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Abstract

Optimizing sequential cycles is essential for many types
of high-performancecircuits, such as pipelines for packet
processing. Retiming is a powerful technique for speeding
pipelines,but it is stymiedbytightsequentialcycles.Designers
usuallyattacksuchcyclesbymanuallycombiningShannonde-
compositionwith retiming—effectivelya formof speculation—
but such manualdecompositionis error-prone.

We proposean ef�cient algorithm that simultaneouslyap-
pliesShannondecompositionandretimingto optimizecircuits
with tight sequentialcycles.While the algorithm is only able
to improvecertaincircuits(roughlyhalf of thebenchmarkswe
tried), the performanceincreasecan be dramatic(7%–61%)
with onlya modestincreasein area(3%–12%).Thealgorithm
is alsofast,makingit a practicaladditionto a synthesis�ow.

1 Intr oduction

High-performancecircuitsrely onef�cient pipelines.Provided
additionallatency is acceptable,tight sequentialcyclesarethe
mainlimit to pipelineperformance.Unfortunately, suchcycles
arefundamentalto thefunctionof many pipelines.

Retiming [4] is usually applied to high-performance
pipelines.Doingsorendersthelengthof purelycombinational
pathsnearly irrelevant sinceit candivide suchpathsamong
multiple clock cyclesto increasetheclock rate.However, be-
causeretiming cannotchangethe numberof registerson a
sequentialcycle—a loop that passesthroughcombinational
logic and one or more registers—thedepthof the combina-
tional logic alongsequentialcyclesbecomesthebottleneck.

We presentan algorithmthatusesShannondecomposition
to move combinationallogic from oneloop to another, mak-
ing retiming even better for optimizing pipelinedsequential
circuits.Designershavedonethisby handfor years;ouralgo-
rithm appliesShannondecompositionandretimingacrossan
entirecircuit to dealwith subtleinteractionsamongloops.It
considersmany implementationsatonceandselectsthebest.

Our algorithmworks well on pipelinedcircuits wherecy-
clesin controllogic aretheperformancebottlenecks,a typical
situationsincedatapathsrarelyincludecycles.

� soviani, tardieu,sedwards@cs.columbia.edu.Edwardsandhis group is
supportedby an NSF CAREER award, a grant from Intel corporation,an
awardfrom theSRC,andfrom New York State's NYSTAR program.
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Figure 1: The single-cycle feedbackloop prevents retiming
from improving circuit (a),but applyingShannondecomposi-
tion (b) reducesthedelayaroundtheloop sothat(c) retiming
candistributeregistersandreducetheclockperiod.

1.1 Anexample

In the sequentialcircuit in Figure1a, combinationalblock f
hasdelaydnode= 8 sotheminimumperiodof thiscircuit is 8.

The designerput threeregisterson eachinput hopingthat
retimingwould distributethemuniformly throughoutf to de-
creasetheclockperiod.Unfortunately, thefeedbackloopfrom
theoutputof f to its input preventsretiming from improving
theperiodbelow the combinationallengthof the loop, dnode,
sinceretimingcannotchangethenumberof registersalongit.

Applying Shannondecompositionto this circuit canenable
retiming. Figure 1b illustrateshow: we have duplicatedthe
combinationallogic block andaddeda multiplexer to its out-
puts.While this actuallyincreasedthe longestcombinational
pathto dnode+ dmux = 9 (weassumedaunit delayfor themul-
tiplexer),it greatlyreducedthecombinationaldelayaroundthe
cycle to thedelayof only themux: dmux. This transformation
makesit possiblefor retiming to pipelinethe slow combina-
tional block to producethecircuit in Figure1c with a period
of (1=4)(dnode+ dmux) = 2:25.



1.2 Relatedwork

Most sequentialoptimizationsapply a sequenceof combina-
tionalandsequentialtransformsthatusuallyinteractin unpre-
dictableways,somostscriptsuseanempirically-chosenorder.
By contrast,our work considersthe effect of retiming while
doing Shannonrestructuring,giving betterresultsthaneither
alone.Omitting theretimingstepgivesanoptimizationthatis
easilybeatenby acombinationof othertechniques.

Performance-drivencombinationalresynthesisis a mature
�eld. Singh et al.'s tree height reduction[12] is typical: it
optimizescritical combinationalpathsat the expenseof non-
critical ones.Along similar lines,Bermanetal. [1] proposethe
generalizedselecttransform(GST).Likeus,theGSTemploys
Shannondecomposition,but our techniquealsoconsidersthe
effect of retiming.OthertechniquesincludeMcGeer's gener-
alizedbypasstransform(GBX) [7], which takesadvantageof
certaintypesof falsepaths,andSaldanha'sexactsensitization
of critical paths[9], whichmakescorrectionsfor inputpatterns
thatgeneratea lateoutput.

Our algorithmemploys LeisersonandSaxe's Retiming[4],
which candecreasethe minimum periodof a sequentialnet-
workby repositioningregisters.Thiscommonly-usedtransfor-
mationcannotchangethe numberof registerson a loop; our
work employsShannondecompositionto work aroundthis.

Sequentiallogic resynthesishasalsoattractedextensive at-
tention,suchasthework of Singh[11]. Malik et al. [5] com-
bineretimingandresynthesis(R&R). Pan[8] proposesa gen-
eralperformance-drivenapproachto R&R, which our work is
a particularinstanceof. However, we only considerShannon
decompositioninsteadof arbitrary restructuring,allowing us
to systematicallyexplorethedesignspace.

Hassounet al.'s [3] architecturalretiming mixes retiming
with speculationandpredictionto optimize pipelines;Mari-
nescuet al.'s technique[6] proposesusing stalling and for-
warding.Like us, they identify critical cyclesasa majorper-
formanceissue,but they synthesizefrom high-level speci�ca-
tions andcanmake architecturaldecisions.Our work trades
this �e xibility for moredetailedoptimizations.

2 Basics

Ouralgorithmattemptsto optimizethespeedof sequentialcir-
cuits that consistof combinationalnodesand registers.For-
mally, a sequentialcircuit is a directedgraphS= (V;E) with
verticesV = PI [ PO[ N [ R[ f spi;spog. PI/PO arethepri-
maryinputs/outputs;N aresingle-outputcombinationalnodes;
R aretheregisters;spi andspoaretwo super-nodesconnected
to/from all PI/PO respectively. The edgesE � V � V model
theinterconnect:fanin(n) = f n0j(n0;n) 2 Eg. Shasno combi-
nationalcycles.We de�ne weightsd : V ! R:

d(n) =

8
>><

>>:

arrival time(from clock) n 2 PI
delayof logic n 2 N
requiredtime(to clock) n 2 PO
0 n 2 R[ f spi;spog
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Figure2: Shannondecompositionof f with respectto xk

Arrival times are computedin a topologicalorder on the
combinationalnodes:

at(n) = d(n) + max
n02fanin(n)

at(n0) (2)

2.1 Shannondecomposition

Let f : Bp ! B be the Booleanfunction of a combinational
noden andlet 1 � k � p. Then

f (x1;x2; :::;xp) = xk fxk + xk fxk where

fxk = f (x1; :::;xk� 1;1;xk+ 1; :::;xp) and
fxk = f (x1; :::;xk� 1;0;xk+ 1; :::;xp):

This Booleanproperty, dueto Shannon,hasan immediate
consequence:if anodeis modi�ed asin Figure2, its computed
function f doesnot change.This is known astheShannonor
generalizedselecttransform[1].

Our algorithmrelieson the fact that the arrival time at(n)
maydecreaseif xk arriveslaterthanall otherxi (i 6= k):

at(n) = max
�

at( fxk);at( fxk);at(xk)
	

+ dmux

Of course,sinceboth fxk and fxk are computed,the area
typically increases.Intuitively, this is speculation,aswe start
computingf beforeknowing xk.

2.2 Retiming

Retiming[4] follows from notingthatmoving registersacross
combinationalnodespreservesthecircuit functionality.

Retimingtries to move registersto decreaselong (critical)
combinationalpathsattheexpenseof short(non-critical)ones.
However, it cannotdecreasethetotaldelayalonga cycle.

Let ret(S) betheminimumperiodachievablethroughretim-
ing. If dC andrC arethecombinationaldelayandthenumber
of registersof the cycle C in S thenret(S) � dC =rC . Simi-
larly, if P is a pathfrom spi to spohaving rP registersand
of combinationaldelaydP thenret(S) � dP =(rP + 1). Thus,
ret(S) � lb(S) where

lb(S) = max
�

max
C2cycles(S)

dC

rC
; max
P 2paths(S;spi;spo)

dP

rP + 1

�
(3)

is known asthefundamentallimit of retiming.
Classicalretiming may not achieve lb(S). To achieve it in

general,wemustallow registersto beinsertedatprecisepoints



procedureRelaxNode(n)
atnew  d(n) + maxn02fanin(n) at(n0)
if atnew 6= at(n) then

at(n)  atnew

Figure3: TheBellman-Fordrelaxationstep

procedureSeqShannon(S;c)
(converges,�x point fat)= Bellman-Ford(S;c)
if notconvergesthen

return NOT FEASIBLE
ShannonTransform(S;c, �x point fat)
Retime(S)
return SUCCESS

Figure4: SeqShannon:Our algorithmfor restructuringa cir-
cuit Sto achieveaperiodc

insidethenodes.We will assumethis is possible(which it is,
for example,in FPGAs[14]), soret(S) = lb(S) holds.Weshall
thusfocuson transformingSto minimizelb(S).

Computinglb(S) directlyusingequation(3) is notpractical
becausethenumberof cyclesmaybeexponential;insteadwe
usetheBellman-Fordminimum-length-pathalgorithm.To ap-
ply Bellman-Ford, which hasno notion of registers,we treat
theregistersasnodeswith negativedelay:8r 2 R;d(r) = � c,
wherec is thedesiredperiod.This trick follows from noticing
thatfor eachC 2 cycles(S), c � lb(S), soc � dC =rC . Rewrit-
ing, wehavedC � c� rC � 0, which implieså n2C d(n) � 0.

If thereexistsa retimingfor periodc, thenShasnopositive
cycles,and,dueto asimilar reasoningfor pathsP , at(spo) �
c. Thereverseimplication,whichisharderto prove,alsoholds.

Theseconditionshold if f theBellman-Ford algorithmends
in aboundednumberof iterations.Therefore,lb(S) canbeap-
proximatedby binary searchon the period c. Note that the
Bellman-Fordrelaxationstep(Figure3) is basedon(2).

3 Our algorithm: combining Shannonand retiming

Our algorithm (Figure 4) systematicallyexplores combina-
tionsof Shannontransformsandretimingfor agivenperiodc.
If feasible,it returnsacircuit operatingwith periodc, andfails
otherwise.We can�nd thebestc by binarysearch.

The core of our techniqueis a modi�ed Bellman-Ford
shortest-pathalgorithm.Given a periodc, it looks for a way
to reshapethecombinationallogic suchthatc � lb(S), where
lb(S) is de�ned by (3). If it succeeds,we areguaranteedthat
ShannonTransform()andRetime()will be ableto restructure
thecircuit andachieve thedesiredperiodc. It is fairly easyto
build acorrectcircuit at thispoint,but harderto build onewith
reasonablearea.We discussdoingthis in Section3.5.

3.1 ChainingShannontransforms

We do not know a priori if applyinga Shannontransformto
a nodeimprovescircuit performance,thuswe considerboth
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Figure5: TheShannon“cell library”

leaving a nodeunchanged(Figure5a)andapplyingShannon
decompositionto oneof its inputs(Figure5b). We usethis to
transformsinglenodes,but wealsowantto transformgroups.

We usea triplet of wires, ( fxk ; fxk ;xk), essentiallya redun-
dantencodingof f in threebits, to carrya Shannondecompo-
sitionbetweenadjacentnodes.

A transformednode,minusthemultiplexer, (Figure5c),has
threeoutputsinsteadof one: it still computesf , but the out-
put is encodedasabove.So f is transmittedto its fanout(s)by
threewires.The fanoutnode(s)mustalsobe modi�ed to ac-
ceptthethree-wire-encodedfunctionasoneof its inputs.This
is shown in Figure5d.

To modelaShannontransformontwo connectednodes,we
treat the �rst nodeasbeing“start Shannon”(Figure5c) and
the secondbeing“stop Shannon”(Figure5d). To extendthe
transformto morethantwo nodes,we alsomodify intermedi-
atenodesto be“extendShannon.” Eachhasoneinput andthe
outputencodedon threewires,asshown in Figure5e.

Transforminganodeto bea“startShannon”canbedonein
severalways,onefor eachinput.Thus,we have to specifyfor
suchnodeswhich input is usedastheselect;theothertrans-
form typesareunambiguouswhentheir context is considered.

As a nodewith a triplet asoutputmayhaveseveralfanouts,
theresultingShannontransformwill not bea pathin thegen-
eral case,but a tree,with a “start Shannon”nodeasroot and
several“stopShannon”nodesasleaves.

Any nodecan be transformedin several ways, and each
fanout can use any of these.For example,we can leave a
nodeunchangedandpassits output to onefanoutandat the
sametime transformthenodeby “startShannon”andpassthe
triple outputto a secondfanout.Our algorithmalwaysmakes
all variantsavailableto every fanout;it becomesthe fanout's
responsibilityto selectthebest.

We deliberatelyonly allow a singletriplet to drive a node
to limit the areapenalty. While the decompositionis easy
for multiple incomingtriplets,a pair of triplets requiresfour
copiesof thenode,threewould requireeight,andsoforth.
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Figure7: The circuit in Figure6 transformedwith Shannon
decomposition

3.2 Shannondecompositionaslabeling

Wemodeltheresultof combiningseveralShannontransforms
in asimpleway:wedescribeit asanodelabeling.Weconsider
replacingeachcombinationalnodein the network by oneor
moreof thecells in Figure5, i.e. we label it with lettersa–e.
For nodeslabeledb or c we alsohave to designateoneof its
inputasselect,whichwedoaspartof thelabelingprocess.

Somecells have wire triplets as inputs or outputs.Only
triplet inputsandoutputscanbeconnected,sonotall labelings
arevalid.But if werespectthissimplerule,any labelingof the
initial graphis acoherentcombinationof Shannontransforms.
In Figure6, we chooseto performtwo Shannontransforms,
oneinvolving asinglenode,theotherinvolving two. Labeling
thenodesaccordingly, weobtainthecircuit in Figure7.

We can imagine more complex cells, e.g., arising from
a multi-input decompositionor nestingtransformations.We
have experimentedwith someof these;a thoroughinvestiga-
tion remainsfuturework.

3.3 Setsof feasiblearrival timesandpruning

For an acyclic fragmentwith a labeling andarrival times at
inputs,we cancomputethe arrival time at eachintermediate
wire. For singlewires, the arrival time is a single real num-
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Figure8: Computingfeasiblearrival timesfor nodei

ber; for triplets, we have three real numbers,one for each
wire. We denotethe arrival time of sucha triplet asa vector
(at( fxk);at( fxk);at(xk)) .

Consideringall possiblevalid labelings,we have a set of
arrival timesfor eachnoden. We call sucha setthe“feasible
arrival times”or fat(n). Thesetcanbeamixtureof singlenum-
bersandtriplets,asdifferentlabelingsof n maybereplacedby
any cell in Figure5.

Figure 8 illustratesthe procedurefor computingthe FAT
setat nodei. It is anexhaustive enumeration:thedelayof the
“unchanged”caseis calculated�rst, thenmultiplepossibilities
arecalculatedassumingeachinput canbea selector:starting
Shannonwith theinputasa selector, startingandimmediately
stopping,extendingShannonif theinputhasatleastonetriplet
in its prunedFAT, andextendingShannonandstopping.

FAT setscanbe prunedwithout compromisingthe perfor-
manceof the �nal circuit by keepingonly the fastestimple-
mentations.An arrival time of (15) at somenodeis not nec-
essarilybetterthananarrival time of (16) sincethenodemay
not lie onacritical path.However, (15) is noworse,whichwe
indicateby writing (15) � (16). Thus,(16) canbe safelyre-
movedfrom aFAT set.Thereasoningis moresubtlefor triplets
of wires, but similar: (16;16;6) � (16;16;8), so (16;16;8)
can also be removed. In general,(a) � (x;y;z) if a � x and
(a;b;c) � (x;y;z) if a � x, b � y, andc � z. In Figure8, ex-
haustively applying this rule to the FAT set for nodei gives
only two elements:fat(i) = f (15); (10;10;14)g.

The small size of the FAT setsafter pruning in Figure 8
is typical; acrossall the circuits we have analyzed,we �nd
prunedFAT setsseldomcontainmorethanfour elements.This
is probablythemainreasonthatour algorithmis fast.



3.4 Simultaneouslyconsideringseveral circuits

FAT setsallow usto considermultiplecircuit implementations
simultaneously. EachfaninhasaFAT setthatcompletelychar-
acterizesall possibleimplementationsof thatfanin.

Fortunately, FAT setsare small enoughfor us to exhaus-
tively consider, for eachnode,all possiblecells in Figure5 as
well asthetwo typesof eachfanin(simplewire or triplet).

To computethe FAT set of n, we considerall choicesof
node,computetheir arrival times,andprunetheresultingset.
Usingthis operationinsteadof (2) in theBellman-Ford relax-
ationstep(Figure3) allowsusto computethearrival timesfor
a setof circuit implementationsratherthanjust a singleone.
Pan[8] usesa similar technique.

We claim that retimingfor periodc is feasibleif f Bellman-
Ford converges.We prove half of this claim by construction.
If Bellman-Ford converges,we build anequivalentcircuit for
which lb(S) � c, so,afterretiming,c is feasible.Suchabrute-
force constructionproducesoverly large circuits; instead,we
usea constructionthat limits Shannon-inducedduplicationto
critical pathsonly; seeSection3.5.

Convergenceof ouraugmentedBellman-Fordalgorithmim-
pliesa�x ed-pointsolution,i.e.,aFAT setfor eachnode,which
is stableundertheprunedFAT-setcomputation.For thesam-
ple in Figure 9a, Bellman-Ford convergesto the �x ed-point
solutionin Figure9b,soweclaim theperiodc = 3 is feasible.

For eachnode,we build an implementationcorresponding
to eachelementof its FAT set;we arefree to chooseany cell
from Figure5 anduseany FAT elementsateachinput.

For example,for nodeh in Figure9b,we considertwo im-
plementationswith FATs of (4;4;8) and(9). Theseare“Start
Shannon”and“Shannon”(Figure5candb), bothwith g'sout-
putastheselect.Thesegivearrival timesof (4;4;8) and(9).

The procedurewill succeedfor each node as a conse-
quenceof how we computedtheprunedFAT setsthroughthe
Bellman-Ford relaxation.For theresultingnetwork lb(S) � c,
so,afterretiming,we havea solution.

3.5 Area-orientedconstruction

Nodesnot alongcritical cyclescanusesmaller, slower imple-
mentations.This basicobservation leadsto our area-ef�cient
restructuringfrom FAT sets.

We constructthe circuit througha reversegraphtraversal.
The requiredtime of spois c. Then,at eachnode,we select
an implementationand propagaterequiredtimes toward its
fanins.Like the arrival times,a requiredtime is eithera real
numberor a triplet (Section3.3).

At eachnode,we have a list of oneor morerequiredtimes
from eachof its fanouts.Usingthealready-computedFAT sets,
we candeterminewhich cells in Figure5 arefeasiblefor the
nodefor eachrequiredtime. We build a feasibility tablewith
cells as lines andrequiredtimesascolumns.Eachcell hasa
costthatmodelsits expectedarea.We selecta minimum-cost
setof linesthatcoverall columns.
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Figure9: (a) A circuit with desiredperiodc = 3; arrival times
A = 1;B = 3;C = 2; requiredtimesD = 3; dmux = 1. Our ex-
tendedalgorithmcomputesthe FAT setsin (b), implying the
restructuredcircuit in (c). Finally, retimingmoveslatches(d).



Table1: Experimentson ISCAS89sequentialbenchmarks

Reference Retimed Ours Time Speed Ar ea
period area period area period area (s) up penalty

s510 8 184 8 184 8 184 0.5
s641 11 115 11 115 9 122 1.1 22% 6%
s713 11 118 11 118 10 121 0.9 10% 3%
s820 7 206 7 206 7 206 0.5
s832 7 217 7 217 7 217 0.4
s838 10 154 10 154 8 162 2.6 25% 5%
s1196 9 365 9 365 9 365 0.6
s1423 24 408 21 408 13 460 3.8 61% 12%
s1488 6 453 6 453 6 453 0.7
s1494 6 456 6 456 6 456 0.8
s9234 11 662 8 656 8 684 6.7
s13207 14 1382 11 1356 9 1416 18.0 22% 4%
s38417 14 7706 14 7652 13 7871 113 7% 3%

Althoughourprocedureusuallyselectsoneimplementation
of eachnode,this is not alwaysthe case.For example,node
h in Figure 9d is both “end Shannon”(the output from the
multiplexer fed to nodeg) and“extendShannon”(theoutputs
beforethemultiplexer fed to f ). Notethatour algorithmdoes
notneedlesslyduplicatenodeh in this case.

Theareacostestimatefor eachtypeof nodeimplementation
is a heuristic;wearein theprocessof re�ning them.

Startingwith the�x ed-pointsolutionin Figure9b,we gen-
eratethenetwork in Figure9c.Its minimumperiodis 9, which
is worsethan the original in Figure9a, but lb(S) asde�ned
by (3) is 3. Retiminggivesthe network in Figure9d, which
behaveslike Figure9abut respectsthetiming constraint.

4 Experiments

We implementedour algorithm in C++ using the SIS li-
braries [10] to handle BLIF �les. Our testing platform is
a 2.5GHz,512MB Pentium4 runningFedoraCore3 Linux.

We ran our algorithm on mid-sizedISCAS89 sequential
benchmarksandtargetanFPGA-like,3-inputlookup-tablear-
chitecture.Hence,we reportdelayaslevelsof logic andarea
asthenumberof lookuptables.SIS failedto run on theother
ISCAS89benchmarks;we donot reporttheir numbers.

Following Saldanhaetal. [9], werunscript.ruggedandper-
form aspeed-orienteddecompositiondecomp-g; eliminate-1;
sweep; speedup -i on each sample.We then reduce the
network's depthwhile keepingits nodes3-feasiblewith re-
ducedepth-f 3 [13]. We report the resultsof this classical
FPGAdelay-oriented�o w under“Reference”in Table1.

Startingfrom theseoptimizedcircuits,we comparedirectly
running retiming (retime -n -i, modi�ed to usethe unit de-
lay model)with runningour algorithmfollowedby retiming.
Columns“Retimed” and “Ours” list the period and areare-
sults.Our runningtime, listed in the“time” column,includes
�nding the periodby binary search.We veri�ed the sequen-
tial equivalenceof theinputandoutputof ouralgorithmusing
VIS [2]; our reportedtimesdonot includethis.

Although our algorithmcando nothingon half the exam-
ples, it givesa signi�cant speed-upfor the other half at the
expenseof anaverage5%areaincrease.Thealgorithmis very
fast,especiallywhennoimprovementcanbemade.Its runtime
appearslinearin thecircuit size.Its memoryrequirementsare
low, e.g.,70MB for thelargestexamples38417.Ourtechnique
thereforeappearsto scalewell.

5 Conclusions

Wepresentedanalgorithmthatsystematicallyexplorescombi-
nationsof retimingandShannondecomposition.Our decom-
positionsareaform of speculationthatduplicateslogic in gen-
eral,but wedeliberatelyrestricteachnodeto beduplicatedno
morethanonce,boundingtheareaincreaseandalsosimplify-
ing theoptimizationprocedure.

The algorithm �nds the optimum-period solution. Our
resynthesistechniqueattemptsto limit duplicationoff thecrit-
ical pathto furtherlimit theareapenalty.

Experimentalresults already show signi�cant speedim-
provementsat theexpenseof verylittle areaincrease.Running
timessuggestthealgorithmscaleswell to largecircuits.
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