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Abstract

We give new upper and lower bounds on the degreeof real multiv ariate polynomials which
sign-represen Booleanfunctions. Our upper bounds for Booleanformulas yield the rst known
subexponertial time learning algorithms for formulas of superconstant depth. Our lower bounds
for constart-depth circuits and intersectionsof halfspacesare the rst new degreelower bounds
since1968,improving results of Minsky and Papert. The lower boundsare proved constructively;
we give explicit dual solutions to the necessarylinear programs.
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1 Intro duction

Let f beaBooleanfunction f :f 1;1g" ! f 1;1g and let p be a degreed multilinear polynomial
in n variableswith real coe cien ts. If the sign of p(x) equalsf (x) for every x 2 f 1;1g"; then we
sa&y that f is computed by a polynomial thresholdfunction of degreed; equivalertly we say that p
sign-representsf :

Polynomial threshold functions are an interesting and natural represenation for Boolean func-
tions which have many applications in complexity theory and learning theory, see,e.g.,[2, 4, 5, 3,
22, 14, 13]. Positive results shawing that functions have low degreepolynomial threshold functions
can be usedto obtain e cien t learning algorithms via linear programming; see,e.g.,[14, 13]. Neg-
ative results shaving that a function requires threshold polynomials of large degreeand/or large
coe cien ts can be usedto obtain oraclesseparating PP from smaller classessee,e.qg., [4, 25)].

In this paper we give new upper and lower bounds on polynomial threshold function degreefor
seweral interesting and natural classesof functions which have beenpreviously considered(but not
resohed) in the literature. It seemsdlikely that both the upper and lower bound techniques we use
will prove useful for broader classesof functions.

1.1 Previous work

The study of polynomial threshold functions beganwith Minsky and Papert in their 1968book on
perceptrons[18]. Minsky and Papert gave three lower boundson the degreeof polynomial threshold
functions:

Any polynomial threshold function which computes parity on n variables must have degree
at least n: This result has sincebeenreproved many times, see,e.g., [2, 6].

Any polynomial threshold function which computesa particular linear-size CNF formula, the
\one-in-a-box" function on n variables, must have degree ( n=3): By Boolean duality this
lower bound also holds for a corresponding DNF formula.

Any polynomial threshold function which computesthe AND of two majorities ead on n
variables must have degree! (1):

Despite the fact that many researters in learning theory and complexity theory have studied
polynomial threshold functions, relatively little progresshas beenmade on improving these lower
bounds since 1968. In particular, Vereshdagin [25] has a lower bound for a promise-problem ex-
tension of one-in-a-box and Beigel [4] has a lower bound for a certain linear threshold function;
howewer, both of these showv degreelower bounds for polynomial threshold functions only under
the added assumption that the polynomials have small integer coe cien ts. (Krause and Pudlak
[15] have given lower bounds on the number of nonzero coe cien ts which must be presern in any
polynomial threshold function for a particular depth-3 Boolean circuit, but their lower bounds are
not strong enoughto imply new lower bounds on polynomial threshold function degree.) More
progresshas been made on upper bounds; Beigel, Reingold, and Spielman [5] proved that there
is a polynomial threshold function of degreeO(logn) which computesthe AND of two n-bit ma-
jorities. More recertly, Klivans and Senedio [14] shaved that any polynomial-size DNF formula
(equivalertly, CNF formula) has a polynomial threshold function of degreeO(n*=3logn), and Kli-
vanset al. [13] shaved that any Boolean function of a polylogarithmic number of halfspaceswith
quasipolynomially-b oundedweights hasa polynomial threshold function of polylogarithmic degree.



1.2 Our results

We give new upper and lower bounds on polynomial threshold functions for seweral interesting and
natural classesof functions. Our main results are:

We prove that any Boolean Ijormula of depth d and size s is computed by a polynomial

threshold function of degree’ s(logs)®(®: This gives us the rst known upper bound for

Boolean formulas of superconstart depth. In particular, any Boolean formula of size o(n?)

and depth o lo{;ﬁ)g ) hasa polynomial threshold of nontrivial (sublinear) degree. We useour

upper bound to provide the _rst known subexponertial learning algorithm for sud formulas.

Note that since parity on = s variables can be compute[g by a formula of sizes; the best
3

possibledegreeupper bound which dependsonly onsis * s:

We give an ( m&%) lower bound on the degreeof any polynomial threshold function which
computes the AND of two n-bit majorities. Equivalertly, this lower bound holds for the
degreeof any bivariate real polynomial p(x;y) which is positive on the lattice points in the
upper-right quadrant with coordinates boundedby n, and is negative on the lattice points in
the other three quadrants with coordinates boundedin magnitude by n. This result (and our
next) is the rst new unconditional lower bound for polynomial threshold degreesince 1968;
it improves on Minsky and Papert's lower bound of ! (1) and nearly matches the O(logn)

upper bound of Beigel, Reingold and Spielman.

We prove an \X OR lemma" for polynomial threshold function degreeand use this lemma
to obtain an ( n'=310g>=n) lower bound on the degreeof an explicit Boolean circuit of
polynomial size and depth d + 2: This is the rst improvemert on Minsky and Papert's
( n*=3) lower bound for any constart-depth circuit.

1.3 Our techniques

Perhaps surprisingly, our lower bounds are achieved constructively. The question of whether a
given function has a polynomial threshold function of degreed can be formulated asthe feasibility
qguestion for a certain linear program. By duality, we can shav the linear program is infeasible |
and hencethe function has polynomial threshold degreeexceedingd | by shawing that the dual
linear program is feasible. We construct explicit dual solutions. (Interestingly, Verestagin's lower
bound [25] involves shawing that a certain linear program is feasible by explicitly demonstrating
the infeasibility of the dual.)

Our upper boundsbuild on ideasfrom [14, 13] and usetools from real approximation theory.

1.4 Organization

Section 2 givespreliminaries on polynomial threshold functions and describesthe duality technique
we usefor our lower bounds. In Section 3 we give our upper bounds for Boolean formulas and the
application to learning. In Section4 we prove our XOR lemma for polynomial threshold functions
using the duality technique, and use this lemma to obtain new lower bounds for constart depth
circuits. In Section 5 we apply the lower bound technique to prove our ( Iog’l%gn) lower bound
for the AND of two majorities. Finally, in Section 6 we make someconjecturesand sketch possible
future applications of our upper and lower bound techniques.




2 Preliminaries

We make the following standard de nitions of sign-represeting polynomials (see[2]). Let f

f 1;1g"! f 1;1g be a Booleanfunction. Let p:f 1;1g" ! R be a multilinear polynomial of
degreeat most n which is not identically 0. De ne the supprt of p to be the set of monomials
S 2 on which p has nonzerocoe cien ts.

De nition 1 We say that p weakly (sign-)represents f if f(x) = sgn(p(x)) for all x such that
p(x) 6 0. If p(x) 6 0 for everyx 2 f 1;1g we say that p strongly (sign-)represetts (or simply
(sign-)represens) f . We let thr(f ) denotethe minimum degree of a polynomial strongly representing
f, and thr(f ) denotethe minimum degree of a polynomial weakly representingf .

On occasionwe will view the domain of f asf0;1g" instead of f 1;1g"; it is easyto seethat
this doesnot changethe degreeof any sign-represeting polynomial.

There is a sensein which sign-represeting polynomials are equivalent to distributions over
f 1,19".

Deniton 2 Wecallamapw:f 1;1g" ! R © which is not identically O a distribution . The
set of points fx : w(x) 6 Og i%,called the support of w. If the supprt of w is all of f 1;1g" we
call w a total distribution. If = ¢ ;.55 W(X) = 1 we call w a probability distribution . If w is a
mapw :f 1;1g" ! R, not identically O, which takeson at least one negative value, we call w an
improper distribution. Givlgn a monomial xs, S  [n], we say that tae correlation of xg with f
under w is Ey[f (X)Xs] := 5 L1gn f (X)xsw(x). (Here xs denotes ~,¢ Xj.)

Notice that multilinear polynomials of degreeat most n are given by vectors of 2" real coe -
cierts. Improp er distributions too are given by vectorsof 2" real weights. The connectionbetween
sign-represetations and distributions is this:

Prop osition 1 For any Boolean function f : f 1;1g" ! f 1;1g, there is an (orthogonal) linear
bijection As between weak representationsof f and distributions. If p and w are in correspndene
then p(x) = jw(x)j and hene strong representations are in bijective corresppnden@ with total
distributions. Further, the S coe cient of p is proportional to the correlation of xg with f under
w. Hencepis supmrtedon Si f haszerm correlation with xs under w for everymonomial S 62S.
(Final ly, sign-representationswhich make mistakes corresnd to improper distributions.)

Pro of: The bijection mapscolumn vectorsof polynomial coe cien ts indexedby monomialsS [n]
to column vectors of distribution weights indexed by points x 2 f 1;1g". The map is given by
the matrix A; with rowsindexedby x 2 f 1;1g" and columnsindexed by monomialsS [n]; the
entry Ag[x; S]is equalto f (x)xs. This matrix is orthogonal, being a Hadamard matrix. |

Our main tool for proving polynomial threshold degreelower bounds s the following so-called
\Theorem of the Alternative." It can be proved immediately using linear programming dual-
ity, as was essefially done by Aspneset al. in [2]; a completely di erent proof based on the
distribution perspective can be given by conmbining the \Discriminator Lemma" of [11] with the
learning-theoretic technique of boosting, see[9, 10].

Theorem 2 Letf : f 1;1g" ! f 1;1g be a Boolean function. Let S 2 be any set of
monomials. Then exactly one of the following holds:

f hasa strong representation with support in S; or,



f hasa weak representation with supprt in 2" nS.

Given the equivalence of sign-represetations and distributions, there are three other ways of
restating Theorem 2. We will needone more:

Theorem 3 Letf : f 1;1g" ! f 1;1g be a Boolean function. Let S 2 be any set of
monomials. Then exactly one of the following holds:

f hasa strong representation with support in S; or,

there is a distribution on f 1;1g" under which f has zero correlation to every monomial in
S.

3 Upp er bounds for Boolean form ulas

In this section we considerBoolean formulas composedof NOT gatesand unboundedfan-in AND
and OR gates. The depth of a formula is the length of the longest path from the root to any leaf,
and the sizeis the number of occurrencesof variables.

We will also consider variants of polynomial threshold functions in which the polynomial is
subject to a stricter requiremert than just sign-represeting f : Following Nisan and Szegedy[20],
we write 8eg(f ) to denotethe minimum degreeof any polynomial which approximates f to within
1=3 on all inputs, i.e. sudch a polynomial p(x) must satisfy:

8x 2 f0; 19" jf (x) p(x)j %:

Clearly we have feg(f) thr(f) for all f: We write jp  fj; to denote max,ysg.1gn JP(X) (X)j:
Thusif jp fj1 < %We have deg(p) Hegf) thr(f):
We prove two similar theoremsbounding the polynomial threshold degreeof Boolean formulas:

Theorem 4 Let f be computed by a Boolean formula %f depth d and size s: Then there is a
polynomial p(x1;:::;Xn) of degree at most 2°(9 (log s)®=2" s suchthat jp fj, i

Theorem 5 Let f be computad by a Boolean formula of depth d and size s: Then there is a

The proof technique in both casesis to rst manipulate the formula to get a more structured
form, and then to apply real approximating functions (Chebyshev polynomials, the rational func-
tions of [5]) at ead gate.

Some preliminary notes: throughout this section we let O represert FALSE and 1 represen
TRUE, and thus we view Boolean functions as mappings from f0;1g" to f0; 1g: Without loss of
generality we may assumethat our formulas contain no NOT gates;i.e., they consistonly of AND
and OR gates. This is becauseany negationsin a formula F can be pushedto the leaves using
DeMorgan's laws with no increasein size or depth. Once all negations are at the leaves we can
replaceeat negatedvariable : x; with a variable y; to obtain a formula F °which hasno negations.
Given a polynomial which sign-represets or approximates F® we can obtain a correspnding

polynomial for F by replacing ead y; with 1  x;; and this will not increasethe degree.



3.1 Pro of of Theorem 4

Henceforth the variablescy;c,;::: referto xed universal constarts.

Theorem 4 Letf be computald by a Boolean formLﬂa of depth d and size s: Then there is a
polynomial p(x1;:::;Xn) of degree at most cl(log 5)%=2" 5 suchthat jp  fj1 %:
We will usethe following lemma:
V.
Lemma 6 Letf = ,_; f; be a Boolean formula where = 2:For 1 i ° let p; be a polynomial
with degXpi}) r suchthat jpi fij1 ; whee 0 < < Bi\: Then there is a polynomial p with
deglp) (4 "logi)r suchthatjp fj1 (¢ logl):

Pro of: The following convertion will be useful: for P a polynomial wewrite \P(x) 2¢ ([a;b]; [c;d])"
as shorthand for

\8x 2 f0;1g" : if f (x) = Othen P(x) 2 [a;b] and if f (x) = 1 then P(x) 2 [c;d]:"

Thus by assumptionwe have pi(x) 2¢, ([ ; 1;[1 ; 1+ ]) for ead i
Let P(x) denote p1(x) + + p(x) + " : It is easyto verify that we have
P(x)2¢ ([0;° 1+ 2 L[5 +2 ]
Let Q(x) denoteP(x)=(" 1+ 2" ): We then have
1 2 1
1+2 R 1+ 2 )

Let k = - 1+2 : We can rewrite and say Q(x) 2¢ ([0;1];[1+ k;1+ k + T]) SlnceT <
2. 4 wehave Q(x) 2¢ ([0;1];[1+ k;1+ k+ 4]):

Recallthat the Chebyshevpolynomial of the rst kind Cy(t) is a univariate polynomial of degree
d: The following fact is proved in Appendix A:

Q(x) 2¢ ([0;1[1+ <

Fact 7 For alld 1 we have:
1. Cq(t) 2 [ L;1]for t 2 [O;1]:
2. Letty denoteC P 5 (1+ 1=d): Then ty > 2
3. Forall0< < d we haveC P 4 (1+ 1=d+ )2 [ty;tg+ 26d |.

Let R(x) denote Cy 1=2,(Q(X)): Since4 < zi < k; by parts 1 and 3 of Fact 7 we have that
R(x) 2¢ ([ 1;1];[tw;te+ %]): Let S(x) denote(&R(x))dlog te. Using part 2 of Fact 7 we nd that
S(x)2: ([ ; I[L@+ ﬁ’—ﬁ)d'og *e]): We now usethe factthat © 1 (L )rforall0 r 1
and > 0 (this can be proved using a simple corvexity argumert). We thus nd that

dog te 1 1
104 1+ 104 dog =e 1+ 208log :

1+ - -
tkk tk tk
Using our bounds on t, and k, this is at most 1+ (¢,  logl) asdesired.
It remains only to bound deg(SB From obur construction it is clear that deg(S) r _1:2e
dogie: We have that ck e 2e 2 " anddogle< 2logli: ThusdegS) 4r “logl
and the lemma is proved. |

W.
It is easyto seethat an identical result holdsif f = ,_; f;; i.e. f's top-level gate is an OR
instead of an AND.
The following lemma is now easyto establish:

5



Lemma 8 Letf be computad by a Boolean formula F of depthd and size s: Supmse that for any
path from the root of F to a leaf, the product of the fanins of the gateson the path is at most t:
Then there is a polynomial p with deg(p) (czlogs)? t suchthat jp fj1 i

S

Pro of: Note rst that for any Boolean formula of size s; there is a multilinear interpolating
polynomiﬂ which computes the formula exactly and is of degree at rgost s: Consequetly if
(czlogs)d t s the lemmais trivially true, sowe assumethat (czlogs)? t < s:

Consider the formula F: Each leaf contains some variable x;; so clearly there is a degree-1
polynomial which exactly computesthe function at ead leaf. Now apply Lemma 6 successigly to
every gate in F; going up from the leavesto the root. At ead leaf we may take in Lemma6 to
be any positive value; we take = s%r: Eadch time we go up through a gate of fanin ~ the value of
which we may usein Lemma 6 is multiplied by at most ¢," log(s®) = ¢z’ logs: An easyinduction
on the depth of F shaws that at the root we obtain a polynomial p such that

degp)  (4log(s)® T< (cslogs)® T

and
2

. . 1 d 1 1
jp fi1 S (czlogs)dt < 3 S=3

as desired. [ ]

With Lemmas6 and 8 in hand, in order to prove Theorem 4 it su ces to bound the product of
the fanins on any path from the root to a leaf. In an arbitrary formula this product can be quite
large; it is easyto construct a formula of sizes and depth d in which there is a path composedof d
gatesead of fanin §: Thusin generalthis product can be aslarge as(g)d; however we can remedy
this situation as described below.

Lemma 9 Let F be a formula of sizes and depth d: There is a formula G of sizes and depth 2d
computing the samefunction as F suchthat the product of the fanins on any root-to-leaf path in G
is at most (4 logs)Ys:

Pro of: We prove the following slightly stronger statemert: for any formula F of sizes and depth
d; there is a formula G of sizes and depth 2d computing F sud that the product of the fanins on
any root-to-leaf path in G is at most (2dogse)9s: The lemma follows since2logs dogse for all
s:

The proof is by induction on d: For d = 0 the formula must be a sirqlgje variable sos = 1 and

the claim is trivially true. Supposewithout lossof generality that F = ,_; F; where™  2; eat
Fi has depth at mostd 1; and the sum of the sizesof F,;:::;F is s: Let jFjj denote the size
of Fi: We partition the formulas Fy;:::;F into disjoint classesCy;:::; Cqogse Where the classC;i

cortains exactly those F; such that 2 1 jFij < 2: By the induction hypothesis ead formula
Fi 2 C; hasan equivalert formula G; of sizejF;j and depth at most 2d 2 such that the product
of th%fanins along any root-to-leaf path in G; is at most\§2dlogse)OI LiFj < 29 ldogse 1: Let
G= f'ffseHj wherethe formula H; is de ned asHj = ¢ ,¢, Gi:

To seethat this works, rst obsene that eah C; cortains at mosts=2 ! formulasF;: Thusthe
fanin at the root of H; is at most s=2I 1 and hencethe product of the fanins along any path in H;
is at most 29sdogse” 1: Thusthe product of the fanins along any path in G is at most (2dogse)9s
as desiredand the lemma is proved. |

Theorem 4 follows from conmbining Lemmas8 and 9.



3.2 Pro of of Theorem 5

Theorem4 usesChebyshevpolynomialsto construct polynomials which closelyapproximate Boolean
formulas. In this section we extend this construction using rational functions to construct poly-
nomials which only sign-represeh Boolean formulas. The bound given in the following theorem is
asymptotically superior to Theorem 4 for any constart d:

Theorem 5 Letf be computed by a Boolean formula of depth d and size s: Then there is a

Theorem 5 is a consequenceof the following lemma which we prove by induction on d: (We
de ne the degreeof a rational function p(x)=qx) to be maxf degp); deg(q)g:)

Lemma 10 Letf be computed by a Boolean formula of depthd and sizes: Then there is a rational

1 1 . .
function r of degree at most c§(logs)®ds? 2@ 2 suchthat jr fj; < 4&:

To seethat Lemma10implies Theorem5, let r(x) = p(x)=q(X): Sincer (x) 2¢ ([-Z; 31;[1 %;1+3));
we have that

f(x)=sgnr(x) 1=2)=sgn((r(x) 1=2)q(x)?) = sgn(()q(x) d(x)*=2)

for all x 2 f0;1g":

A keytool in the proof of Lemma 10is the fact that low-degreerational functions canaccurately
approximate the sgnfunction. Building on work of Newman [19] and Paturi and Saks[21], in [5]
Beigel et al. shaved the following:

Fact 11 Letk 1; > 0: There is a rational function ry. of degree O(k log 1) suchthat
e (X)2[ 1 ; 1forallx2[ 2% 1];
e (X) 2 [1;1+ ] for all x 2 [1; 2K]:

(We note in passingthat the O(log n) upper bound for polynomial threshold degreeof an AND of
two n-variable majorities given by Beigel et al. is an easyconsequencef this fact.)

Pro of of Lemma 10: The basecased = 1 is easy Without lossof generality we have that f is a
conjunction f = x3* " Xs! The rational function (rog(2s):1245(2(X1 + +Xg S+ %)) +1)=2is
easily seento satisfy the conditions of Lemma 10.

For the induction Step. without loss of generality we may supposethat f is computed by a

Booleanformula F = ,_; Fj where™ 2, eah F; hasdepth at mostd 1; and the sum of the
sizesjFj; 111 jF ] is si As inv{remma 9,forj = 1;:::;dogselet C; bethe setof thoseF; suc that
2! jRj< 2:LetHj= i.r,2c; Fi (note that unlike Lemma 9 now the subformulas of H; are

W,
Fi's rather than G;'s), sof is computed by Jdlzof *°H;: We write h; and f; to denote the Boolean

functions computed by formulas H; and F; respectively.

1 .
Let J = s* 2@ 1: We will deal with the Hj's in di erent ways depending on whether 2 < J or
2
We rst considerj suchthat 2 < J: By a minor modi cation of Theore 4 we have that for ead
Fi 2 Cj; there js a polynomial p; such that deg(pi) (c)? Y(ogs)®@ V=" J andjpi  fijs &
Let Pj(X) = 4( i.¢2¢, Pi(X) $): Then we have Pj (x) 2n, ([ 37 1J[1;4s]); and hence

Q) (o ' Mot BON T By dessiop a1+ 1e4s);




where deg(Q;) = O((c1)? *(logs)>@ 1):2+2|03):
We now considerj such that 2! J; soeah F; 2 C; satises jFjj J=2: By the induction
hypothesis,we have that for eah F; 2 C; there is a rational function t;j(x) sud that

1

ded(t;) (ca)? L(ogjFi)3@ ViFjz =2
(C4)d 1(|Og S)5(d 1)2(% 2(1172) (l)

P .

andjti fij1 ﬁ 570 Let Tj(x) = 4( ir20, t(X) $): SinceCj cortains at most s=2/ 1
2s=J formulas F;; we have that

X

ti 2, ([ s=3%s=0°f;[1 s=J%s]):
i:Fi2C;j
2

Sinces=J2=s 2@ 1 s ¥ford 2 we may supposethat s=J2  4: Consequetiy, we have
that Ty 2, ([ 3; 1J;[1,4s]): SinceT;(x) is a sum of at most s=2 ! rational functions t; whose
degreesare bounded by (1), by clearing denominators we can expressT; as a rational function of

il 1
degreeO((c,)? (logs)5d Ds=2'(z* 7 2): Now obsene that

S S = S = S% 23’riL 2 = pJ_
il 1 1 1 1 1 1 ’
PGy gtws o DGt g)

and hencedeg(T;) = O((cs)? (logs)® yP J: Thus, we have

r 1=245(Sj (X)) + 1
U; (x) def '09(45)’143; j (X)) 2, ([ 174s;05;[1;1 + 1=4s]);

where U; is a rational function with deg(U;) = O((cs)? *(log s)% 3P J):

Now let 0 1
X X
V(x) = 4@ Q(x) + U 1=2A:
j:2i<d j2
Since V (x) is a sum of O(logs) rational functions Q;j;F,; by clearing denominators we have that

V (x) is arational function of degreeO((c4)? (logs)® 2 J); andmoreoverV(x) 2¢ ([ 3; 1[1;4s]):
Finally, taking
def I’Iog(4s);1=4s(V(X)) + 1_

r(x) = > ,

_ _ 1 1
we have that jr fj; & and degr) (cs)%(log s)5d|o J: Sincep J = s2 291 2 the lemma is
proved. (Lemma 10) m

3.3 Discussion

In earlier work Klivans and Senedio [14] shoved that any Boolean formula of constart depth d

and size s has a polynomial threshold function of degreeO(s1 T";_3): For even moderately large
constart valuesof d, this bound is not far from the trivial upper bound of s: In contrast, our new
bounds are considerably stronger. Theorem 5 gives an o(s™) bound for somed = (log logs);
and Theorems 4 and 5 both give a bound of O(s¥™?* ) for any d = of log’l%zs): To our knowledge
Theorems4 and 5 are the rst nontrivial upper bounds on polynomial threshold function degree
for formulas of superconstart depth.




In other earlier work, Buhrman, Cleve and Wigderson[7] gave an O(s*2log® (s)) upper bound
on the degreeof polynomials that approximate (in the senseof Theorem 4) certain Booleanformulas
of sizes and depth d. Their bound appliesonly to \Sipser functions", namely to formulas in which
all of the gatesat any given depth have the samefanin (the fanin can be di erent for gates at
di erent depths). Our Theorem 4 thus generalizestheir bound on the degreeof approximating
polynomials to a substartially broader classof formulas. The motivation for the upper bounds of
Buhrman et al. wasto obtain upper boundson the bounded-errorquantum complexity of predicates
corresponding to Sipserfunctions. Our Theorem4 immediately implies corresponding upper bounds
on the bounded-errorquantum complexity of a broader classof predicatescorresponding to general
formulast

3.4 Learning Boolean form ulas of superconstant depth in subexponential time

We close this section by describing some consequence®f our results in computational learning
theory. It is known (see[14, 13]) that if a classC of Boolean functions has thr(f) r for all
f 2 C; then C can be learnedin time n°(") in either of two well-studied and demanding learning
models, the Probably Approximately Correct (PAC) model of learning from random examples
[12, 24] and the online model of learning from adversarially generatedexamples[1, 17]. Thus our
polynomial threshold function upper bounds from Theorems 4 and 5 immediately give a range of
new subexponertial time learning results for various classesof Boolean formulas. For example, we
immediately obtain:

logn

Theorem 12 The classof linear-size Boolean formulas of depth o( 557557

1=2+
2n

) can be learned in time
for all > O:

This is the rst subexponertial time learning algorithm for linear size formulas of superconstart
depth.

We emphasizethat the PAC learning results which follow from our upper bounds hold for
the general PAC model of learning from random exampleswhich are drawn from an arbitrary
probability distribution over f0;1g": This is in cortrast with many results in learning theory (such
as the quasipolynomial time algorithm of Linial et al. [16] for learning constart-depth circuits)
which require the random examplesto be drawn from the uniform distribution on f0; 1g":

4 An XOR lemma for PTF degree

Let f beany Booleanfunction f 1;1g" ! f 1;1gde ned onvariablesxq;:::;x, and let g be any
Boolean function f 1;1g" ! f 1;1g de ned on variablesy;;:::;yn: Let f g denote the XOR
(parity) of f and g: We will prove the following \X OR lemma:"

Theorem 13 Let f and g be Boolean functions on disjoint sets of variables. Then thr(f g) =
thr(f) + thr(g):

We note that Theorem 13 is similar in spirit (though incomparable) to a recert result of Sieling
[23] which showvsthat DT(f g) = DT(f) DT(g); whereDT(f) is the minimum decisiontree size
of f:

1We note in passingthat an easy argument shows that any Sipser function of size s has a polynomial threshold
function approximator of degreeat most s'*2; the proof is based on the obsenation that either the product of the
odd-depth fanins or the even-depth fanins in any Sipser function must be at most s*=2.




Pro of of Theorem 13: The upper bound is easy;if ps (x) is a strong sign-represetation of f of
degreethr(f) and py(y) is a strong sign-represetation of g with degreethr(g) then pr (x)pg(y) is
easily seento be a strong sign-represemation of f g, and ded(ps (x)pg(y)) = thr(f) + thr(g).

For the lower bound, sincef has no strong represeration on the set of monomials of degree
strictly lessthan thr(f), Theorem 2 tells us that f has a weak represertation g (x) supported on
the monomialsxs with jSj  thr(f). Similarly, g hasa weakrepresenation gq(y) supported on the
monomialsyr with jTj  thr(g). Now ¢ (X)gq(y) is a weak represertation of f  g; in particular,
it is not identically zero becausethere is at least one x for which g (x) 6 0 and at least oney
for which gqy(y) 6 0, so ¢ (x)gg(y) & O for theseinputs. Note that o (x)gg(y) is supported on
the set of monomials which have degreeat least thr(f) in x and at least thr(g) in y. Applying
Theorem 2 again we concludethat any strong represertation for f g must use somemonomial
with degreeat leastthr(f ) in x and at least thr(g) in y; this is more than su cient to prove that
thr(f g) thr(f)+ thr(g). (Theorem 13) W

For f a Booleanfunction let (f denotethe XOR of k copiesof f on disjoint setsof variables.
From Theorem 13 we obtain:

Corollary 14 thr( «f) = k thr(f):

This corollary thus includes Minsky and Papert's lower bound of n for the parity function as a
special case.
Corollary 14 alsoyields the following lower bound for constart depth circuits:

Theorem 15 For all d 1 thereis an AND/OR/NOT circuit C of depthd + 2 and size poly(n)
which has polynomial thresholdfunction degree ( n=3(log n)24=3):

Pro of: The circuit C computesthe parity of (logn)? disjoint copiesof Minsky and Papert's \one-
in-a-box" function, where eat one-in-a-box function is de ned on n=(logn)¢ variables. It is well
known that for any constart d; parity on (logn)¢ variables can be computed by an AND/OR/NOT

circuit of depth d + 1 and size poly(n): Since the one-in-a-box function on n=(logn)? variables
is a depth-2 circuit of size O(n=(logn)Y); by substituting the appropriate one-in-a-box function
for eadh input to the parity we seethat C is a circuit of poly(n) size and depth d + 2 (we save
one on depth by collapsing gates of the samekind on the next to bottom layer). By Minsky
and Papert's lower bound, we know that any polynomial threshold function for one-in-a-box on
n=(log n)¢ variables must have degree (( n=(log n)%)1=8): Consequetly Corollary 14 implies that
thr(C) = ( n¥3(log n)29=3) and the theorem is proved. [

In fact, we can actually give an alternate proof of Minsky and Papert's lower bound for one-in-a-
box by using our lower bound of technique of applying the Theorem of the Alternativ e (Theorem 3)
and constructing the necessarydistribution explicitly. SeeAppendix B.

Theorem 15 is of interest sinceit givesthe rst ! (n™) lower bound for any function in AC°:
We note that Theorem 15 also shows that the n=3logn upper bound of Klivans and Senedio for
depth-2 AC? circuits doesnot hold for depth-4 AC©:

5 A lower bound for the AND of two majorities

Let n beodd, and let AND-MAJ, : f 1;1g" f 1;1g"! f 1;1g bethe function which on input
x;y), x;y2f 1,19, outputs 1if both MAJ,(x) = 1and MAJ,(y) = 1. Here MAJ, is the majority

function on n bits, x 7! sgn( [, ;). In this sectionwe show that thr(AND-MAJ,) = ( Iolg(;%gn)'
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improving on the ! (1) lower bound of Minsky and Papert. Note that O(logn) is an upper bound,
by Beigel, Reingold, and Spielman|[5].

We begin by applying a simple symmetrization due to Minsky and Papert. Supposep is a
polynomial threshold function for AND-MAJ,, wheren is odd. Let Z%%¢ denotethe setf n; (n
2);::i; L,L::;n 2ng  Z. Let AND-sgn, : 239 z%dd 1§ 1:1g be the function which on
input (x;y)isli x> 0andy> 0.

Claim 16 There exists a polynomial thresholdfunction for AND-MAJ,, of degree d if and only if
there exists a bivariate polynomial of degree d which sign-representsAND-sgn,,.

Pro of. (if) Supposeg is a bivariate p,9|yn0|g1ial sign-represeting AND-sgn,. Let p: f 1;1g"
f 1,1g"! R begivenby p(x;y) = g( Xi; Vj). Then the multilinear reduction of p hasdegree
d and sign-represets AND-MAJ,.

(only if) Supposep has dngreed and sign-represets AND-MAJ,,. Letqg:f 1;1g" f 1;1g"!
f 1;1g begivenby (x;y) 7! 1525, POX L@ X pin)sY @ tiEY )y Where Sy is the sym-
metric group on [n]. BecauseAND-MAJn(X ,1); 55X 1(n)Y »@)s i3 Y »m)) = AND-MAJL(X;Y)
we concludethat g sign-represeis AND-MAJ, and hasdegreed. But notice that qis symmetric in
itspx vqgiables and its y variables. Hencethere is a degreed bivariate polynomial ¢( ; ) sud that
a Xi yi)=dqxy)forall (x;y)2f 1;1g" f 1;1g"; and thus ¢ sign-represets AND-sgn,. B

It follows that if we prove a lower bound on the degreeof a bivariate polynomial which sign-
represerts AND-sgn,, we get a lower bound on thr( AND-MAJ,). Following Theorem 3, we shall
shaw that there is a probability distribution over 294 7949 ynder which every bivariate mono-
mial of degreeat most d = ( m&%) has zero correlation with  AND-sgn,. To seethat this
is enough, supposethat € is a bivariate polynomial of degreed sign-represeting AND-sgn, and
w is a probability distribution over z2d  z9dd wijth the stated property. Then on one hand
Ew[AND-sgn, (x; y)&(x; y)] = O by linearity of expectation, sinceeat monomial in & haszerocorre-
lation with AND-sgn, under w. But on the other hand, since & strongly sign-represets AND-sgn,,,

AND-sgn, (x; y)&(x; y) > 0 for all (x;y), henceE[AND-sgn,(X; y)&(x; y)] > 0, cortradiction.

The problem is now set up to our satisfaction. Fix an integerd. We shall try to nd a support
(set of points) Zz ~ z°dd  zodd 3nd a probability distribution w over these points suc that
AND-sgn, has zero correlation L,kpderw with every monomial x'y! of total degreeat most d. That
is,wewant w:Z ! R %with  ,,, w(z) = 1sud that:

o X o
80 i+j d; Eu[f(xy)x'y]= wx; Y (xy) X'y = o
(xy)2z
In addition we would liketo nd a solution in which sizgZ) is as small as possible,where sizgZ)
denotesmaxy.y)2z f maxfj xj; jyjgg. Once we have such a Z and w, we get a lower bound of d + 1
for the degreeof a polynomial threshold function computing AND-MAJg,¢z). In the remainder of

this section we give a construction in which sizgZ) = d°(@: This givesus the main result of this
section:

Theorem 17 thr(AND-MAJ,) = ( 5o855):

5.1 Pro of of Theorem 17

Our constraints are all bivariate monomialsx'y! of total degreeat most d. We will referto x'y!l as
the \(i; j) constraint monomial." There are a total of D = w constraint monomials, and
for de niteness we will considerthem to be ordered asfollows: 1, X, y, X2, Xy, y?, x°, etc.

11



Our support will be:
Z=1f( 1) h5( Dh):0 k+° dg[ f( 1 g

where here h is a large quantity to be chosen later (evertually we will take h = ( d®). The
support Z is symmetric about the line y = x and contains exactly D + 1 points. We will refer
to (( 1) h¥;( 1)* h)) asthe \(k;") support point" and considerthe points to be orderedin the
sameorder asthe monomials (i.e., (1;1), (h; 1), ( 1;h), (h?;1), ( h; h), (1;h?), (h%; 1), etc.),
with the special point ( 1; 1) coming last. Note that the value of f on the (k;") support point is
( 1)k‘+ k+‘.

Let AbeaD (D + 1) matrix whosecolumns are indexed by the support points and whose
rows are indexed by the constraint monomials. De ne A[(i; j); (k; )] to be the value of the (i; j )th
constraint monomial at the (k; *)th support point, times the value of f at the (k; *)th support point.
This de nition shall include the caseof the special ( 1; 1) support point, to whose column we
assignthe index (0% 0% for reasonsthat will becomeclear soon. Let A bethe (D + 1) (D + 1)
matrix given by adding a row of 1's to the bottom of A. For notational conveniencewe will also
give this row the index (0%09. Sofor (i;j); (k;") 6 (0% 09 we have:

A[(l, J),(k,‘)] — ( 1)k(] +1)+ “(i+1)+ k\hik+j‘; (2)
ie.
2 d
1 1 1 1 1 1 1 (1 1
1 h 1 n? h 1 h3 1 1
1 1 h 1 h h2 1 ( h)d 1
A=g1 h2 1 h* h2 1 h6é ( 1) 1
1 ( 1)d+1 hd 1 ( 1)d+1 hd p2d ( l)d+1 ( l)dhd2 ( l)d+1
1 1 1 1 1 1 1 1 1
P o
Recall that we want to valuesw : Z ! R such that (. )0z WX Y)F(X;Y) x'yl = 0 for

all constraints and sud that (xy)2Z w(x;y) = 1. By construction thesevaluesare uniquely given
by the solution to the following system of linear equations:

2 3 2 3
W(0;0) 0
W(1,0) 0
W(o0;1) 0
AR Weo z=807: (3)
W(0;d) 0
W 1 1) 1

In the remainder of the proof we show that by taking h = ( d°); we can ensurethat the solution
to Equation (3) consists ertirely of nonnegative numbers, and hencew corresponds to a true
probability distribution as desired. Sinceh = O(d®) meansthat size@) = d°@: and we may take
h to be odd, this proves Theorem 17.

We shall consider solving Equation (3) via Cramer's rule. Cramer's rule tells us that Equa-
tion (3) implies:
_ detAwy) .
Weuw) = detA '’
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where A,y denotesthe matrix A with the (u;v) column replaced by the right hand side of

Equation (3), namely 0 0 O 0 1 '. To show that eah W(,v) is nonnegative we will
show that detA . and detA have the samesign.

Let 2 f+1; 1g be the sign of the product of the diagonal ertries in A: We will prove the
following two lemmasand thus prove Theorem 17:

Lemma 18 sign(detA) =

Lemma 19 sign(detA ) = for all (u;v):

5.1.1 Pro of of Lemma 18

To prove Lemma 18 we view detA as a polynomial in h: Let T := degldetA) be the degreeof
detA: We shaw that the leading term of detA (corresponding to hT) dominatesall the other terms
for h su cien tly large, and thus the sign of det A is the sameasthe sign of the leading term. More
precisely we establish the following two facts:

Claim 20 The coecient of h' in detA is 2 :
Claim 21 For all u 1 the coecient of hT Y in detA is at most2(D + 2)* in magnitude.

glaim 21 implies that the SLyn of the absolute values of the lower-order terms in detA is at most

1 20+ 2%hT v W' T (2(D+ 2)*=h)u. If wetake h to be ( d°) then this quartity will
be strictly smallerthan h™. But by Claim 20 we have that the leadingterm of detA is2 hT. Thus
sgn(detA) = and Lemma 18 holds.

We set the stage before proving Claims 20 and 21 with somenotation and someobsenations.

Let S denote the permutation group on the indices (0;0), (1;0), (0;1), (2;0), ..., (0;d), (0%09.
Then:
X Y - . - -
detA= sgn()  A[@i;]); ()l (4)
2s (i)

Recall that for (i;j);(k;") 6 (0209, the ertry A[(i;j);(k; )] is hi*i" which we will write as
expn ((i;§) (k;1)), with exp,(t) denoting ht and being the usual dot product. In the casethat
(i:j) = (0%09 or (k;*) = (0% 09, the ertry A[(i:j);(k;)]is 1= hO If wedene (009 (a;b)
to be 0, then we have that for any permutation 2 S,
0 1
Y X
Al ) GDI= e @ (i) (A
() (i )
Given a permutation 2 S, write t( ) = P (i )(i; i) (i;j); sothe permutation contributes
1 to the coe cien t of h'( ) in detA: Then the absolute value of the coe cient of hY in detA is
at mostijf 2 S:t( )= ugj. We will usethis fact to bound all the lower-order terms in detA; for
the leading term we will pay more attention to the signs.
To calculate t( ) from , we decomposethe permutation  as a product of cycles. For eah

cycle o= ((i1;j1) (i2;j2) (im;jm)) we have by simple arithmetic:
A . i,
(rsir) (rsiv) (i) olici) =5 (v v 97+ 0 Jr )5 (5)
r=1 r=1 r=1
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wherewe usethe notation (ig;jo) = (im;jm). (Note that a geometricinterpretation of this quantity
is that it is half the sum of the squaresof the lengths of the line segmeis which make up the cycle
in the two-dimensional plane from (i1;j1) to (i2;j2) to (iz;j3) to ::: to (im;jm) to (i1;j1):) In
particular, this quartity is at least 1 for every nontrivial cycle, wherea trivial cycle for us is either
a cycleof length 1 or the transposition exchanging (0; 0) and (0% 09: The quartity in Equation (5) is
O for trivial cycles. Thuswe havethat the identit y permutation and the transposition ((0; 0); (0% 09)
are the only two permutat'_tpns which achleve the maximum valuet( ) = T: It is easyto seethat
this maximum value T is Qi ) i2+ j2, which one easily calculatesto be T := d(d+ 1)?(d + 2)=6.
We further seethat every other permutatlon \pays a penalty" in its t value for ead nontrivial cycle
it cortains, and this penalty is given by the right-hand side of Equation (5). Henceto calculate
t( ) from we simply sum up the penaltiesfor ead cyclein its cycle decomposition and subtract
the total from T.

Pro of of Claim 20: As described above, we have that there are exactly two permutations which
lead to the maximum power hT in Equation (4): the identity permutation which takes all the
diagonal elemerts, and the ((0; 0); (0% 0%) transposition which takesthe top-right ertry of A, the
bottom-left ertry of A, and the diagonal elemens otherwise. The product of the top-left and
bottom-right entries of A is 1. The product of the top-right and bottom-left entries is 1; howewver
this gets ipp edto +1 by the sign of the permutation (it is a transposition soits signis 1). We
concludethat leading term of detA is 2 hT where 2 f 1;1g is the sign of the product of the
diagonal ertries in A. (Claim 20) m

Pro of of Claim 21: To bound the coe cient on the lower-order term hT Y in detA we simply
count the number of permutations  which havet( ) = T u. This count givesan upper bound
on the magnitude of the coecient. If t( ) = T u then the penalty accourting scheme from
Equation (5) tells usthat hasat most u nontrivial cycles. In fact we can say more: any nontrivial

cycle of length m must incur a penalty of at least bm=2c. (This can be veri ed usingthe geometric
interpretation described earlier, together with the fact that any nontrivial cycleoflengthm 3 can
include at most one segmen of length 0 between (0; 0) and (0% 09:) Consequetly, if t( )= T u
then the lengths of the nontrivial cyclesin 's cycle decomposition must sum to at most 3u (in
the worst caseall its cyclesmay be 3-cyclesead of which incurs a penalty of 1). Now obsene
that there are at most (D + 2)* permutations on D + 1 elemers which decompseinto at most
u cycleswhosetotal length is at most 3u: (Any sud sequenceof cyclescan be written as a string
of length 4u over a D + 2 elemen alphabet, where the extra symbol is usedto mark the end of
eah cycle.) Doubling this upper bound covers the optional addition of the trivial ((0;0); (0% 0%)
transposition. We thus may concludethat there are at most 2(D + 2)* permutations 2 S which
havet( )=T u. (Claim 21) m

5.1.2 Pro of of Lemma 19

It now remainsto shaw that sgn(detA.)) = for ead (u;Vv): By the nature of cofactor expansion,
detA.v) is equal to a certain sign , times the determinant of A with the bottom row and the
(u;v) column deleted. In the case(u;v) = (0%0% we have = 1 and we shall write AOOOO) for

the matrix A with its last row and column deleted. For all (u;v) 6 (0% 09, let us write A(u v) for
the matrix gotten by rst deleting the bottom row and (u;v) column from A, and then moving
the (0209 column leftward until it is in the place where the old (u;v) usedto be. Shifting the

(0% 0% column like this incurs a sign changeequalto  ; we concludethat detA ) = detA(u V)"
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Henceit is su cien t for usto show that sgn(detA?Oo;Oo)) = and that sgn(detA?u;v)) = for all
(u;v) 6 (0%09.

Let us begin by dispensingwith the cases(u;v) = (0% 09 or (0;0). In both of thesecasesA?u;v)
is very similar to A with the last row and column deleted; when (u;v) = (0% 09 this is exactly
what A?u;v) is, and when (u; v) = (0;0) someof the signsin the rst column are changed. Hence
the analysis of detA?u;V) is virtually identical to the above analysis of detA, exceptthat (0% 09 is
no longer preseri. The leading term will therefore be equal to the top-left entry of A?u;v) times

h': this ertry is 1 when (u;v) = (0209 and is 1 when (u;v) = (0;0); as desired. The analysis
bounding the lower-order terms goesthrough in essetally the sameway as before (again without
(0% 0%9) and we concludethat sgr(detA?oo;oo)) = and sgn(detA?o;o)) = as desired.

Throughout the rest of this sectionwe assumethat (u;v) 6 (0%09; (0; 0): Let T, denotethe

degreeof det(A?u;v)): We will prove the following two claims:

Claim 22 The coe cient of h'wv) in det(A?u;v)) is 2 C:
Claim 23 For all s 1 the coe cient of h'wv) Sin det(A?u;v)) is at most 4C(D + 2)* in mag-
nitude.

As in the previous subsection, these two claims shov that we may take h = ( d°) to obtain
sgn(det(A?u;v))) = ; sothey su ce to prove the lemma.

Studying detA?u;v) is slightly more complex than studying detA becauseits rows and columns
no longer have the samenames;the rows ofA?u;v) are named (0; 0), (1;0), (0;1), (2;0), ..., (u;v),
..., (0;d), whereasthe columns are named (0;0), (1;0), (0;1), (2;0), ..., (0209, ..., (0;d). To
deal with this, we will let S?denote the permutation group on the D row indices of A?u;v), and we
will view (u;v) as (0%0% whenewr it is the \output" of a permutation. To be precise,let be a
mapping which maps (i;j) to (i;j) for ead (i;j) 6 (u;v), and maps (u;v) to (0%09. Then our
determinant equation becomes:

X Y
detAl,,) = sgn()  A[Gij): ( () (6)
2s (i)

Wemay write t( ) = | (1) ( (i1)); sowe have ) AlG:1); ( ()= hiO).

As beforewe will calculatet( ) by consideringthe cycle decomposition of and computing the
penalty di erence from T = d(d+ 1)?(d+ 2)=6 for ead cycle. Sincenow the \identity" permutation
doesnot exist, the permutations maximizing t( ) may not achieve T; indeed, since(u;v) 6 (0% 09
it is the casethat maximizing permutations will not achieve t( ) = T: Let us now nd the new
highest value for t( ). The cycle decomposition of cortains a unique cycle (which may be a
1-cycle) containing (u;Vv); and perhapsother cycleswhich do not contain (u;v): For the cyclesnot
containing (u;v), doesnot enter into the picture in calculating t( ¢); henceEquation (5) still holds
and we concludethat any with maximal t( ) hasno nontrivial cyclesinvolving (u;v). Thus, in
orderto nd all maximizing 's, it is su cien t to determine which cyclescontaining (u;v) give the
smallest penalty.

Let be a cycle containing (u;Vv); sy = ((u;Vv) (i1;j1) (i2;j2) (im;jm)), soaccording
to our corverntions maps (u;Vv) to (i1;j1); maps(ir;jr) to (ir+1;jr+2) forl r m 1, and
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maps (im;jm) to (u;v) = (0%09: Write (io;jo) = (u;Vv). Then akin to Equation (5) we have:

XT] - - - - Xr] - - - -
(ir;0r) (irsir) (irsie) € (rsir)
r=0 r=0
= (ir;Jr) (irsir) (ir;Jr) (ir+1 mod m+1:)r+1 mod m+1) + irU+ jrVv
r=0 r=0 | |
S R P 2. 32 - 2. - - - -
= 5 (r ir )7+ (0r Jr2)° +(u i)+ (v j)° +iu+jv  (asin Equation (5))
r=1 I I
1 . . . . . .
= > (ir iy l)2+(Jr Jr 1)2 +|%+J%+U2+V2 (7)

r=1

The geometric interpretation of the quartity on the right-hand side of Equation (7) is that it

is half the sum of the squaresof the path segmeits on the closedpath from (u;v) to (i1;j1) to
(iz;]2) to to (im;jm) to (0;0) to (u;Vv). It isimmediate that in a cycle minimizing this quantit y,
there should be no path step which has either x or y displacemen greater than 1 in magnitude
(aside from the step from (0; 0) to (u;v) which is forced). Consequetly, the permutations  which
maximize t( ) are preciselythosecycles suchthat (1)ir+1 iy 2f 1;0gandjr+1 jr2f 1,09
forO r<m,and (2) im;jm 2 f0;1g: It is easyto seethat ead sucdh maximizing permutation
hast( )= Ty = T 3(u+ v+ u2+ v2).
Pro of of Claim 22: Now we can compute the coe cien t of hTwv) in detA?u;v). Given a permuta-
tion maximizing t( ), let ( )deno(tfthe signof 's cortribution to the determinant computation
of Equation (6), i.e. () = sgn( ) (i;j)sgn(A[(i;j); ( (i;jND- Then the leading coe cien t of
detA?u;v) is just the sumof ( ) over all maximizing

Let = ((u;v) (i1;j2) (i2;j2) (im;jm)) be a maximizing permutation; as before we write
(io;Jo) = (u;v). By the de nition of asthe product of the signsof A's diagonal elemerts, we get

that:
ny 1 !

()=san() SN(A[(irsr)s (rsie)DsON(AL(rs]r)s (reaiJrea)])
r=0

SGN(AL(im;im); (im;]m))Sgn(ALlim;im); (0% 0%)):

We claim that foreahr0 r m 1 wehave sgnA[(ir;jr); ;i )DSONALGr:jr); (irs1sjr+1)]) =
1, independen of (i;;]j,). For from Equation (2) we know that:

sgNA[(ir;je); (rsd)Dsgn(ALGe;ie); (ir+asir+a)])
=exp (ir(r+ D)+ je(ir + D+ irjr)exp 1(r+2(r+ D+ jrea(ir + 1)+ irezjr+a)
= exp 1(rjr+ drsrfr + irjrer Fhratrer e+ irer + jr + jren)
=exp 1((ir +irsa + )(r +jreaa +1) 1)
which is always 1 asclaimed, because(i;;jr) (ir+1;jr+1) 2 F(1;0);(0;1);(1; 1)g.
Thus we have:
() =sgn( ) D™sgn(A[(im:jm); (im:im)DsgN(AL(im;im); (0% 09])
= +sgn(A[(im:im); (im:jm))SGN(AL(im:im); Q% 00D ();
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because isacycleoflengthm+ 1. If (im;jm) = (3;1) then( ) = 1; otherwise,( ) = +1. Hence
we concludethat ( )= if (im;jm) = (1;1) and () = if (im;jm) 2 f(0;0);(1;0);(0;Da.
For each maximizing cycle of length m + 1 with (in;jm) 6 (0;0); there is a corresponding
maximizing cycle ©of length m + 2 obtained by appending (im+1;jm+1) = (0;0) to : Thus we
have ( )+ (9 = 0when(imijm) = (1) and ( )+ (9= 2 when(imijm) = (1;0) or
(0;1). In conclusion,the leading term in detA?u;v) is exactly 2 Ch'wv), whereC is the number
of paths from (u;v) to (1;0) plus the number of paths from (u;v) to (0;1), where eah path uses
steps( 1;0), (0; 1), and ( 1, 1). (Such paths are known as Delannoy paths, and the number
of such paths betweena pair of points is a Delannoy numker; henceC is a sum of two Delannoy
numbers.) Since(u;Vv) & (0;0) we have C  1; and the claim is proved. (Clam 22) m

Pro of of Claim 23: We must upper-bound the magnitude of the lower-order terms in detA?u;v).
We do this as in the analysis of detA by upper-bounding the number of permutations  with
t()= Ty S Toeah 2 S% we will asswiate a maximizing permutation (i.e., one for
which t( ) = T(yy), and a \deviation description.” We will show that the longer the deviation
description, the smaller t( ) is comparedto t( ). Thusthe number of permutations  with t( )
closeto Ty Will be upper-boundedby the number of optimal permutations times the number of
short deviation descriptions.

Let be an arbitrary permutation in S°and write  as the product of a cycle ¢ involving
(u;v), and someother cycles 1;:::; s. The maximizing permutation we assaiate with  will
dependonly on . View o geometrically asa path from (u;v) to | Y(u;v). call a path \optimal"
if it only usessteps( 1;0), (0; 1),and ( 1; 1), soin particular every maximizing permutation
contains onenontrivial cycle containing (u; v) whosecorresponding path is optimal. We will split ¢

asfollows: ¢ proceedsoptimally from (u;v) to (az;by), at which point it takesa nonoptimal step.
Let (c;;dy1) bethe rst point it proceedsto subsequetly with the property that ¢c;  a;, di by
Then ¢ proceedsoptimally from (ci;d;) to (az; ), at which point it makesa nonoptimal step.
Let (cp;d2) bethe rst point it proceedsto subsequetly with ¢, ap, d» Ip: Continuing in this
fashion, let (a,; b)) be the last point reached in the last optimal segmen of ; ¢ may optionally
goon and reach Y(u;v) We will let the maximizing permutation assaiated with  be any
optimal path that agreeswith ¢ on all stepsfrom (u; V) to (az; ), all stepsfrom (cy;dy) to (ag; by),
.:1; all stepsfrom (¢ 1;dr 1) to (ar;Ix), and then endsby proceedingoptimally to (0;0):

The deviation description of  will simply be a list of all of the cycles 1;:::; s not containing
(u; v); along with a description of g's deviation from : This deviation consistsof the path from
(a1; ) to (cp;dq), from (az;bp) to (cp; do), etc., possibly ending with somepath from (a,;; k) to a
point not in f0;1g°. Note that can be recovered from and the deviation description.

Now let us computet( ) t( ). This dierence is equalto (T t( ) (T t( )), and
Equations (5) and (7) tell us how to compute thesequartities. By Equation (5), t( ) pays an extra
penalty over t( ) for ead of its cyclesnot involving (u;Vv), 1;:::; s. Asin the analysisof detA
we know that sud a cycle of length m incurs a penalty of at least bm=2c. Equation (7) allows
us to comparethe penalties against T that ead of t( ) and t( ) pays. Every time ¢ deviates
from it pays an extra penalty of at least 1. Indeed, just asin the analysis of extraneouscycles,
a deviation path from (aj;b) to (¢;d;) which touches m nodes must incur an extra penalty of at
least bm=2c. This holds also for a nal deviation path which doesnot end up in f0;1g?, sinceit
must pay for half the squareddistance from the origin of its endpoint. Both and o pay equally
for the nal 3(k?+ "2) term.

In conclusion, if the total length of the cyclesand deviation paths in 's deviation description
ismthen (T t()) (T t( ) isatleastbm=2c;ie.,t( ) Ty bm=2c. Henceasin the
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analysis of detA we can get an upper bound of (D + 2)* # fnumber of maximizing og for the
number of permutations  with t( ) = T,y S. But note that the leading coe cien t in detA?u;V)
has magnitude 2C, and 2C is at least half the number of maximizing permutations . To seethis,
recall that C counts the number of optimal paths from (u;v) to either (1;0) or (0;1), and eadh
maximizing permutation corresponds to an optimal path to one of (0;0); (0;1); (1;0); (1;1): The
number of optimal paths to (1;1) is at most C (eadh such path can be extendedto a path ending
in (1;0) or (0;1)), and hencethe number of optimal paths to (0;0) is at most 2C (since the next

to last point on any sud path is either (1;0); (0; 1) or (1;1)): It follows that the magnitude of the

. : T .
sum of all lower-order terms in detAf . is at most ({y"’ 4C(D + 2)*hTwv) °; and the claim is

proved. (Claim 23) m

6 Conjectures and future work

Many questionsremain for further resear& onthe polynomial threshold degreeof Booleanfunctions.
We believe the new techniques introduced in this paper will lead to the solution of someof them.
Below we give someopen problems and conjectureswhich we hope will spur further researd.

Can lower boundsof ( n¥3* ) for some > 0 be proved for constart depth circuits of depth 3
or greater? In particular, let f be the function computed by the following depth-3 read-once
formula: the top gate is an AND of fan-in n¥™, the middle gates are ORs of fan-in n%=>,
and the bottom gatesare ANDs of fan-in n2=>. We conjecture that f requires PTF degree
( n%9); and believe that this may be provable via our lower bound techniques. (Krause and
Pudlak [15] have given lower bounds on the number of nonzerocoe cien ts in any polynomial
threshold function for this circuit, but as mentioned earlier their results do not imply new
degreelower bounds.)

Doesevery Boolean formula of size s have a polynomial threshold function of d%greeO(IO S)
independert of its depth? This is the best possibleupper bound sinceparity on = s variables
is computed by a formula of sizes and depth O(log s).

One particular function that seemddi cult is the following: Let B be an integer and consider

the Boolean formula given by a tree of copiesof g. Let f be on n total variables and let
B = logn, sothat f has deBth (log n=loglogn). We do not know how to show that this
function has PTF degreeO(" n).

Can our ( |o|g0%3n) lower bound for the AND of two majorities be strengthenedto (log n)?

We conjecture that (log n) is the true lower bound and that hencethe Beigel et al. con-
struction is optimal.
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A Proof of Fact 7

Part (1) is oneof the most basicfacts about Chetyshevlpolynomials (seel8]). Part (2) follows from

the fact that C P 5, is corvex on[1;1 ) and hassloped de* d at 1 (see[8] or [14)).

For Part (3), sinceC P g, is convex and increasingon [1;1 ) we have that

tg CPg(l+ 1=d+ )<tg+ 1=d CPg(l+2=d tqg
Thus it suces to shav that CP 5. (1+ 2=d) tg < 26 To seethis, we recall that C;(x) can be

de ned as C;(x) = coshf acoshx) for,jxj > 1 (see[8]). The Taylor seriesexpansionof acoshx
about x = 1 shows that acosi{1+ )< 2 for all > 0: Thus we have that

p— pP- P _——
d de acosil+ 2=d)<d de 4=d 4

HenceCpP 4.(1+ 2=d) cosh4 < 28 Sincetq > 2we have CP 4 (1+ 2=d) tyq < 26 asdesired.

B A new pro of of the one-in-a-b ox lower bound

Recall that the DNF version f of the one-in-a-box function is a read-onceDNF (OR of ANDSs)
in which there are m ANDs (terms) ead with fanin 4m?2: Minsky and Papert [18] shoved that f
requires polynomial threshold degreem; we now reprove this using our lower bound technique.

We begin by performing some of the same steps as in Section 5. Let [4m?] denote the set
fO;1;2;::: ;4ng. By symmetrization, it suces to prove a lower bound of m for the degree
of any m-variate polynomial over R which sign-represets the function g : [4m?]™ | f 1;1g,
g(X1;:::;Xm) = 1i at least one of the xij's is 0. By the Theorem of the Alternativ e (as in
Section 5), we can do this by constructing a distribution w on [4m?]™ under which g has zero
correlation with every m-variate monomial of degreeat mostm 1.

Let x; 2 [4m?]™ denotethe point (t  1)%;(t 3)%(t 5)%:::;(t (2m 1))? . The support
of w will bethe following 2m + 1 points: fx; :t = 0:::2mg. (This is the sameset of points Minsky
and Papert considered.) The weight w givesto the point x; will be 2{“ . Notice that g(x;) = 1
i tisodd. Therefore,to shav that g has zero correlation with every monomial of degreeat most
m 1 under w, we must show that forall 0 a; + ax + + am < m:

Xm yn
( 1 2{“ t @ 1)®=o0

t=0 i=1
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In fact, if h(t) is any univariate polynomial of degreesmaller than 2m then:

Xm
(1 " hm=o ®)

t=0

This follows immediately from the following well-known combinatorial identity: Forall0 c¢c< 2m:

Xm( )t 2N oo g ©)
t=0 t

(To prove this identity, write (x 1) = P (1t 2{" x! by the Binomial Theorem. Substitute
X = 1to get(9) for c= 0. Now di erentiate and substitute x = 1to get (9) for c= 1. Di eren tiate
again and substitute x = 1 to get (8) with h(t) = t(t 1); by linear combination with (9) for
c = 1weget (9) for c = 2. Repeatedly di erentiate and substitute x = 1; this yields (8) with
h(t) = t(t D@t 2ttt D 2)(t 3), etc., which gives (9) for c = 2;3, etc. by linear
conmbination with previously derived identities. The whole processmay be repeated2m 1 times.)
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