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Abstract. Recent work hasintro duced Boolean kernels with which one
can learn over a feature space containing all conjunctions of length up
to k (for any 1  k n) over the original n Boolean features in the
input space. This motiv ates the question of whether maximum margin
algorithms such assupport vector machines can learn Disjunctiv e Normal
Form expressionsin the PAC learning model using this kernel. We study
this question, as well as a variant in which structural risk minimization
(SRM) is performed where the class hierarchy is taken over the length
of conjunctions.

We show that such maximum margin algorithms do not PAC learn t(n)-
term DNF for any t(n) = ! (1); evenwhen usedwith such a SRM scheme.
We also consider PAC learning under the uniforrB distribution and show
that if the kernel usesconjunctions of length (" n) then the maximum
margin hypothesis will fail on the uniform distribution as well. Our re-
sults concretely illustrate that margin basedalgorithms may overt when
learning simple target functions with natural kernels.

Keyw ords: kernel methods, PAC learning

1 Intro duction

1.1 Background

Maximum margin algorithms, notably Support Vector Machines(SVM) [3], have
received considerableattention in recert years(seee.g.[21]for anintroduction).

In their basic form, SVM learn linear threshold hypothesesand combine two
powerful ideas.The rst ideais to learn using the linear separatorwhich achieves
the maximum margin on the training data rather than an arbitrary consistert
hypothesis. The secondideais to usean implicit feature expansionby a kernel
function. The kernelK : X X ! R, whereX is the original spaceof examples,
computesthe inner product in the expanded feature space.Given a kernel K

which corresponds to some expanded feature space,the SVM hypothesis h is



(an implicit represenation of) the maximum margin linear threshold hypothesis
over this expandedfeature spacerather than the original feature space. SVM
theory implies that if the kernel K is e cien tly computable then it is possible
to e cien tly construct this maximum margin hypothesis h and that h itself is
e cien tly computable. Seeral on-line algorithms have alsobeenproposedwhich
iterativ ely construct large margin hypothesesin the feature space,seee.g.[6].
Another major focus of researt in learning theory is the question of whether
various classesof Boolean functions can be learned by computationally e cien t
algorithms. The canonical open question in this areais whether there exist e -
cient algorithms in Valiant's PAC learning model [23] for learning Booleanformu-
las in Disjunctive Normal Form, or DNF. This question has beenopen sincethe
intro duction of the PAC model nearly twerty yearsago,and hasbeenintensively
studied by many researters(seee.g.[1, 2, 4, 7, 8, 10, 12, 14, 15, 18, 22, 24, 25]).

1.2 Can SVMs learn DNF?

In this paper we analyzethe performanceof maximum margin algorithms when
usedwith Booleankernelsto learn DNF formulas. Seweral authors [11, 17, 26, 13]
have recertly proposeda family of kernel functions K : f0;1g" f0;1g" ! N,
wherel k n, suc that Kg(x;y) computesthe number of (monotone or
unrestricted) conjunctions of length (exactly or up to) k which are true in both
x andy. This is equivalent to expanding the original feature spaceof n Boolean
features to include all such conjunctions.! Since linear threshold elemerts can
represen disjunctions, one can naturally view any DNF formula as a linear
threshold function over this expanded feature space.lIt is thus natural to ask
whether the K x kernelmaximum margin learning algorithms are good algorithms
for learning DNF.

Additional motivation for studying DNF learnability with the Ky kernels
comesfrom recert progresson the DNF learning problem. The fastest known
algorithm for PAC learning DNF is due to Klivansand Serwedio [12]; it works by
explicitly expandingead exampleinto a feature spaceof monotone conjunctions
and explicitly learning a consistert linear threshold function over this expanded
feature space.Sincethe K kernel enablesus to do such expansionsimplicitly
in a computationally e cien t way, it is natural to investigate whether the K-
kernel maximum margin algorithm yields a computationally e cien t algorithm
for PAC learning DNF.

We note that it is easily seenthat standard convergencebounds on large
margin classi ers do not imply that the K kernel maximum margin algorithm
is an e cien t algorithm for PAC learning DNF. Indeed, the bound given by,
e.g., Theorem 4.18 of [21] only implies nontrivial generalization error for the K

! This Boolean kernel is similar to the well known polynomial kernel in that all mono-
mials of length up to k are represerted. The main di erence is that the polynomial
kernel assignsweights to monomials which depend on certain binomial coe cien ts;
thus the weights of di erent monomials can di er by an exponertial factor. In the
Boolean kernel all monomials have the same weight.



kernel algorithm if a sampleof sizen (%) is used,and with suc a large sample
the computational advantage of usingthe K i kernelis lost. However, such upper
boundsdo not imply that the Ky kernel maximum margin algorithm must have
poor generalizationerror if run with a smaller sample.The situation is analogous
to that of [19] where the generalization error of the Perceptron and Winnow
algorithms were studied. For both Perceptron and Winnow the standard bounds
gave only an exponertial upper bound on the number of examples required
to learn various classesput a detailed algorithm-speci ¢ analysis gave positive
PAC learning results for Perceptronand negative PAC results for Winnow for the
problems considered.Analogously, in this paper we perform detailed algorithm-
speci ¢ analysesfor the K kernel maximum margin algorithms.

1.3 Previous work

Khardon et al. constructed a simple Boolean function and an example sequence
and showed that this sequencecausesthe K kernel perceptron algorithm (i.e.

the Perceptron algorithm run over a feature spaceof all 2" monotone conjunc-

tions) to make exponertially many mistakes[11]. The current paper diers in

seweral ways from this earlier work: we study the maximum margin algorithm

rather than Perceptron, we considerPAC learning from a random samplerather

than online learning, and we analyzethe Ky kernelsforall 1 k n:

1.4 Our results

Throughout this paper we study the kernels corresponding to all monotone
monomials of length up to k, which we denote by K: In addition to maxi-
mum margin algorithms we also consider a natural scheme of structural risk
minimization (SRM) that can be used with this family of Boolean kernels. In
SRM, given a hierarchy of classesC; C, .1, one learns with ead class
separately and usesa cost function combining the complexity of the classwith
its obsened accuracyto choosethe nal hypothesis. The cost function typically
balancesvarious criteria sud as the obsered error and the (bound on) gener-
alization error. A natural schemehereis to use SRM over the classedormed by

We prove se\eral negative results which establish strong limitations on the
ability of maximum margin algorithms to PAC learn DNF formulas (or other
simple Boolean classes)using the monomial kernels. Our rst result says es-

margin algorithm cannot PAC learn t(n)-term DNF. More precisely we prove

Result 1: Lett(n)=1! (1) andlet = 42‘%: There is a O(t(n))-term monotone

DNF over t(n) relevant variables, and a distribution D over f0;1g" sud that

2 This is standard practice in experimental work with the polynomial kernel, where
typically small valuesof k are tried (e.g. 1to 5) and the best is chosen.



(with overwhelmingly high probability over the choice of a polynomial size
random samplefrom D).

Note that this result implies that the Ky maximum margin algorithms fail
even when combined with SRM regardless of the cost function. This is simply
becausethe maximum margin hypothesishaserror > for all k; and hencethe
nal SRM hypothesis must also have error >

While our accuracybound in the above result is small (it is o(1) sincet(n) =
! (1)), a simple variant of the construction usedfor Result 1 also proves:

Result 2: Let f (X) = x; be the target function. There is a distribution D over
f0;1g" sud that for any k = ! (1) the K¢ maximum margin hypothesis has

error at Ieast% 2n @ (with overwhelmingly high probability over the choice

of a polynomial sizerandom samplefrom D).

Thusany attempt to learn using monomialsof non-constart sizecan provably
lead to over tting. Note that for any k = (1); standard bounds on maximum
margin algorithms show that the Ky kernel algorithm canlearn f (x) = x; from
a polynomial size sample.

Given these strong negative results for PAC learning under arbitrary distri-
butions, we next consider the problem of PAC learning monotone DNF under
the uniform distribution. This is one of the few frameworks in which somepos-
itiv e results have been obtained for learning DNF from random examplesonly
(seee.g.[5, 20)). In this scenarioa simple variant of the construction for Result 1
shows that learning must fail if k is too small:

Result 3: Let t(n) = ! (1) and = ;5w : There is a O(t(n))-term monotone
DNF over t(n) relevant variables such that for all k < t(n) the Ky maximum
margin hypothesis has error at least (with probability 1 over the choice of a
random samplefrom the uniform distribution).

On the other hand, we also show that the Ky algorithm fails under the uniform
distribution for large k:

Result 4: Let f (x) = x; be the target function. For any k = !~(p n), the Kg
maximum margin hypothesiswill haveerror 3 2 (™ with probability at least
0:029 over the choice of a polynomial size random sample from the uniform
distribution.

Note that there is a substartial gap betweenthe \low" valuesof k (for which
learning is guaranteedto fail) and the \high" valuesof k (for which we shaw that
learning fails with constart probability). We feel that it is of signi cant interest
to characterize the performance of the K maximum margin algorithm under
the uniform distribution for theseintermediate values of k; a discussionof this
point is givenin Section5.

Finally, we note herethat someof our results can be adapted to give similar
negative results for the standard polynomial kernel.



2 Preliminaries

We consider learning Boolean functions over the Boolean cube f0; 1g" so that
f :f0;1g" ! fO0;1g. It is conveniert to considerinstead the rangef 1;1gwith O
mappedto 1 and 1 mappedto 1. This is easily achieved by the transformation
f9x) = 1 2f (x) and sincewe deal with linear function represenations this can
be done without a ecting the results. For the rest of the paper we assumethis
represeration.

Ot,g argumerts will r@fﬂLl and L, norms of vectors. We usethe notation
iXj = jxij and kxk = XZ.
Deniton 1. Leth : RV I f 1;1g be a linear threshold function h(x) =
sign(W x ) for someW 2 RN; 2 R: Themarginofhontz;bi 2 RN f 1;1g

is
bw z ).

kW k

Note that jmp(z; b)j is the Euclidean distancefrom z to the hyperplaneW x =

mn(z;b) =

De nition 2. Let S = fhx';bigi=1 ---m be a setof labeled exampleswhere each

x 2 RN andeachb 2 f 1;1g: Let h(x) = sign(W x ) be a linear threshold
function. The margin of h on S is

Mh(S) = hxrgiigsmh(x; b):

The maximum margin classi er for S is the linear threshold function h(x) =
sign(W x ) suchthat

mp(S) = max min M:

WO2RN: 0OR hxbi2 S kW %

@)

The quantity (1) is called the margin of S and is denoted ms:

Note that mg > 0i S is consistent with somelinear threshold function. If
ms > 0 then the maximum margin classi er for S is unique [21].

Let be a transformation which mapsf0;1g” to RN and let K : f0; 1g"
f0;1g" ! R be the corresponding kernel function K (x;y) = (x) (y): Given

We refer to the following learning algorithm as the K-maximum margin
learner:

labeled examplesfrom some xed probability distribution D over f0;1g";
heref :f0;1g" ! f 1;1gis the unknown function to be learned.

{ The algorithm's hypothesisish : f0;1g" ! f 1;1g;h(x) = sign(W (x) )
where sign(W X ) is the maximum margin classi er for (S): Without
lossof generality we assumethat W is normalized, that is kWk = 1. We also
assumethat S cortains both positive and negative examplessinceotherwise
the maximum margin classi er is not de ned.



SVM theory tells us that if K (x;y) can be computed in poly(n) time then the
K -maximum margin learning algorithm runs in poly(n; m) time and the output
hypothesish(x) can be ewvaluated in poly(n; m) time [21].

Our goalis to analyze the PAC learning ability of various kernel maximum
margin learning algorithms. Recall (seee.g.[9]) that a PAC learning algorithm
for a classC of functions over f 0; 1g" is an algorithm which runs in time polyno-
mial in n and %, 2 where is acon dence parameterand is an accuracyparam-
eter. We assumehere, as is the casethroughout the paper, that ead function
in Chasa description of sizepoly(n): Given accesgo random labelled examples
hx; f (x)i for any f 2 C and any distribution D over f0;1g"; with probability
at least 1 a PAC learning algorithm must output an e cien tly computable
hypothesis h such that Pryop [h(X) 6 f(X)] . If an algorithm only satis es
this criterion for a particular distribution such as the uniform distribution on
f0; 1g"; we say that it is a uniform distribution PAC learning algorithm.

Let k(n) = P :ilk 1 . Note that the number of nonempty monotoneconjunc-
tions (i.e. monomials) of sizeat most k on n variablesis (n). For x 2 f0;1g" we
write  (X) to denotethe y(n)-dimensionalvector (Xt)t¢ 1.::ng1j Tj « Where
XT = .71 X, i.e. the componerts of | (x) are all monotone conjunctions of
the desired size. We note that for an example x 2 f0;1g", the L1 norm of the
expandedexample (x) isj «(X)j = «k(jXj)- p

For x;y 2 f0;1g" we write x Yy to denote {Ll XiVi; i.e. the number of bits
which are 1 in both x and y.

De nition 3. We write K (X;y) to denote (x) k(y). We referto K¢ asthe
k-monomials kernel.

The following theorem shaws that the k-monomial kernelsare easyto compute:

P
Theorem 1 ([11]). Forall1 k n wehaveK(x;y) = :(:1 Y

Wewill frequertly usethe following obsenation which is a direct consequence
of the Cauchy-Schwarz inequality:

bserv atior, 1 If U2 RNt with kUk= L and| f1;:::;N1g, jlj = N»; then
{ il
|2|jUij L Nq.

As a consequenceof Obsenation 1 we have that if (n) = Nj is the number
of features iH the expanded feature spaceand j ¢(x)j = «k(jXj) = Np; then
U «(x) L Na.

3 Distribution-F ree Non-Learnabilit vy

We give a DNF and a distribution which are such that the k-monomials kernel
fails to learn, for all 1 k n: The DNF we consideris a read once monotone
DNF over t(n) variables where t(n) = ! (1) and t(n) = O(logn). In fact our



results hold for any t(n) = ! (1) but for concretenesswe uset(n) = logn asa
running example. We have

f(X)= (1 Xgz2) _(Xgzer  Xgz) o _(Xg3 4241 Xg2) 2)

where 43 = t(n) = logn so that the number of terms ~ =  (t(n)¥®) =
((log n)*=2): For the rest of this sectionf (x) will referto the function de ned

in Equation (2) and " to its size parameter.
A polynomial threshold function is de ned by a multivariate polynomial

Oand 1 otherwise. The degreeof the function is simply the degreeof the poly-
nomial p. Note that any hypothesisoutput by the K kernel maximum margin
algorithm must be a polynomial threshold function of degreeat most k: Minsky
and Papert [16] (seealso [12]) gave the following lower bound on polynomial
threshold function degreefor DNF:

Theorem 2. Any polynomial thresholdfunction for f (x) in Equation (2) must
have degree at least ":

The distribution D on f0;1g" we consideris the following:

{ With probability 3 the distribution outputs 0".

{ With probability ; the distribution outputs a string x 2 f0; 1g" drawn from
the following product distribution D% the rst t(n) bits are drawn uniformly,
and the last n  t(n) bits are drawn from the product distribution which
assignsl to ead bit with probability n%

For small valuesof k the result is represenation basedand doesnot depend
on the sampledrawn:

Lemma 1. If the maximum margin algorithm usesthe kernelK ¢ for k < * when

learning f (x) under D then its hypothesishaserror greater than = 42}(n) = %.

Proof. If hypothesis h has error at most = 42% under D then clearly it
1

must have error at most SR under D% Sincewe are using the kernel K ; the
hypothesis h is some polynomial threshold function of degreeat most k which
haserror 221% under D°. Sothere must be somesetting of the last n  t(n)
variables which causesh to have error at most under the uniform distribution
onthe rst t(n) bits. Under this setting of variablesthe hypothesisis a degreek
polynomial threshold function onthe rst t(n) variables.By Minsky and Papert's
theorem, this polynomial threshold function cannot compute the target function
exactly, soit must be wrong on at least onesetting of the rst t(n) variables.But
under the uniform distribution, every setting of those variables has probabilit y

1 . H H 1
at least 5y This contradicts PRIOR t

For larger valuesof k (in fact for all k = ! (1)) we show that the maximum
margin hypothesiswill with high probability overt the sample. The following
de nition capturestypical properties of a sample from distribution D:



De nition 4. A sampleS is a D-typical sampleif

{ The sampleincludesthe exampleQ".

{ Any nonzewo examplex in the samplehas0:99n?=3  jxj 1:0In?3.

{ Every pair of positive and negative examplesx'; x! in S satises x' x/
1:01n*3;

We are interested in caseswhere a polynomial size sampleis usedby the algo-
rithm. The following two lemmashold by standard Cherno bound argumerts:

Lemma 2. For m = poly(n); with prokability 1 2 " ® arandomi.i.d. sample
of m draws from D is a D-typical sample.

Denition 5. Let S be a sample.The setZ(S) includesall positive examplesz
suchthat every positive examplex in S satises x z  1:0In3:

Lemma 3. Let S be a D-typical sample of size m = poly(n) examples.Then
Pro[z2 Z(S)if(z)=1]=1 2" .
We now show that for a D-typical sample one can achieve a very large margin:

Lemma 4. LetS be a D-typical sample. Then the maximal margin mg satis es

1 k(299|’12:3) m k(1:01n1=3)
ms Mpo = p————
2 m (1:01n2=3)

Proof. We exhibit an explicit linear threshold function h® which has margin at
least M o on the data set. Let h9x) = sign(W° (x) 9 be de ned asfollows:

{ WQ = 1if T is active in somepositive example;

{ WP = 0if T is not active in any positive example.

{ DOisthe value that givesthe maximum margin on (S) for this W% i.e. ©
is the averageof the smallestvalue of W° (x"*) and the largest value of
WO L (xF):

Since ead positive example x* in S has at least :99n°=% ones, we have W°

(x*) k(:99n273). Since ead positive example has at most 1:01n%=2 ones,
ead positive e>ﬁamplein the sample cortributes at most (1:01n%7%) onesto
WS sokw % m (1:01n23): Finally, sinceead negative examplex in the
sampleand ead positive examplex* in the sampleshareat most 1:01n*=2 ones,
for any x in the sampleW® (x ) m ,(1:0In*"3): Putting these conditions
together, we get that the margin of h® on the sampleis at least

1 k(299|r’\12:3) m k(1:01n1=3)

2 " m «(1:01n29)

as desired. u

Lemma 5. If S is a D-typical sample, then the threshold in the maximum
margin classi er for S is at least M yo:



Proof. Let h(x) = sign(W (x) ) bethe maximum margin hypothesis. Since
kWk = 1 we have

= Wk = Ma( k(0"); 1) mpo(S) Mpo

where the secondequality holds becauseW (0") = 0 and the last inequality
is by Lemma 4. t

Lemma 6. If the maximum margin algorithm usesthe kernel Ky for k = ! (1)

whenlearning f (x) under D then with prokability 1 2 " Y its hypothesis has

error greater than = 5y = m-

Proof. Let S be the sampleusedfor learning and let h(x) = sign(W  k(X) )
be the maximum margin hypothesis. It is well known (seee.g. Proposition 6.5
of [21]) that the maximum margin weight vector W is a linear combination of
the support vectors, i.e. of certain examples (x) in the sample (S): Hence
the only coordinates Wy of W that can be nonzeroare those corresponding to
features (conjunctions) T such that xt = 1 for someexamplex in S:

By Lemma 2 we have that with probability 1 2 " Y the sampleS is D-
typical. Considerany z 2 Z(S). It follows from the above obsenations on W
that W (z) isasumof at mostm (1:01n'=3) nonzeronumbers,and moreover
the sum of the squaresgf thesenumbersis at most 1. Thus by Obsenation 1 we
havethat W ((2) m (1:01n1=3): The positive example z is erroneously
classi ed asnegativeby hif > W (z); by Lemma 5 this inequality holds if

1 (:99n2=3 1:01nt=3) 4 ———
- k( p ) m k( n ) > m k(1:01n1:3);
2 m (1:01n2=3)
ie. if
q

(9N%7%) > 2m | (1:01n28) | (1:01n273) + m (1:01n*™3): ()

We prove in Appendix A that this holds for any k = ! (1):

Finally, obsene that positive exampleshave probability at least 2t<n> = %
The above argumert shows that any z 2 Z(S) is misclassi ed, and Lemma 3
guaranteesthat the relative weight of Z(S) in posmve examplesis1 2 " @

Thus the overall error rate of h under D is at least ;5w = - asclaimed. t

Together, Lemma 1 and Lemma 6 imply Result 1:

Theorem 3. For any value of k, if the maximum margin algorithm usesthe
kernel K¢ when learning f (x) under D then W|th prokability 1 2 " Y its

hypothesis has error greater than = 421(n) = 4n

With a small modi cation we can also obtain Result 2. In particular, since
we do not needto deal with small k we can use a simple function f = x; and
modify D slightly sothat the probability that f (x) = 1is 0.5. Now the argumert
of Lemma 6 yields



Theorem 4. For k = ! (1), if the maximum margin algorithm usesthe ker-

nel K¢ whenlearning f (x) = x; under D then with prokability 1 2 " Y its

hypothesishaserror at least = % 20 @

4 Uniform Distribution

While Theorem 3 tells us that the Ky-maximum margin learner is not a PAC
learning algorithm for monotone DNF in the distribution-free PAC model, it
does not rule out the possibility that the Ky-maximum margin learner might
succeedfor particular probability distributions such asthe uniform distribution
on f0; 1g": In this section we investigate the uniform distribution.

In Section3 we took advantage of the fact that 0" occurred with high weight
under the distribution D. This let us give a lower bound (of 0) on the value of
W ¢(x) for somenegative example in the sample, and we then could argue
that the value of in the maximum margin classi er must be at least as large
asms. For the uniform distribution, though, this lower bound no longer holds,
sowe must usea more subtle analysis.

Before turning to the main result, it is easyto obsene that the proof of
Lemma 1 goesthrough for the uniform distribution as well (we actually gain a
factor of 2). This therefore provesResult 3: if the algorithm usestoo low a degree
k then its hypothesiscannot possibly be a su cien tly accurate approimation of
the target. In contrast, the next result will show that if a rather large k is used
then the algorithm is likely to over t.

For the next result, we considerthe target function f (x) = x;. Let S= S* |
S be adata setdrawn from the uniform distribution U and labelled according
and S = thxi ; ligj=1.:.m arethe negative examples.Let u; denote jx" * j
the weight of the i-th positive example,and let the positive examplesbe ordered
sothat u; up Uy~ - Similarly let v, denote jxi | the weight of the
j -th negative examplewith vi v, Vi

De nition 6. A sampleS is a U-typical sample if

{ Every examplex 2 S satises 0:49n  jxj 0:51n. _
{ Every pair of positive and negative examplesx"* ;x" in S satisfy x"*
xb 0:26n:

A straightforward application of Cherno bounds yields the next two lemmas:

Lemma 7. For m = poly(n); with probability 1 2 (") arandomi.i.d. sample
of m draws from U is a U-typical sample.

De nition 7. Let S be a sample.The setZ(S) includesall positive examplesz
suchthat every positive examplex in S satises x z  0:26n:

Lemma 8. Let S be a U-typical sample of size m = poly(n) examples.Then
Proby[z2 Z(S)if (z) = 1]=1 2 (M,



The following lemma is analogousto Lemma 4:

Lemma 9. Let S be a U-typical sample of size m: Then the maximal margin
mg satis es
1 10Pp p
ms 5 P=  «(u) m «(:26n)
Proof. We exhibit an explicit linear threshold function h®which hasthis margin.

Let h9(x) = signW°® (x) 9 bede ned asfollows:

{ For ead positive examplex’* in S; pick asetof (u;) features(monomials)
which take value 1 on x'*: This can be done since eac positive example
xi* hasat leastu; bits which are 1. For eac feature T in ead of thesesets,
assignWy = 1

For all remaining features T setW; = O:

Set °to bethe value that givesthe maximum margin on (S) for this W
i.e. Yis the averageof the smallest value of W® (x"*) and the largest
value of WO  (x} ):

~=

Note that sinceead positive example cortributes at most (u;) nonzerocoef-
ients to WO, the number of 1'sin WC%is at most m (u;), and hencekw %
m (uy). By construction we also have that ead positive example x"* satis-

es WO (x"*)  (u).

SinceS is a U-typical sample,ead negative examplex” in S sharesat most
:26n oneswith any positive examplein S: Hencethe value of W° (xi )isa
sum of at most m (:26n) numberswhosesqyaressumtooat most m (up). By
Obsenation 1 we have that W° | (x} ) m (:26n) m (uy).

The lemma follows by combining the above bounds on kW %; W° | (x'*)
andW° | (xF ): t

It turns out that the relative sizesof u; and vy (the weights of the lightest
positive and negative examplesin S) play an important role.

De nition 8. A sampleS of sizem is positive-slewed if u; vy + B; i.e. the

lightest positive examp[?in S weighsat least B more than the lightest negative

example,where B = & T

The following lemma, which we prove in Appendix B, shows that a random
sampleis positive skewed with constart probabilit y:

Lemma 10. Let S be a sample of size m = poly(n) drawn from the uniform
distribution. Then S is positive-skewe with prokability at least 0:029:

Now we can give a lower bound on the threshold for the maximum margin
classier.

Lemma 11. LetS be a labelaed sampleof sizem which is U-typical and positive
skewe, and let h(x) = sign(W k(x) ) be the maximum margin hypothesis
for S: Then

1 1P p p
> P= k(uz) m (:26n) k(ur B):



Proof. Since S is positive-skewed we know that W (x% ) is a sum of at
most ¢(u1 B) weights Wt ; and sinceW is normalized the sum of the squares
ofptheseweights is at most 1. By Obsenation 1 we thus have W (x% )
k(uy B): Since W  (xY )+ ms; together with Lemma 9 this proves
the lemma. u

Putting all of the piecestogether, we have:

Theorem 5. If the maximum margin algorithm usesthe kernel Ky for k =

! (p ﬁlog% n) whenlearning f (X) = x; under the uniform distribution then with
protability at least 0:028its hypothesishaserror = 3 2 (M,

Proof. By Lemmas7 and 10,the sampleS usedfor learning is both U-typical and
positive skewed with probability at least0:029 1=2 (") > 0:028 Considerany
z 2 Z(S). Using the reasoningfrom Lemma 6, we have that W (6) is a sum of
at mostm (:26n) numberswhosesquaressumto 1, soW (z) m (:26n).
The examplez is erroneouslyclassi ed as negative by h if

1 10p p p p
5 P= «(u1) m (:26n) kUt B)>  m (:26n):

soit suces to show that

PS> 3m © 2+ (un B) )

In Appendix C we show that this holds for all k = ! (pﬁlog%”) as required.
The above argument showsthat any z 2 Z(S) is misclassi ed, and Lemma 8
guaranteesthat the relative weight of Z(S) in positive examplesis 1 2 (M:
Since Pryyy [f (X) = 1] is 1=2; we have that with probability at least 0:028 the
hypothesish haserror rate at least = 2 2 ("), and the theorem is proved.
t

5 Conclusions and Future Work

Booleankernelso er an interesting new algorithmic approacd to one of the ma-
jor open problemsin computational learning theory, namely learnability of DNF
expressions We have studied the performanceof a maximum margin algorithm
with the Booleankernels,giving negative results for seweral settings of the prob-
lem. Our results indicate that the maximum margin algorithm canovert even
when learning simple target functions and using natural and expressie kernels
for such functions, and even when combined with structural risk minimization.
We hope that these negative results will be usedas a tool to explore alternate
approacheswhich may succeedwe now discussthesebriey .

One direction for future work is to modify the basic learning algorithm.
Many interesting variants of the basic maximum margin algorithm have been
usedin recert years, such as soft margin criteria, kernel regularization, etc.. It



may be possibleto prove positive results for someDNF learning problems using
these approaches. A starting point would be to test their performance on the
counterexamples(functions and distributions) which we have constructed.

A more immediate goal is to closethe gap betweensmall and large k in our
results for the uniform distribution. It is well known [24] that when learning
polynomial size DNF under uniform, conjunctions of length ! (logn) can be
ignored with little e ect. Hencethe most interesting setting of k for the uniform
distribution learning problem is k = (logn). Learning under uniform with a
k = (logn) kernel is qualitativ ely quite dierent from learning with the large
values of k which we were able to analyze. For example, for k = (logn) if a
su cien tly large polynomial sizesampleis taken, then with very high probability
all features (monomials of sizeat most k) are active in the sample.

As a rst concreteproblem in this scenario,one might considerthe question
of whetherak = (log n) kernel maximum margin algorithm cane cien tly PAC
learn the target function f (x) = x; under uniform. For this problem it is easy
to show that that the naive hypothesis h® constructed in our proofs achieves
both a large margin and high accuracy Moreover, it is possibleto show that
with high probability the maximum margin hypothesis has a margin which is
within a multiplicativ e factor of (1+ o(1)) of the margin achieved by h® Though
these preliminary results do not answer the above question they suggestthat
the answer may be positive. A positive answer, in our view, would be strong
motivation to analyzethe generalcase.
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App endix
A Pro of of Equation 3
To show that

q
(9N%7%) > 2m | (1:01n28) | (1:01n273) + m | (1:01n*3)

it suces to show that

q
«(G99n%7%) > 3m | (1:01n273) | (1:01n2=3): (5)

The proof usesseeral casesdepending on the value of k relative to n:

P .
Case 1: k  0:505n1=3. Since (') = &, ,;fork =2 we have that
k() k k . For all k we have (') k soit suces to show that

S

:99n2=3 > 3mk 1:0In1=3  1:01n2=3
k k k

which is equivalent (clearing denominators from the binomial coe cien ts) to
%

1 ﬁ Ry 1
(:99n%=2 i) > 3mk (1:01n1=3  {)(1:01n2=3 j):
i=0 i=0

We now use thg fact that for i 0 we have (A i)(B i) (pﬁ i)?
provided that 2 AB < A + B; it is easyto seethat this latter condition holds
for A = 1:.0In'73; B = 1:.0In%=3. It thus su ces to shaw that

1 k( 1
(:99n%= i)> 3mk  (1:01n*%2 )
i=0 i=0
which in turn is implied by

k

. 2=3
199 > 3mn

1:01n1=2
(we usedthe fact that k n to obtain the right-hand side above). This holds as

long ask > 6 ',‘(’)gg(gfggn), which is true for any m = poly(n) and k = ! (1):

Case 2: 0:505n5%  k  0:25 0:99n?7%: In this casewe usethe bounds
(x)¥ ()= i (§)¥ for the rst and third occurrencesof  in
equation (5) and weuse (') 2 for the secondoccurrence.lt thus su ces to
show that s

. =3 K . -3 k
:99n > 3m e 1:01n2=3 pL01n1=3

k k




Since1:0In1™ 2k it su ces to show that

.9on2=3 e 1.01n23 7
>3m — 2K
k m k
which holds (taking k-th roots and rearranging) if and only if
1 :99n%3 Py 1 199 1=3

P == p——_ 55 @3m)
2 K ni=3"1.01e 2 '10le 'Kk

Using our upper bound on k on the left side, the previous inequality holds if

199 2 _
pP——— p— > Bm)¥*:
1.01 e 199 (3m)

The left sideis greater than 1:2 and the right sideis 1+ o(1) (sincem = poly(n)
andk = (n*®)) soCase2 is proved.

Case 3: 0:25 0:99n27%  k  0:5 0:99n273. We use the following bound
(proved later) which holdsfor 0< < 1:

X
A ol oHOa ©)
=1 | 2 q

whereH (p) = plogp (1 p)log(l p)isthe binary entropy function. Applying
this bound to the left side of (5) with q = :99n?=% and = k=g we have
:25 :5s0H( ) > :8L Thusit suces to show that

1
2 :99nl=3

This is easily seento hold for any m = poly(n): P
To prmée the bound (6) we use Stirling's approximation = 2 n(%)“q n!

- p
20:81 0:99n%7% o 30" 51:01n2=3+1:01n1=3 -

p

2 n(®)" 1+ 5 in fact we usea weaker form with P 2instead of 1+ ;-

in the upper bound. We thus have

A g q _ ol _ ?‘ﬁ gas e ¢ e @
] g ()@ N 2"z2q 2@ )ge d @ )
= —91: a@ )@ dacz —p1:2qH( ):
22 (1 ) 22 (1 )

Equation (6) follows since (1 ) 1=4:

P .90n 2=
Case 4:k  0:5 0:99n273: In this casewe have (:99n23) = = K = 99"
%2199”2=3. Since (") is always at most 2 it su ces to shaw that

1 20:99n%7% o 3mp 21:01n2=3+1 :01n1=3
2
which is easily seento hold for any m = poly(n): Thus Equation (5) holds for

all k="1():




B Proof of Lemma 10

Recall Lemma 10:

Lemma 10 Let S be a sample of size m = poly(n) drawn from the uniform
distribution. Then S is positive-skewe with prolability at least 0:029

Our rst stepis to reduceto a situation in which the positive examplesand
negative examplesare independert from ead other.3

Let M ;M. beany two positive integers. Consider the following new prob-
abilistic experiment which we call Ey v, : rst M draws are made from a
binomial distribution B(n 1, %) to obtain (sorted) values v; VM
and then M, draws are made from 1+ B(n 1, %) to obtain (sorted) values
ui Um+: The valuesvy;:::;vy are thus distributed identically to
the weights of the negative examplesin the Lemma 10 scenarioconditioned on
m = M ; and likewisefor the ui;:::;uy, and the positive examples. We
de ne the following evert:

{ Evet Ay m+:uU1  Vvi+ B:

For succinctnesslet us write A, for the event (in our original scenarioof a
sizem sample S drawn from U) that S is positive-slkewed. We then have

PrlAm] Pri49m<m ;m; < :5Im] Pr[Aj:49m < m ;m, < :5Im]
@ 2 MYPr[Anj49m < m ;ms < :51m]

(m) ; . _ _
ol )249m<M mill\l;ll+ <: 51m Pr{Am jm M and m. M,]

= (m) i ) .
(1 2 ) :49m<M m;ll\l;ll+ < 51m PriAm w1

It thus su ces to show that for any valuesM ;M. in (:49m; :51m) we have
Pr[Am m.,] 0:0291 Fix any M ;M. in this range; we will henceforth only
considerthe experiment Ey .v, in which any event involving only the u;'s is
independert from any evert involving only v;'s.

Let n°denoten 1: The idea of the next part of the proof is to shaw that
with someprobability v; falls into a relatively small left tail of the distribution
while u; is bounded away from this tail. This givesus a gap betweenu; and v;
as desired.

P
We consideru; rst. Forl i nllet (i) denote ;:01 r}o 2 "’ Note that

(i) is preciselythe weight in the \left tail upto i" of the distribution 1+ B(n% 2):
Let X bethe evert that (uj) ﬁ andu; n®%2.In orderto have (ujp) < 5
at least one of the M, < :5Im draws from 1+ B(n® %) must land in the \left
tail" of weight lessthan %; by a union bound the probability that this occursis
3 Note that this is not the casein S becausethe total number of examplesis m. So,

for example, if we condition on the lightest positive example weighing much more

than n=2; then this biasesm. (the number of positive examples) down, hencebiases

m up, and thus biasesthe weight of the lightest negative example down.



lessthan 221 and hencePr[ (u1) =] 1 %2> 0:745 The probability that
up n%2iseasilyseento be2 (™ andthusPr[X]z 0:745 2 (M > 0:74.

Next considervy. For 1 i nClet ' (i) denote }:O ’}0 2 "’ similar to

(i) we havethat ' (i) capturesthe weight in the left tail of B(n% %): Let Y be

the event that ' (vq1) ﬁ: This event fails to occur only if eac of the M

draws from B (n% %) missesthe left tail of weight at most ﬁ: We needto be

slightly careful; note that ' () takes discrete values, so this tail may actually
weigh lessthan ;= (e.g. conceiably ' (22) = 1, and"' (23) = L:) To take care
of this we will now shaw that this tail cannot weigh much lessthan %:

Forc 1let (c) denotethe largestintegersuc that ' ( (¢)) —=:

cm*
1.

Claim. For any constart ¢ 1wehave' ( (0)) 555
Proof. Supposenot; then vlge have' ( (¢) < ﬁ and' ( () + 1) > %: This
implies that (2)11 > 2 gg’ ’}0 so in particular (Q)Oﬂ > 2 ’(‘Z) : This
implies that n®  (¢) > 2 () + 2 which implies (c) < (n° 2)=3. But then
Cherno bound implies that for such valuesof (c), ' ( (¢)+ 1) = 2 ()

. . . . N 1 . . .
which cortradicts the inequality ' ( (c) + 1) > = sincec is constart and m is

polynomial in n. t
The claim implies that the left tail of weight at most ﬁ must have weight
at least %: Hencethe probability that ead of the M > :49m draws from

B(n% 1) missesthis left tail is at most (1 2-)*°™: This is at most 0:96 and
hencePr[Y] 0:04:

Claim. If events X and Y both occur then evert Ay .m, Occurs.

Proof. Suppose,for the sake of contradiction, that events X and Y both occur
but uy v+ (B 1) SinceX occurswe have (uj) %; i.e.
X1 opo 1
(u1) = S22 2—5
B m

On the other hand sinceY occurswe have ' (vi1) ﬁ; o)

Xz 0
"o 4i: )
T m
Thesetwo inequalities together clearly imply u; > v;. In fact they imply
u 1 0
"y 1 ®)

j 4m

j=vi+l

Recalling that u; v; + (B 1); we have that the above sum has at most

B 2 terms. Now sinceu; < ”70 the largest of these terms is u1n°1 2 "% By
Equation (8) we thus have that
n® 1
7S — 9)

up 1 4B 2)m



Now we usethe following lemma proved later:

Lemma 12. For all j suchthatu; 3B | u; 1wehave '}O % ul” N
This lemma, together with Equation (9), implies that we have
i< @ 1 UlXB l} no 2 \ U1XB 1 no 2 n0< \X 1
4m 2 4B 2m 2 up 1 . ] .

j=u1 3B j=up 3B j=u; 3B
but this cortradicts (7), sothe claim is proved. ti

Sinceevents X and Y areindependert wehavethat Pr[Ay .m.] PriX]Pr[Y]
0:0296so Lemma 10 is proved. t

nO

Pro of of Lemma 12: Clearly it suces to provethat 2 ”038 w1 - BY
1 1

event X we know that (uy) % so a standard Cherno bound tells us that

up 1 ”; 2 nPlogm: Let ¢ = ”; (uy 1)so0<c Zp n%logm: Now

obsene that for any b sud that b< 0:1n° we have

0

b _M2+b+l_ . 2+l 2b+1_ . 5b+25

= =14+ —/ ~ <1+ =1+
o’ n%=2 b n%=2 b 0:4n° no
n%=2 b 1

We thus have

n® n® n® n®
u; 1 _ up 1 u; 2 u; 3B+1
no - no no no
u; 3B u; 2 u; 3 u; 3B
< 14 X+25 5+ 1)+ 25 14 5(ct3 1)+ 25
no no no
. 3B
< 14 5(+3B)+25
nO
p

which by (1+ %)* eisat most" e< 2 provided that

no

B ————
10(c+ 3B)+ 5

(10)
Sincec 2p n%logm andé‘ve may assume5 < . n%logm; it is easily veri ed that

(10) is satised if B = % Io;m ; and Lemma 12 is proved. t

C Pro of of Equation (4)

We must shaow that

U > 3m ¢ (2 + - un B)



Since we are assumingthat the sample S is U-typical, we have u;  :49n so
u; B > 0:26n: It thus suces to show that

k(uz) > 36m? ((uy B):

P .
Case 1: k 0:5 (uy B): Since () = :‘:1 for k =2 we have

k() k k . Also for all k, «(*) k soit suces to show that

Ui 2 Uiy
> 36m“k
k k
This inequality is true if
k
1 > 36mZk:
uz
1 q H
Recallthat B = Io;m: Now using the fact that
uz B B 1
=1+ >1+ — =1+ —Pp——
up B up B n 66 nlogm

it suces to show that
k

1
1+ > 36m2k:
66 nlogm

Using the fact that 1+ x €72 for 0 < x < 1; we can seethat this inequality
holds if k > 132 nlog(m) In(36m?n): Sincem = poly(n), this is the casefor
=1 (pﬁlog% n).

Case 2: 0:5 (u; B) k 0:5uj:Since ¢(uy B) 2Y' B:it suces to
show that

% B

B > 3em? 2 B
i=1

P u; > B it suces to show that

Since

uTlxpW
Y15 3em? v B,

i=1 !
Standard properties of the binomial coe caan ts imply that the left side above
is (2"*). Sincem = poly(n) and B = & mng this is greater than the right
side. b
Case 3: k > 0:5u;: In this casewe have (ui) = :‘:1 “il > %2“1 and
k(up B) 29t B soit suces to shaw that

}Zul > 36n-]22U1 B.
2 .

As in the previous casethis holds for the given valuesof m and B.



