The Exponential Family of Distributions

p(x) = h(z) e’ T4

6 vector of parameters
T(x) vector of “suff£cient statistics”

¢) cumulant generating function

Key point: z and # only “mix” in ¢ ¢ Z(®)



The Exponential Family of Distributions

p(x) = h(z) e’ 140

To get a normalized distribution, for any 6

/p(x) dx = e~ A0) /h(x) e? T dp =1

SO
e = /h(x)eOTT(x) dz,

l.e.,, when T'(z) = =, A(#) is the log of Laplace transform of h(zx).



Examples

Gaussian p(x) = \/2;7 e~lle—nll®/(20%) gz eR

Bernoulli plz)=a*(1—a) " ze{0,1}

Binomial p(z)=(")a* (1—a)"" re{0,1,2,...,n}

Multinomial p(z) = xllxg%“xn! | e r; €{0,1,2,...,n}, > . x;=n
Exponential p(z) = Ae™? reRT

Poisson p(x) = 6; AF re{0,1,2,...}

Dirichlet p(z) = %?F(Zz)) St z;€[0,1], > .z =1

(don’t need to memorize these except for Gaussian)



Natural Parameter form for Bernoulli

SO

p(z) = h(z) e’ 1WA

o (1—a) "

exp | log(a” (1 - a)' ™) |
exp|zloga+ (1 —x)log (1 — a) |
+ log (1 — «) ]

exp ::Cﬁ—log <1—|—€9)]

0%

exp | x log 1
—

«

0 = log A() =log (1 + 69)

1l -«
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Natural Parameter Form for Gaussian

_ —(z—p)?/(207)
r) = e
p() 2w o
1 2 [Tk 1
- | _ _
V2T eXp( 80 T 552 T 53 202>
1
= —— exp(0'T(z) —logo — u?/(202
Nor p(0 T(z) —logo — 7/ (207))
N——




Natural Parameter Form for Multivariate
Gaussian

p(x) = h(z) e’ T=AO)

1

— o~ (z—p) S (w—p) /2




The £rst derivative of A(6)

A0 1 dQe) QO

df Q) dd Qo)
B fh(a:)eeTT(x> T(z)dx

B [h(z)e? T dx

[ h(x) e T@)=AWO) T(z) du
f h(aj) e 01T (x)—A0) dr
= By, [T(2)].




The second derivative of A(#)

dA(0)  d [Q’(e)] d [Q,(H)L]:Q”(G) (Q'(0))°

a0 i | Q)| ~ o QU QW) Q)
_ @) e’ T T (@) da z
B [h(z)ef T@dg S
h(z)e? T@)—AWO) T2(4) dr 2
- 4 }Z(x) eQTT(w)—A(Q)(de = (B [T(@))

= E,, [T%(2)] — (Ep, [T(x)])* = Cov,, [T(2)] = 0.
— A(0) is convex. (= means positive de£nite)
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Maximum Likelihood

N

(0) = logp (w:]0) = Y logh(w:) +T(w:) — A(®)

1=1

To £nd maxmimum likelihood solution

N
7'(0) = [ZHTT(%-) — NA'(9)
=1
So ML solution satisfes
N
A 1
/ _ -
A'(Orr) = 5 D T(wi) =0

(is Oy a consistent estimator then ?)

SufEcient statistics + Z,ﬁil T'(x;) summarize data.

When can’t do this analytically: convexity =—- unique global ML
solution for 6.



Products

Products of E-family distributions are E-family distributions

(h(x) eelTT(x)—A(el)) « (h(x) eHQTT(x)—A(02)> _

}VL(:C) 6(91%-6’2)T(9'3)—z‘i(91,92)
but might not have a nice parametric form any more.

But the product of two Gaussians is always a Gaussian.

10



Conjugate Priors in Bayesian Statistics

~ p(2]0) p(®)
Jp(z|6) p6)do

Note: denominator not a function of # = just normalizing term

p(0|z)

p() — p(z|8)pd) — p(O|lz)oxp(z]l)p(d)
N~~~ N—— N ~~ <
parametric parametric mess?

Conjugacy: require p(#) and p (0 | x ) to be of the same form. E.g.

p(0) — p(z|0)pld) — p(0]x)
—~—~ N—— N——
Dirichlet Multinomial Dirichlet

p(0) and p (x| 0) are then called conjugate distributions.
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Example: Dirichlet and Multinomial

p(@) = H?Z'(Z:)) HOO‘i‘l Dirichlet in 6 ['(z) = (x—1)!

r1lzo! .. x

1

n
- ][67°  Multinomial in
=1

p(e‘ﬂf) X p(@]a:)p(@) — junkXHHfi+O‘i_1

p(x|0)

which is again Dirichlet, so we must have

)

Remember pseudocount of 1?7 That was just a Dirichlet prior.
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Conjugate Pairs

Prior Conditional
Gaussian e~ p—ro [?/(207) Gaussian e—llz—ull?/(207)
Beta Ty o (2 - )" Bernoull a® (1—a)' ™
Dirichlet R e Multinomial e LT 67
Inv. Wishart Gaussian (cov)

Note: Conjugacy is mutual, e.g.
Dirichlet —  Multinomial —  Dirichlet

Multinomial — Dirichlet —  Multinomial
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