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Equilibrium island ridge arrays in strained solid films
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The equilibrium shape and chemical potential of an array of island ridges in an epitaxially strained
solid film are determined from a continuum model describing the Stranski—Krastonow morphology
of a thin layer on a substrate. This model incorporates the conditions for mechanical and chemical
equilibrium, isotropic surface energy, and misfit strain. Solutions corresponding to periodic arrays
of island ridges separated by wetting layers are found in the limit of island height much less than the
island width. Our results describe how the island width, shape, and chemical potential vary as the
distance between the ridges varies. The scaled island shape is shown to remain relatively constant
as the distance between the islands increases19@9 American Institute of Physics.
[S0021-897€09)00722-1

I. INTRODUCTION equivalently, we find the island shape with a constant chemi-
cal potential. There have been many theoretical treatments
A heteroepitaxially strained film is created when a thindescribing island morphologies using this approach, how-
layer of one material is deposited upon a single-crystal subever, many of these approaches assume a particular shape or
strate of a different material. If the film and the substrateclass of shapes for the islantfs2° But when the film and
have compatible crystal structures, then the deposited atonssibstrate materials are isotrogabove the roughening tran-
of the film can assume the same crystal structure as the usition temperaturg the shape of the island is not known, and
derlying substrate; in this case, the atoms of the film form anust be determined from the solutions of a free boundary
continuous extension to the crystal lattice of the substiate problem. So far, the theoretical results for this free boundary
coherent interfage However, if the atomic sizes of the film problem have focused on island ridgesiantum wires®4=2’
and the substrate are different, the lattice of the film must bésland ridges possess finite height and width, and maintain a
strained in order to align with the lattice of the underlying cross section which does not vary in the third direction, al-
substrate. This mismatch strain affects the electronic banbbwing the island ridge shape to be described in two dimen-
gap of the material, and enables strained films to be used isions. These elongated island ridges are energetically favor-
semiconductor devices. able at low film coverages and larger island volurffelso,
The mismatch strain in the coherent film makes the filmelongated islands can dominate the film morphology in an-
susceptible to the formation of strain relieving instabilities. isotropic material$®
One type of instability is the formation of misfit dislocations In this article we characterize periodic arrays of parallel
(see Ref. 1, and references thejeinother type of instabil- island ridges. In particular, we determine how the shape and
ity is morphological, where the surface of the film developschemical potential of a ridge depend on the spacing between
undulations to relieve the misfit strain'*For thin films, this  ridges. These results may have implications on the design
instability may result in the Stranski—Krastonow island mor-and growth of quantum wire arrays devices. Furthermore,
phology, which consists of bumpsslandg surrounded by our solutions of island ridge morphologies may yield quali-
thin wetting layers(see Ref. 15 Recently, the electronic tative information relevant to fully three-dimensional islands.
properties of films with arrays of such nanoscale island®ur approach is based on the asymptotic theory presented by
(quantum dotshas generated significant interest. This articleSpencer and Tersotf,which describes the shape of a single,
presents a relatively simple theory for describing the shapesolated, equilibrium island ridge characterized by a much
of elongated dotgquantum wires These results could be smaller island height than island width. Here, we generalize
useful in designing quantum wire morphologies with specifi-these results to describe island ridge arrays with different
cally desired properties. spacings. Our results show that the scaled island shape and
In general, the morphology of a Stranski—Krastonow is-chemical potential are insensitive to the island spacing, ex-
land depends on energetic factors, such as strain energy andpt for closely spaced islands.
surface energy, as well as kinetic factors, such as the rate of
mass transport and surface diffusion. In this article, we de-
scribe theequilibrium morphologies of islands as an “end !l CONTINUUM MODEL
state” to which the morphology evolves. We find this equi-  \ye yse the glued wetting layer modfeto describe the
librium island shape by minimizing the total energy of the g jjibrium island morphology. An infinitesimally thin wet-
system subject to the constraint of constant island volume, Oﬁng layer (perhaps only one atomic layeroats the horizon-
tal substrate surface and prevents substrate exposure. This
dElectronic mail: spencerb@math.buffalo.edu thin wetting layer also generates well-defined island bound-
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aries and eliminates any transition layer calculatifiss in

the previous work, we model the epitaxially strained system y
using isotropic linear elasticity and assume identical elastic Ly
constants in the film and substrate. This simplification is Film
physically reasonable, since common film/substrate pairs Substrate can
such as Ge/Si have similar elastic constants. While Spencer

and Tersoff have found solutions for a single isolated island
ridge, we determine how the solutions are modified by peri-
odic boundary conditions.

The governing equations, in the form of a nonlinear free
boundary problem for the film surfage=h(x), are the fol-
lowing. In Ft)he film and substrate, mechanical equilibrium is >~ 20iiEjj - on y=h(x), 28
ensured by where repeated indices imply summation.
(1-21)V2u+V(V-u)=0 in both film and substrate, At the junction betwggn island and .Wetting layer, a nec-

2.1) essary conne_ctmg condition for E@.7) is that the surface
slope of the film is zert

dh

LX)

Wetting
Layer
ry

= =

FIG. 1. Model configuration.

whereu is the elastic displacement amds Poisson’s ratio.

At the su.rface of the film, we impose a traction-free bound- ~ “7'_ 4 ., _ +W/2. 2.9
ary condition, IX
n-a"=0 on y=h(x), (2.20  This condition is appropriate if the film is isotropic and the

e . ) wetting layer is thin. For anisotropic materials and/or the
whereo” is the.stress tensor in th(_:: film ands the outward_ Volmer—Weber morphology in which the wetting layer is
normal to the film surface. At the_mterface between the f'lmabsent, the island can have a nonzero contact angle and Eq.
and substrate, a force balance gives (2.9) would be modifiedsee below:
y-of=y.-0° on y=0, (2.3 Finally, there are some symmetry conditions imposed
upon the periodic surface morphology. Consider an array of
ymmetrical islands, each centered in a box of widttas
hown in Fig. 1. Due to the symmetry of the island shape and
the existence of the wetting layer, displacement occurring at

wherey is the unit vector in they direction. Continuity of
displacement at the interface gives a misfit strain directe
along thex axis**

El =E5+em oOny=0, (2.4)  the edges of the periodic box and at the center of the island
- . must occur only in the direction
and a continuity of shear strain,
u,=0 atx=0,xL/2, 2.1
Ef,=Eq, ony=0, (2.5 g &0
and
where E;; are the components of the strain tensor. Finally,
i Ju

the stresses decay to zero far into the substrate, (?_Xy:0 at x=0.+L/2. 2.11)

o5—0 asy——ow, (2.6)

The elasticity problem is completed by using the Standar(%:urthermore, at the island peak, the surface is horizontal due

constitutive relations for isotropic linear elasticity. O symmetry,

We look for equilibrium solutions to the free boundary ah
problem which represent a periodic array of island ridges. 5_X(0):O' (212
We look for symmetric islands, and take the island to be
centered ak=0 and extend from- W/2<x<W/2, whereW

is the island width(to be determined To find the island X B X ;
shapey=h(x), we define a chemical potential, which is oW the widthW, shapey=h(x), and chemical potentiak
vary as the distance between islands varies.

constant on the island surface at equilibrium. As in the )
“glued wetting layer model,” we assume that the islands are  NOt€ that Eqs(2.7) and (2.9) restrict the model to the

surrounded by a wetting layer of negligible thickness. Re-Stranski—Krastonow morphology, where each island is sur-

quiring a constant chemical potential on the surface of thdoUnded by a thin wetting layer. When the film and substrate

island leads to the piecewise condition for the free boundarg';‘;r(%lls hg;esgz(x:]oﬁ]i;t 2222 g)]ean\(,jv(ezttggcolr?gg)oir?d Igin’

u=7yk+S for h(x)>0 (on the island a constant chemical potential on the film surface. For
or (2.7) strongly anisotropid¢faceted islands, the contact angle con-

dition [Eqg. (2.9)] is not valid. Also, for isotropic Volmer—
Weber morphologies in which there is no wetting layer, is-
In the earlier equationy is the chemical potentidin units  lands may have a nonzero contact angle; thus, Bd)

of energy/volumg v is the surface energy assumed to bewould not be appropriate in this situation. Moreover, the
constant,« is the curvature of the film surface, agds the  equilibrium Volmer—Weber case is more complicated than
strain energy density on the film surface, defined as the Stranski—Krastonow case; in the Stranski—Krastonow

Equationg2.1)—(2.12 define the free boundary problem
for the periodic array of islands. Our goal is to determine

h(x)=0 otherwise(on the wetting layer
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case, a wetting layer given hy~0 corresponds to a balance where all variables are nhow nondimensional with respect to
of strain energy and wetting energfyand thus a constant the appropriate length or energy scale.

chemical potential. In the Volmer—Weber case, lihe0 de- By evaluation of Eq(2.8) using the definitions provided
scription for an exposed substrate surface does not represantSec.(Ill A) and the boundary conditions earlier, the value
an equilibrium configuration since the chemical potential isof S on the surfacey=h(x) in terms of T;; can be deter-
not constant. Thus, our model describes isotropic Stranskimined as

Krastonow morphologies, but does not describe isotropic

_ 2
Volmer—Weber morphologies, even if the contact angle is S=[Moct Tyy]™ (32.9
Zero. .
C. Scaling
We now consider solutions to the system corresponding
Il ISLAND ARRAY SOLUTIONS to “thin” islands, such that the nondimensional island
A. Conversion to semi-infinite elasticity problem height, H, is much smaller than the nondimensional island

width, W. A new scale of lengthyV, is chosen for the and

We now simplify the stress problem by adding an coordinates. New unit axes are then defiredx/W and

E.quwale':nlt m|sl1)‘||t strain to t'helsubstrgt.ef.amd con\élertlng_lith =y/W. The displacement vecteris scaled byw such that
pimaterial problem to a single semi-infinite problem. Tog_ .,y Also, consider the functiom(x) in terms of the
implement this, a new displacement field is defined which -

- X ) island height, H. In this way, h(x) is scaled ash(X)
accommodates the misfit strain. For the displacement f'eldﬁh(x)/H. By definition, the shape of the island i

We assign =h(x). Scaling applied to this equation yields
u=uF in the film, (3.1.13 -
y=6h(x),
u=uS+epy gx in the substrate. (3.1.1h where §=H/W. We shall look for solutions for which
y H<W, corresponding t&<<1.
The corresponding transformation of stress is given by We apply the scalings to the entire system. For conve-
T=0Floy in the film, (3.1.23 nience, thé” notation is dropped, and all variables are con-
sidered to be scaled
T=(c%+ 0,0y in the substrate, (3.1.2h (1= 20)V2u+V(V-u)=0 in y<h(x), (3.3.

where o, is the uniaxial misfit stress of magnitudg . For

the case of equal elastic constants, the boundary conditions
[Egs.(2.3), (2.4), and(2.5] are automatically satisfied with
{=—vl(1—v) and oo=Ee€y/[(1+v)(1—v)]. The elastic T—{
problem is now determined by the single stress tedsan

n-T=0 on y=8h(x), (3.3.2

10

0 0 as y— —o, (3.3.3

the semi-infinite region of film and substrate. u=k+S for h(x)>0 (on the islang
h(x)=0 otherwise(on the wetting layer) (339
B. Nondimensionalization ohlox(+1/2)=0 (3.3.5
. The systgm. of equations is now nondlmenslonallzed us- ah19x(0)=0, (3.3.6
ing characteristic scales for energy, stress, strain, and length,
based on the solutions for a planar film. The characteristic u,=0 atx=0,+X\, (3.3.9
scales are given by, for stress S, for strain energy density
and| = y/S, for length. The system of nondimensional equa- ~ 9Yy/dx=0 atx=0,=\. 338
tions becomes In these equations, the nondimensional parametes de-
(1-21)V2Uu+V(V-u)=0 in y<h(x), 3.2.9 fined by A=L/2W. Additionally, from the assumed island
width and height, and the assumption of even symmetry, we
n-T=0 on y=h(x), (3.2.2 have
10 h(*=1/2)=0, 3.3.
T—>[ as y— —o, (3.2.3 ( ) (339
00 and
m=k+S for h(x)>0 (on the island - h(0)=1. (3.3.10
h(x)=0 otherwise(on the wetting layer) 3.24
D. Asymptotic solutions
ahl 9x(£=Wi/2)=0, (3.2.5

We now consider asymptotic solutions to the system,
ahl/ax(0)=0, (3.2.6  where the island solutions are a perturbation of the trivial
u,=0 atx=0+L/2, (3.2.7 leading-order plangr solution. We expand each varighle

T, u, S u, and ) in terms of the small parametet For
duy/dx=0 atx=0,=L/2, (3.2.8 example
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h=h©+ shH+0O(?).

These expansions are substituted into the scaled system.
Terms of similar order are grouped together and the prob-

lems at each order of are solved sequentially.

E. Leading order problem

The leading order problem corresponds to a flat film of

(3.9

C. D. Rudin and B. J. Spencer 5533
ult i [Fn(y)} nmx Hn(y)} nwx
= COS—/— SiIn——
ul | = Gy “SN T3y | STX
(3.7.0

Using the boundary conditions from Ed8.6.7) and(3.7.8,
these equations can be simplified to

”  nwx
u§(1)=nzl Ha(y) sin——., (3.7.2

vanishing thickness. The leading order solution corresponds o

to a state of uniform stress. We thus look for solutions for

u® of the formul®=Ax+Cy+D andu{’=By—Cx+E
corresponding to uniform stress and strain. Substituting thes?hese equations are substituted into Navier's E3y6.)

equations into the leading order problem yields

ud=x and u’=—vy/(1-2v).

At leading order, the stress is uniform witHY =

this order.

F. First order problem

The orders problem is

(3.9

1, and all
other stresses zero. The island shaff is undetermined at

(1-2p)V2uV+V(V-uP)=0 in y<O, (3.6.1)
T =T (a1 ox
[Tﬁl):OXX( ) on y=0, (3.6.2a3
44 (3.6.2h
00
TO_, 0 as y— —om, (3.6.3
1) _ 1 1) _ —
puM= kD4 )__V_thx+2T§<?(> on y=0 (3.6.9
with the boundary conditions
dhQ/ox(+1/2)=0, (3.6.5
ah©/9x(0)=0, (3.6.6
ul=0 atx=0,+x, (3.6.7
JuMlgx=0 at x=0%\, (3.6.89
h®(=1/2)=0, (3.6.9
h©0)=1. (3.6.10

nmx

uyt = > Gp(y) cos—
n=1

X (3.7.3

yielding a system of equations as shown be[gwme (* ')
indicates differentiation with respect 1q

(1—2v)HJ(y) = ¥aGh(y) — (2—2v) ¥3H,(y) =0,
(3.7.9

(2=20)Gp(y) + vaHA(Y) = (1= 20) 77Gn(y) =0,

(3.7.95
wherey,=na/\. This is a linear ordinary differential equa-
tion system with constant coefficients.

Assuming a decaying exponential form fdd,(y)
=Hgpe® and G,(y)=Gy,e“" consistent with boundary
condition[Eqg. (3.6.3], the equations can be rearranged and

expressed in terms of a linear system
(1-2v)a—(2—2v)y2

~ Ynln

(2-2v)ah—(1-2v)y;

Yn&n
Hon 0
Gon| ~| 0" (3.7.6

Nontrivial solutions require the determinant of the coefficient
matrix to vanish. This results in a fourth order polynomial
for a,:(a?—y2)?=0. The solutions are a pair of double
roots, a,= * y,,. The negative root violates boundary con-
dition [Eqg. (3.6.3] and is discarded. Due to the presence of
the double rootr,= v, , the general form for the solution of
H,.(y) andG,(y) may be expressed ¥s

Hy(y)= HOnea"y+ Hlnyeany! (3.7.7

(3.7.8

When these general forms are substituted into the system
equations and boundary conditiofisgs. (3.6.1) and(3.6.2),
the solutions forH,, Gg,, and G, may be expressed in

Gn(y)= GOneany+ G1nyeany-

The first-order problem is thus a coupled free—boundary}erms OfHon.
elasticity problem. The elasticity problem depends on

h(©®(x) from boundary conditiofiEq. (3.6.23], andh(®(x)
depends on the stress from the equilibrium condifiq.

(3.6.4)].

G. Solution method for the first-order problem

Hn(y)=Hgn| e+ (3.7.9

2_ 21/ anyeﬂlny ’

1
Gu(y)= HonE[(l— 2v)e*Y—aye*]. (3.7.10

We now substitute our general elasticity solution into the
condition[Eq. (3.6.23]. Integrating against sin{mx/\), we

Due to the periodic boundary conditions, the displacedetermine the coefficientd o, to be
ments are expected to be periodic on the interval<x

<N\. Thus, a general solution is assumed which is periodic in

X with period 2\, that is

2(1+v)(1—v») (»  mmx ¢h'®
= sin—— ——dx

=By ) S ax (3.7.1
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for m=
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1,2,....
ary[Eq. (3.6.4]. The value forT{}) aty=0 can now

be determined as

“ 2 cosaX)
bl 5, 2508 [

~nax dh©@
n— ——dx.

ax
(3.7.12

equation foru® andh(©(x)

” 2 cofaX
u=- Lo 23 Aj

To determine the island shapé®(x), we assume an

L nmx h®

ax
(3.7.13

dx.

expansion which automatically satisfies Ed8.6.5 and

(3.6.6

h(O)(X)

M

=h0+_2 h; cog27jx). (3.7.19

C. D. Rudin and B. J. Spencer

We now consider the equation for the freeThe extra term on each diagonal entjy kK, is due to the

curvature term in Eq(3.7.13. For nontrivial solutions, we
require the determinant of the matrx(W) to be 0. This
determined\.

A Matlab® program was developed to numerically cal-
culate the value ofV corresponding to déA)=0 as a func-
tion of island spacind. (which appears in\). For accuracy

This solution describes the elastic response to a general id! the calculation of each matrix coefficie((W))y;, we

land shapeh(®(x). We substitute this expression into Eq.
(3.6.9 for the free boundary to obtain an integro-differentia

required the infinite series term in E(R.7.17% to converge.

ITo assure this, the number of terms in the sum was incre-

mented by factors of two until the relative contribution of the
last half of the terms was less than T0of the entire sum.
For the sumEq. (3.7.14] representindh(®)(x), we used a
value of M =4 terms; in the next section, we will estimate
the margin of error caused by such an approximation.

We found that for a giver, there was a singlgV such
that detA)=0, and for which the free boundary problem had
a nontrivial solution. To determine the shape, we consider
the unnormalized values &f, which correspond to the null
vector of A, Ahj"=0. By conS|der|ng the matrix problem

Ah{"=0 as an elgenvalue equation, Matlab was used to find
a nuII vector forh{" wherej=1,...M. The actual vectoh;

We takeM large enough that the solution converges. Themay then be considered of the fori=Ch/" for J

task n

boundary Egq.(3.7.13. This equation is multiplied by

ow is to determine the coefﬂClerh§ from the free

cos(2rkx), k#0, and integrated fromx=—1/2 to x=+1/2

to obtain
(wzkzhk)\ o .
2 Zl(—ZWth)bj,naj,n, (3.7.15
where
(1 if k=n/2x
(N K nmT -k
A= sinj o= 5'”5 T .
if k#n/2\
A P L k)
Ll T o7
(1 if j=n/2n
n . nT )
bj,n:< Slﬂﬁ | sin X"r"ﬂj .
- if j#n/2\
5 nm . 5 mT+ )
\ 2\ ) 2\ 7]

To solve for theh;'s we express Eq(3.7.19 as a linear
system for the column vector &f;’s,

A(W)h=0, (3.7.16
where each element of the matéxis given by(j=column,
k=row)

8(j, k)N k2 .

<A(W)>kj:T—n21 2mjag b, (3.7.17
where

) 1 for j=k
o(j.k)=

0 otherwise.

=1,..M, whereC is a constant anty" is arbltrary Using
the normalization condition(®)(+ 1/2) 0 and h(®(0)
=1, we determineC andhy" as

1

and
1 M
un_ — un
hy"== j§:1, hun (3.7.19

The unnormalized island sharb‘éo)””(x) is constructed by
substituting the values fdny" and hj", j=1,..M into the
unscaled equivalent of Eq3 7.19.

Returning to Eq.(3.7.19, and integrating fromx
=—1/2 tox=1/2 gives an expression for the chemical po-
tential in terms of the shape coefficients.

(3.7.20

Now, the coefficients in the expansibn, the widthW,
and the corresponding value of the chemlcal potenti&l)
can be determined for specific island spading he value of
W corresponding to specificis determined numerically, and
this result is used to numerically generate values Hor
and (.

IV. RESULTS

For a given film/substrate system, the length scale, stress
scale, and energy scale are completely determined. The cal-
culated nondimensional island shape is appropriate for is-
lands with a much smaller island heigHtthan island width
W. For a given island ridge spacing we determine the
island widthW and the island shape. Since the calculation for
the island shape is linedat leading order the island height
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1.74 1 *e
—h
1.72 < 08 L=n2
17 £
206 -
2 168 T L=100
= T 04
2 1.66 =
5 164 <02
= 1.62 0 2
16 05 -04 03 02 01 0 01 02 03 04 05
' X
1.58
1.56 FIG. 4. Scaled morphological profile : Island heidghts x.
0 0.5 1 1.5 2

log (Island Spacing L)

FIG. 2. Island widthW vs log (island spacing). this figure that the scaled island shape does not seem to be
significantly altered by the presence of nearby islands. In
fact, as Fig. 4 shows, the island shapes are well approxi-

H is arbitrary. Thus, the results of our calculation describgMated by a simple function determined in Ref. 30 for iso-

small islands; a particular choice bf corresponds to a spe- 'at€d islands. The wetting layer seems to provide the island

cific value of 5=H/W. Since the unscaled island height de- With & morphological stability, in which the island width
pends linearly upor, differentH values are equivalent to Ncreases for largé, but Fhe shape remains seIf—S|m|I§1r. In
different island volumes. For each island solution, there is 4MiS way, the balance given between stress relaxation and
constant chemical potential on the surface. In our calculaSUrface energy seems to be fairly robust; when the distance
tions, we determing.(Y) as a function of the island separa- between islands is altered, only a slight change in island
tion. The actual nondimensional chemical potential can theiidth and a minute adjustment of chemical potential occurs.
be determined by, =1+ 5uY), wheres=H/W depends on Since the effect of island spacihgseems to be so small, it
the island height. would seem that the island shape determined by this simula-
Figure 2 illustrates the relationship @i to log L. Here,  tion has some optimal p()lr?perties that may be completely
we can see that the equilibrium island width rapidly ap-ndependentot, W, H, x', etc. An exact solution to this
proaches a limiting value for large island separation. ThiProblem has been determingsee Ref. 5 for examplefor

limit is 1.7278, in agreement with the value 1.73 of Spencel-=W=7/2 and is given by

and Tersoff For closely spaced islandsuch that the island hO(x)=11+2cog2mx)] for |x|<1/2. 4.9

width approaches the island separatjoV reaches a mini- , . o ) )

mum atL =W= /2, also in agreement with theoretical val- This solution is also presented in Fig. 4, in agreement with
ues for steady-state small amplitude periodic surfices. ~ computed results. As suggested by Spencer and TefSoff,
A plot of x( versus logL is provided in Fig. 3. The this is also a close approximation far=c and W~1.73.
chemical potential approaches a limiting value-e2.986 at Since all calculated island shapes lie between these bounds,
largeL. At smallL, ¥ decays to zero. our analysis suggests that Hd.1) is a close approximation
The equilibrium solutions for the island profiles ht fo_r arbitrary islanql spa_cing_, using the corresponding island

=100 andL= /2 are shown in Fig. 4. All solutions for widths as determined in Fig. 2.

intermediate values df lie within these bounds, and rapidly To demonst.rate ,hOW the actual unscaled shapes change

approach the solution for =100 asL increases. These is- with L, we consider islands of equal volume, where volume

lands are scaled such tHat=1 andW—=1. We can see from 1S given by the area under=h(®)(x). To retrieve the un-
scaled solution, we combine the formula for the unscaled
island surface/nscaied Hh®)(x) with a definition for(two-
3 - dimensional island volume,

o
2]

'
N

Equilibrium Chemical Potential u”
Lk
Island Height h

0 05 1 1.5 2
log (Island Spacing L) X
FIG. 3. Equilibrium chemical potentiat™ vs log (island spacind.). FIG. 5. Morphological profile with constant island volume.
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