can
be used to construct folded imaging systems with single
viewpoints. However, complex mirror shapes tend to produce severe optical aberrations that cause image quality to
vary dramatically over the field of view.

Figure 3 shows a sketch of a folded system with two conic
mirrors. Since the system has axial symmetry, the equivalence need be established only for a one-dimensional
cross-section. Let the primary mirror C1 have conic constant kl, radius of curvature R I , and near and far foci Fl
and F;. The shape of the mirror is fully determined by its
conic constant: kl = 0 gives a sphere, 0 > kl > -1
yields an ellipsoid, kl = -1 gives a paraboloid and
kl < -1 results in a hyperboloid. The distance between
its foci is 2R1-/(1
IC]).

To keep geometrical and optical analysis simple we return to the conic mirrors given by equation (1). Note that
each conic has well-defined foci that essentially serve as
“point caustics” in relation to Figure 1. It is therefore easy
to combine two (or more) conic mirrors to ensure a fixed
viewpoint. To further simplify matters, we will restrict
ourselves to coaxial imaging systems where the axes of
the mirrors and the optical axis of the imaging lens coincide. A dictionary of the various configurations that result
from using conic mirrors is show in Figure 2. Figure 2(a)
shows a primary hyperboloidal mirror and a secondary
planar mirror. Rays from the scene in the direction of
near focus F1 of the hyperboloidal mirror are reflected
in the direction of its far foucs Fi. The system is folded
by placing the planar mirror between the near and far foci
such that the far focus Fi is reflected to the point P where
the imaging lens is positioned, facing upward. The imaging lens and camera can therefore be placed inside the
hyperboloidal mirror, further aiding compact packaging.
Similarly, in Figure 2(b) the far focus of an ellipsoidal
primary mirror is reflected by the planar mirror to P.

+

While the conics in equation (1) are defined with the near
focus at the origin, we can move the origin to the apex to
get the simpler form:
r2 = -2Rlz - (1

+ kl)z2.

The same in polar coordinates, with the origin at the near
focus F1, is

R1
’= i + ~ c o s e 7

(3)

where

z

=

+ G),
r = psino.

pcoso - R ~ / ( I

(4)

More sophisticated systems can be found in Figures 2(c)(f) where the primary and secondary mirrors are hyperboloids and ellipsoids*. In each case, the near focus of
the secondary mirror is made to coincide with the far focus of the primary mirror. The entrance pupil of the imaging system is then placed at the far focus of the secondary
mirror. Figure 2(g) shows how a concave hyperboloid
may be used. A few more systems that use concave hyperboloids and convex ellipsoids exist but are omitted for
brevity.

The scene ray L1 in the direction of Fl strikes the primary
mirror C1 at PI.The slope of the mirror at PI

Finally, in Figure 2(h) and (i) paraboloidal primary and
secondary mirrors are used. In these cases, the primary
mirror orthographically reflects all rays of light incident
in the direction of its focus FI. These rays are collected
by a secondary paraboloid and reflected so as to converge
at its focus F2, where the lens is positioned. In effect, the
secondary mirror and the imaging lens together serve as
a telecentric imaging system as used in [Nayar, 19971.

From this expression for the slope and the specular reflection constraint (incidence angle equals reflection angle),
we get the following simple relation between the angle 6
of an incoming scene ray L1 and the angle a of the reflected ray L2:

3.3 Equivalent Single Mirror Systems

The above expression determines the compression of rays
due to the primary mirror. The secondary mirror Cz is
also a conic (with constant k2). Since its near focus F 2
coincides with the far focus Fi of the primary mirror C1,
the rays reflected by C1 are directed towards Fz. Hence,
the above compression equation can be used to relate the
angle a of an incoming ray L2 to the angle p of the reflected ray Ls:

r n 1 = -d=r

-RI - (1 + k l ) z
r

dz

Using (4), we can substitute for z and r to get

tana =

Here, we show that any folded system with two conic
mirrors can be geometrically represented by an equivalent system with a single conic mirror, where the sceneto-image mapping of the original system is preserved by
the equivalent one. It should be noted that geometrical
equivalence does not imply optical equivalence. Even so,
the geometrical equivalence is valuable in that it enables
one to easily determine the relation between scene points

tan0 =

*This particular combination was pointed out by Sergey Trubko
[Trubko, 19981 at CycloVision Technologies.
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Figure 2: A dictionary of two-mirror folded catadioptric camera designs that satisfy the single viewpoint assumption. In this
dictionary only mirrors with conic cross-sections are used. Mirrors with the following shapes are used: planar (PL), hyperboloidal
(HYP), ellipsoidal (ELL) and paraboloidal (PAR). The primary and secondary mirrors are denoted by (1) and (2), respectively. The
near and far foci of the primary mirror are denoted by F 1 and F l ' , and those of the secondary mirror by F 2 and F2'. The entrance
pupil of the imaging lens is positioned at P.
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FZ ,F1’1.
Conic

are identical, i.e. hl = h2, no compression of the field of
view is achieved and the equivalent conic is a sphere with
the viewpoint at its center.

4

Optics of Folded Systems

The above designs only define the geometry of the sensor.
That is, the entrance pupil of the imaging system is taken
to be a pinhole and hence only the principal rays are considered. When a lens is used to gather more light, each
principal ray is accompanied by a bundle of surrounding
rays and a variety of optical aberrations appear that make
the design of a folded system challenging.

4.1 Pertinent Optical Effects
Conic Mirror (Cl)

Here, we briefly describe some of the optical aberrations
that are pertinent to us (see [Hecht and Zajac, 19741 for
details).

I
I
I

Chromatic Aberration: The focal length of any lens will
vary somewhat with the “color” of the incoming light. An
imaging lens will have several individual elements and
one of the design goals is to ensure that chromatic aberrations induced by individual elements at least partially
compensate for each other.

Figure 3: Any single-viewpoint folded system that uses two
or more conic mirrors has an equivalent single mirror system
with the same compression, which is the relation between the
directions of scene points (8)and their image coordinates (determined by p).

Coma and Astigmatism: Both these aberrations are
caused primarily due to the curvatures of the mirrors. The
From equations (7) and (8) we get the compression of the
effect of coma is proportional to square of the aperture
complete folded system:
size, while astigmatism is linear in the aperture size. Both
effects cause the best focused image of a scene point to
tanp =
(9)
not be a single point but rather a volume (of confusion).
(1 k~)(l+ IC2)sinO
Our design goal is to maximize aperture size (minimize F- IC,&&
-a k 2 ).
[2 ( G
number) while ensuring that the blur function falls within
+ ( i + k l ( k 2 - i ) + 4 ~ ~ - ~ 2 ) ~ ~ a~ single
e ] detector (pixel) for all points in the field of view.
Field
Curvature: Since at least one of our mirrors is
If neither mirror is a paraboloid, i.e. IC1 # -1 and IC2 #
curved, points at infinity end up being best focused not
-1, the above compression is the same as that produced
on a plane but rather a curved surface behind the imagby a single conic mirror with a conic constant of either IC,
ing lens. This curved surface is also called the Petzval
or l/k, where
surface [Hecht and Zajac, 19741. Since the CCD imagers
we have at our disposal are planar, the best image quality
is achieved where the curved image and the planar detector intersect. In compact systems (small mirrors with
For each of the folded configurations shown in Figure
high curvatures) field curvature tends to dominate over
2(c)-(g), the equivalent conic is either a hyperboloid or
all other aberrations. In a single mirror system, the image
an ellipsoid. The equivalent conic is a sphere for the spesurface is curved in the same direction as the mirror itself.
cial (but impractical) case of a folded system made of two
Hence, in a two-mirror system it is to our advantage to
concentric spheres.
use a convex and a concave mirror so that the field curvaThe paraboloidal configurations (IC1 = IC2 = -1) in Figtures introduced by the two mirrors serve to compensate
for each other.
ures 2(h) and 2(i) also have equivalent single-conic sys4.2 Design Parameters
tems. In these cases, IC, is a function of the parameters
Thus, the design of a catadioptric system requires the sehl and h2 of the two paraboloids and can be shown to be
lection of optical parameters that minimize a variety of
[Nayar and Peri, 19991
complex aberrations. Before we describe how the optimization is performed, let us summarize the parameters
at hand. Since the total number of parameters are generally very large, it helps to fix some of them prior to system
Here again, the equivalent conic can be an ellipsoid or a
optimization.
hyperboloid when hl # h2. When the two paraboloids
CCD Size: A few different CCD formats are commer31nequation(7)weseethatfork~# Oandkl # - l , t a n a l k , , e =
cially available (1 inch, 1/2 inch, 1/3 inch, 1/4 inch, etc.).
- tan a ! l , k l ,,e. That is, the compression by an ellipsoid of conic conIf the number of pixels in each CCD is more or less the
stant k~ IS equivalen~to the compression by a hyperboloid of conic consame, the pixel size reduces with CCD size. Typically,
stant l / k l .

+

~

+

~~
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the choice of the CCD format is based on the packaging
and resolution requirements of the application.

Imaging Lens: The parameters of the imaging lens are
characterized by its focal length, field of view, number of
elements and its speed (aperture size). While the number of elements and their basic shapes (convex, concave,
meniscus, etc.) may be selected up-front by the designer,
the curvatures and diameters of the lenses may be treated
as free parameters. Once the optimization is done, one
tries to match the resulting parameters with those of commercially available lenses.
Mirrors: As we have seen in section 3, a large number
mirror shapes are feasible from the perspective of geometry. Based on the size and field of view requirements, as
well as a good deal of intuition, one must select the general shapes of the mirrors to be used. Further, since we
know apriot-i that the use of a convex and a concave mirror helps to reduce field curvature, such a choice can be
made up-front. Once the basic shapes have been chosen,
the exact shape parameters (conic constants, for instance)
can be treated as free parameters to be optimized.

Figure 4: A folded catadioptric camera with a hemispherical
field of view. The device is 90 rnm tall and 50 mm wide. It
includes folded optics, a video camera and a microphone.
parabolic mirror has a focal length of 10 mm and a diameter of 40 mm. The secondary spherical mirror has a
radius of curvature of 110 mm. The video camera used
is a Computar EMH200 board camera with 550 horizontal lines of resolution, and the imaging lens has a focal
length of 6mm. Finally, a microphone is attached to the
center of the secondary mirror, pointing towards the primary mirror. This effectively maps the narrow response
cone of the microphone to a panoramic one.

Distances: We know that to achieve a single viewpoint,
the far focus of one mirror must coincide with the near
focus of the other. In addition, fairly tight bounds on the
distances between the individual optical components can
be given based on the sensor size requirements imposed
by the application. The exact distances can then be treated
as free parameters in the optimization process.

W*,E,.LIGM

4.3 System Optimization

0.486133

In our work, the free parameters are computed using the
Zemax software package from Focus Software Incorporated. The package performs iterative numerical optimization using fast ray-tracing. During each iteration,
images of point sources in the scene are generated. An
objective function is formulated to yield a minimum when
the ray-traced point spread functions are most compact.

-

0.587562

I

0.656273

I

5 An Example Implementation
As an example, we will describe a folded panoramic

video camera we have implemented. The camera uses
the layout shown in Figure 2(h), wherein two parabolic
mirrors are used. Note that the secondary mirror has a
significantly longer focal length than the first one. This
is because the two mirrors must be adequately separated
to avoid a large blindspot due to obstruction by the secondary mirror. Prior to optimization, it was decided that
the complete sensor must lie within a cylinder that is 90
mm tall and 50 mm in diameter. The desired field of
view was set to a hemisphere and the maximum allowable blindspot to 22 degrees when measured from the
optical axis. It was also decided that a 1/3 inch CCD
camera would be used. Given these constraints, the secondary mirror ends up being a small (shallow) section of
a paraboloid, which is well-approximated by a spherical
mirror. Using the above numbers as upper bounds, the
parameters of the entire system were optimized.
Figure 4 shows the resulting device.

Figure 5: Spot diagrams for various wavelengths (columns)
and angles of incidence (rows), computed using the optimized
optical design for the camera shown in Figure 4.
Figure 5 shows the matrix spot diagram for the above design. Each spot can be viewed as the point blur function
for a specific wavelength of light (columns) and a specific
angle of incidence (rows). The scale bar shown beside the
top-left spot is 20 microns long. As seen, the spots vary
in shape quite a bit. This is due to aberrations caused by
coma, astigmatism, field curvature and chromatic aberration. The goal of the optimization was to ensure that
all the spots (across the different wavelengths and angles
of incidence) are kept as compact as possible. Figure 6
shows the energy plots for the different angles of incidence. As the dotted lines indicate, for all angles of incidence, about 70% of the total energy in the point spread
function lies .within a circle of radius 4 microns. In our

The primary
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Figure 6: Encircled energy plots for different angles of incidence, for the camera shown in Figure 4 (see text for details).
case, the pixel size on the CCD chip is approximately 6.4
x 7.4 microns. Hence, the above system produces an almost ideal digital image.
Figure 7(a) shows an image captured using the sensor.
As can be seen, despite all the complex optical aberrations at work, the sensor produces a clear image that has
a very large depth of field for all angles of incidence. Figures 7(b) and (c) show perspective and panoramic video
streams that are computed from the hemispherical video.
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