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Basi
 termsNumber �eldsN Natural numbersZ Integer numbersR Real numbersC Complex numbersVe
torsA row ve
tor x and a 
olumn ve
tor y:x = (x1; x2; : : : ; xN ) y = 0BBB� y1y2...yN 1CCCA.The set of N dimensional real ve
tors is denoted RN , so x;y 2 RN . The i'th element of x is denoted [x℄i orsometimes (like above) just xi.MATLAB: To de�ne a row ve
tor with elements 1; 2; 3, type x=[1,2,3℄. To de�ne a 
olumnve
tor with the same elements, type y=[1;2;3℄.Matri
esAn N �M matrix: A = 0BBB� a11 a12 : : : a1Ma21 a22 : : : a2M... . . . ...aN1 aN2 : : : aNM 1CCCA :Note that the �rst index is the row index and the se
ond index is the 
olumn index. The set of N �Mreal matri
es is denoted RN�M , so A 2 RN�M . The (i; j)-element of A is denoted [A℄i;j or sometimes (likeabove) just aij .MATLAB: To de�ne a matrix A = � 1 23 4 �, type A=[1,2;3,4℄. 1



Identity matrixThe identity matrix (also 
alled the unit matrix), denoted I , is a square matrix with 1's on the diagonal andzeros everywhere else: I = 0BBB� 1 0 : : : 00 1 : : : 0... . . . ...0 0 : : : 1 1CCCA [I ℄i;j = (1 if i= j;0 otherwise:MATLAB: The fun
tion eye(N) returns an N�N identity matrix.Addition and multipli
ation by s
alarsAddition (and subtra
tion) of 
olumn ve
tors is de�ned element-wise:y + y0 = 0BBB� y1y2...yN 1CCCA+0BBB� y01y02...y0N 1CCCA = 0BBB� y1 + y01y2 + y02...yN + y0N 1CCCA [y + y0℄i = [y℄i + [y0℄i :Addition of row ve
tors is de�ned analogously. Multipli
ation by a s
alar �2R is also de�ned element-wise:�y = 0BBB� �y1�y2...�yN 1CCCA [�y℄i = � [y℄i :Similar de�nitions hold for matri
es:A+B = 0BBB� a11 a12 : : : a1Ma21 a22 : : : a2M... . . . ...aN1 aN2 : : : aNM 1CCCA+0BBB� b11 b12 : : : b1Mb21 b22 : : : b2M... . . . ...bN1 bN2 : : : bNM 1CCCA =0BBB� a11 + b11 a12 + b12 : : : a1M + b1Ma21 + b21 a22 + b22 : : : a2M + b2M... . . . ...aN1 + bN1 aN2 + bN2 : : : aNM + bNM 1CCCA :and �A = 0BBB� �a11 �a12 : : : �a1M�a21 �a22 : : : �a2M... . . . ...�aN1 �aN2 : : : �aNM 1CCCA :MATLAB: Use the usual operators +,- and *.
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Multipli
ation (inner produ
t)Row ve
tor by 
olumn ve
tor:xy = (���!)0BB� jjj# 1CCA = x1y1 + x2y2 + : : :+ xNyN : xy = NXi=1 xiyiMatrix by 
olumn ve
tor (y2RN ; A2RM�N ; (Ay)2RN ):Ay = 0BB� � � � ! 1CCA0BB� jjj# 1CCA = 0BBB� a11y1 + : : :+ a1NyNa21y1 + : : :+ a2NyN... ...aM1y1 + : : :+ aMNyN 1CCCA [Ay℄i = NXj=1 aijyjRow ve
tor by matrix (x2RN ; A2RN�M ; (xA)2RM ):xA = (��� !)0BB� jjj# 1CCA =(x1a11+ : : :+xNaN1 ; x1a12+ : : :+xNaN2 ; : : : : : : ; x1a1M + : : :+xNaNM ) [xA℄i = NXj=1 xjaji:Matrix by matrix (A2RN�M ; B2RM�P ; (AB)2RN�P ):AB = 0BB� � � � ! 1CCA0BB� jjj# 1CCA [AB℄i;j = MXk=1 aikbkj :Unlike the multipli
ation of real numbers, matrix multipli
ation is generally not 
ommutative, i.e. AB 6= BA.Note that in ea
h of the above 
ases, the inner dimensions must mat
h, i.e. the last dimension of the�rst obje
t must be the same as the �rst dimension of the se
ond obje
t.MATLAB: Just use the multipli
ation operator * in all 
ases.Outer produ
tThe outer produ
t between an N dimensional row ve
tor x and an M dimensional 
olumn ve
tor y is theM�N matrix yx = 0BBB� y1x1 y1x2 : : : y1xNy2x1 y2x2 : : : y2xN... . . . ...yMx1 yMx2 : : : yMxN 1CCCA [yx℄i;j = yixj :The notation distinguishes between the inner produ
t and the outer produ
t only in that the latter 
ase the
olumn ve
tor 
omes �rst and the row ve
tor se
ond.MATLAB: Again, use the * operator. Matlab will form the outer produ
t as opposed to theinner produ
t whenever the �rst operand is a 
olumn ve
tor and the se
ond is a row ve
tor.3



TransposeTransposition, denoted by a supers
ript � T , takes row ve
tors to 
olumn ve
tors and vi
a-versa:(x1; x2; : : : ; xN )T = 0BBB� x1x2...xN 1CCCA 0BBB� x1x2...xN 1CCCAT = (x1; x2; : : : ; xN ) :Transposition of matri
es inter
hanges the rows and 
olumnsAT = 0BBB� a11 a12 : : : a1Ma21 a22 : : : a2M... . . . ...aN1 aN2 : : : aNM 1CCCAT = 0BBB� a11 a21 : : : aM1a12 a22 : : : aM2... . . . ...a1N a2N : : : aMN 1CCCA �AT �i;j = [A℄j;i :hen
e taking N�M matri
es to N�M matri
es.MATLAB: The transpose of a ve
tor or matrix A is just A'.Dot produ
tThe dot produ
t of two row ve
tors x and x0 isx � x0 = x �xT � = NXi=1 xix0iand of two 
olumn ve
tors y and y0 is y � y0 = �yT �y0 = MXi=1 yiy0i:MATLAB: Transpose one of the operands and then multiply them together.Ve
tor normThe norm of a ve
tor x is kx k = px � x =  NXi=1 x2i!1=2 :MATLAB: norm(x)Matrix inverseThe inverse of an N�N matrix A is an N�N matrix denoted A�1 with the property thatif for some ve
tors x and y we have that x=Ay then we also have that y=A�1x:A 
onsequen
e of this is that AA�1 = A�1A = I . Not all matri
es have an inverse.MATLAB: The fun
tion inv() 
omputes the inverse of matri
es.4



DeterminantThe determinant of an N�N matrix A with elements [A℄i;j = aij is de�nedjA j =X� (�1)j� j a1�1a2�2 : : : aN�Nwhere � = (�1; �2; : : : ; �N ) ranges over all permutations of the integers 1; 2; : : :N . The notation j� j denotesthe parity of a parti
ular permutation �, whi
h is 1 if � 
an produ
ed by applying an odd number of trans-positions to the identity permutation (1; 2; : : : ; N). Otherwise j� j=0. A transposition means swapping twoneighboring elements in a permutation (elements 1 and N are also 
onsidered neighbors).MATLAB: The fun
tion det() 
omputes the determinant.
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