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Abstract

Givenany linear threshold function f on n Booleanvariables, we construct a linear threshold
function g which disagreeswith f on at most an fraction of inputs and has integer weights
ead of magnitude at most ' n 2001= “). We show H1at the construction is optimal in terms of
its dependenceon n by proving a lower bound of ( © n) on the weights required to approximate
a particular linear threshold function.

We give two applications. The rst is a deterministic algorithm for approximately courting
the fraction of satisfying assignmetts to an instance of the zero-oneknapsad problem to within
an additive : The algorithm runs in time polynomial in n (but exponertial in 1= ?).

In our secondapplication, we shaw that any linear threshold function f is speci ed to within
error by estimates of its Chow parameters (degree0 and 1 Fourier coe cien ts) which are
accurate to within an additve 1=(n 2007 2)): This is the rst sud accuracy bound which
is inversepolynomial in n (previous work of Goldberg [12] gave a 1=quasipoly(n) bound), and
givesthe rst polynomial bound (in terms of n) on the number of examplesrequired for learning
linear threshold functions in the \restricted focus of attention" framework.
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dation Fellowship.



1 Intro duction

A linear thresholdfunction, or LTF, is a Boolean function f : E 1;1g" ! f 1;1g for which there
existw = (wg;:::1;wp) 2 R and 2 R sud that f (x) = sgn(" [L; wiX; )forall x2f 1;1g":
Linear threshold functions (sometimesreferredto in the literature as\threshold gates" or \w eighted
threshold gates") have beenextensiwely studied since the 1960s[7, 18, 28] and currently play an
important role in many areasof theoretical computer science. In complexity theory, complexity
classesof fundamertal interest such as TC® are de ned in terms of linear threshold functions, and
much e ort hasbeenexpendedon understanding the computational power of singlelinear threshold
gatesand shallow circuits composedof thesegates(seee.qg. [14, 13, 15, 16, 31, 34]). Linear threshold
functions also play a certral role in computational learning theory and macdine learning; many of
the most widely used and successfullearning techniques such as support vector machines [37],
various boosting algorithms [10, 11], and fundamertal algorithms such as Perceptron [4, 30] and
Winnow [24, 25| are basedon linear threshold functions in an essetial way. Algorithms which
learn linear threshold functions have also proved instrumental in the design of the fastest known
learning algorithms for various expressie classesof Boolean functions (seee.g.[22, 23, 26]).

It is not hard to seethat any linear threshold function f : f 1;1g" ! f 1;1g hassomerepre-
sentation { in fact in nitely many { in which all the weights w; are integers. It is of considerable
interest in both learning theory and complexity theory (seethe referencescited above) to under-
stand how large these integer weights must be. Easy courting argumerts showv that most linear
threshold functions over f 1;1g" require integer weights of magnitude 2( ™: A classicresult of
Muroga et al. [29] shaws that any linear threshold function f over f 1;1g" can be expressedusing
integer weights w1;:::;w, eah satisfying jw;j  2°("1°9n)  (This result has since been rediscor-
ered many times, seee.g. [17, 33].) Hastad [38] gave a matching lower bound by exhibiting a
particular linear threshold function and proving that any integer represetation for it must have
weights of magnitude 2( "'°9"): Thus the size of weights that are required to (exactly) compute
linear threshold functions is now rather well understood.

In this paper we are interestedin the sizeof weights that are required to approximately compute
linear threshold functions. Let us say that a Boolean function g is an -approximator for f if
Prlig(x) 6 f(x)] , Where the probability is over a uniform choice of x from f 1;1g". We
considerthe following:

Question: Let f bean arbitrary linear threshold function. If gis an LTF which -approximates f
and hasinteger weights, how large do the weights of g needto be?

As a rst indication that the landscape can change dramatically when we switch from exact to
approximate computation, considerthe comparisonfunction COM P (x; y) on 2n bits which outputs
1i x vy (viewing x andy asn-bit binary numbers). It is not hard to show that COM P (x;y) is
a linear threshold function which requiresinteger weights of magnitude 2( ™ but it is also easyto
seethat COM P (x;y) is -approximated by a linear threshold function which has only 2log(1=)
many relevant variables and integer weights ead at most O(1=)).

1.1 Our results: appro ximating linear threshold functions using small weights. We
give a fairly complete answer to the above question. In Section 3 we prove a lower bound by ex-
hibiting a simple linear threshold function f and ShONiIBg that any -approximating linear threshold
function for f must have someweight of magnitude ( = n): Perhapssurprisingly, we alsoshow that
O(" n) is an upper bound on the weights required to approximate any linear threshold function to
any constart accuracy > 0. Our main result is the following, proved in Section4:

Theorem 1 Letf:f 1;1g"! f 1;1g be any linear thresholdfunctlgon. For any > Othereis a

-approximating LTF g with integer weightsus;:::;u, which satisfy [, u? n 200=?:



Theorem 1 immediately implies that ead individual weight u; is at most " 1 200=2) in magnitude.

It alsoimplies that the sum of the magnitudes of all n weights is at mostn 2°0(=?);

In terms of the dependenceon , the \right" answer is somewherebetween (1=)' @ (seeSec-
tion 7) and our upper bound of 2°(= ®) from Theorem 1; narrowing this gap is an interesting
direction for future work.

1.2 Applications. We give two main applications of Theorem 1. The rst, in Section5, is a
deterministic algorithm for approximately courting the fraction of satisfying assignmeits to any
linear threshold function (or equivalerntly, courting the number of solutions to a zero-oneknapsad
problem) to within additive accuracy . The algorithm runs in time O(n2) 20(=%);

The secondapplication is to the problem of reconstructing a linear threshold function from
(approximations to) its low-degreeFourier coe cien ts. Various forms of this problem have been
studied since the 1960s(see[6, 5, 3, 12, 21, 42]; we give a detailed description of prior work in
Section 6). We show that for any constart > 0, any linear threshold function f is information-
theoretically speci ed to within error by estimatesof its degree-0and degree-1Fourier coe cien ts
(sometimesknown asits Chow parameters) which are accurateto within an additive 1=0(n):

Theorem 2 Letf:f 1;1g" ! f 1;1g be any linear threshold function. Let g: f 1;1g" !
f 1:;1g be any Boolean function which satises j§(S) f(S)j 1=(n 2°(@=%) for each S =

This is the rst known accuracy bound which is inversepolyncHnial in n (previous work of Gold-
berg [12] gave a 1=quasipoly(n) bound). We alsoshowv a 1=(  n=logn) bound on the accuracy
required. Theorem 2 directly yields the rst polynomial bound (in terms of n) on the number
of examplesrequired for learning linear threshold functions in the \restricted focus of attention"

learning framework of [2].

2 Preliminaries D
or v2 R" we write kvk to denote vZ+  + vZ: We write u v to denote the inner product
L, ujv; of two vectorsu;v 2 R":
We will use standard tail bounds on sums of independent random variables, in particular the
following form of the Hoe ding bound in which the deviation is boundedin terms of kwk.

Theorem 3 Fix any06 w2 R". For any > 0O, we have

Pro[wx kwk] e “2 and Pr [w X kwk] e 2
x2f 1;1g" x2f  1;1g"

Another useful tool from probability theory is the following theorem, which upper bounds the
probability massthat certain sumsof independert random variables can have on any small region.
The result can be derived from Theorem 2.14in [32]; a short self-corained proof is given in [36].

Theorem 4 Fix any w 2 R" with jw;j 1 for eachi. Then for every land 2 R, wehave

Pr jw X i 6 = kwk:
x2f l;lg“[l J ]



3 The lower bound

In this section we exhibit a linear threshold function f and shawv that any represetation with
intsger weights which computesa good approximator for f must have someweight of magnitude
(" n):

Letf :f L;1g"1 ! f 1;1gbedened asf (X1;:::;Xn+1) = SQN(Xq + + Xp+ NXps1  N):
Note that f (X1;:::;Xn;1) = Maj(xq;:::;Xn) and f (x1;:::;%xn; 1) = 1for all x; For corvenience
we assumethat n 2 mod 4, but it will be clear that this assumption can be removed WLOG.

Our main result of this sectionis:

Theorem 5 Leth:f 1;1g"** ! f 1;1gbeanyLTF which %-approxquatesf , and let sgn(vix1+
+ Vn+1 Xn+1 ) be any integer representation for h: Then jvijj= ( = n) for somei:

A straightforward application of the Hoe ding bound shows that for any = (1), pthere is
indeedan -approximating LTF sgn(x, + + Xn+ NXnps1  N) forf inwhichN = (7 n):
Pro of of Theorem 5: Let hy denotethe function h(xq;:::;Xn;1) = sgnviXy1+  + VX + Vps1
): Sinceh is an %o—approximator for f, we have Pry,....x, [N1(x) 6 Maj(x)] %

The following claim will be useful. (Stronger bounds could be given with more e ort, but the
n=2 bound is good enoughfor our purposesand admits a very simple proof.)

Claim 1 The function h; must depend on at least n=2 variables.

Pr[hy, 6 Maj] Pr[g 6 Maj] Pr[g,-> & Maj]:

Pr[g.=> 6 Maj]

1
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Prisgn(Xp=2+1 +  + Xn) 6 sgn(Xz +  + Xp=2)
& an=2+1 + + an > le + + Xn=2j]

= Prlsgn(Xp=2+1 +  + Xn) 8 sgn(X1+  + Xp=2)]
PrliXp=2+1 + + Xnj > jXg + + Xp=2]]
(1=2)(1=2 o(1)) > 1-5

where the secondequality holds becausethe signs and magnitudes of the sums are independert
(sincen=2 is odd, ead sign is achieved with probability exactly 1=2). |

ead v; is an integer, it follows that ead of jvlj;:::;'bvn=2j is at least 1. Letting v° denote the
n-dimensional vector (v1;::::Vva), we have that kvk n=2:

Sinceh; is a %—approximator to Maj(x1;:::;Xn) and Pr[Maj(x) = 1] = % o(1), we have that
Pry,ox, [ViXa + + VaXn + Vn+1 ] 0:295 Similarly, sinceh 1(x) = sgn(vixi + + VpXn

Vh+1 ) isa %—approximator to the constart function 1, it must bethe casethat Pry,....x, [ViX1+
+ VnXn  Vn+1 ] 0:2: Thesetwo inequalities imply that vn+1 > 0 and that

Pr [jvixy + + VnXn i Vnsa1] 0:095 )
X



Let Vmax denote maxj=1::::n jVij, let Ui = Vi=vinax for i = 1;:::;n, and let = Vp41 =Vinax:

.....

Suppose rst that 1. In this casewe can apply Theorem 4 to obtain

6 _ 6Vmax _ 6Vnh+1

0:095 (1) = Prfju X  =Vmax] ] K- % S ok

which implies that vp+1 = ( P n): On the other hand, if < 1 then again by Theorem 4 we have

6 _ 6Vmax

0:095 (1) = Prfju X  =Vimax] ] Prfju x  =Vmax] 1] ok -

which implies Vimax = ( P n): Soin eah casesomeweight is ( P n); and Theorem 5 is proved. B

4 Pro of of Theorem 1

Let > Obegivenandletf:f 1;1g"! f l;,; 1g be any linear threshold function. Without lossof
generality we may supposethat f (x) = sgn( [L; WiX; ) wherewe have 1 = jwij  jwoj
jwnj > 0.

As in the argument of [36] we considerdi erent casesdepending on the value of kwk. In eadh
casewe show how to construct an -approximating LTF with integerweights that satisfy the claimed
bound.

Case I: kwk 12:In this casethe construction works by rounding the weigtts to a carefully chosen
granularity. We actually prove a stronger version of Theorem 1 in this caseby showing that the

sum of squaredweights for the -approximator is at most O(n In(1= )= 2) rather than n 2°1=?),
kwk

Let = ngM-): For eadh i = 1;:::;n let u; be the value obtained by rounding w;
- P
to the nearestinteger multiple of . Let g(x) = sgn( [.; UiX; ), or equivalertly g(x) =
sgn( in=1(Ui: )Xi = ). We will prove the following lemma:
P
Lemma 2 The linear thresholdfunction g(x) = sgn( ', (ui= )xj =) is an -approximator for

f with integer weightseach at most O(' nlIn(1=)) in magnitude. Moreover, the sum of squases of
weightsis O(nIn(1= )= 2):

Proof: Fori= 1;:::;nletg =w; Uuj,sou x=w X e X Let 1 be such that 5 = ﬁ:
We havethat sgnu x )6 sgnw x ) only if either je X] orjw x | : Wewill show

that ead of thesetwo everts occurs with probability at most 5 for a random x, and consequetly
Prig(x) & f (x)]
First we bound Pr[je x| ]: We lpwave that jej

haskek 3 = n: Observingthat =~ 2In(4=) 3

1
P
2 ’

the Hoe ding bound (Theorem 3) gives
. . . P p SIRG=T)2=
Prie xj ] Prfie x| 2In(4=) kek] 2e ( 2M@=)"=2- -
To bound Prljw x j ] we simply apply Theorem 4; this givesus Pr[jw x j ] 2

6
kwk ?

which equals 5 by our original condition on w in Casel.
Thus far we have showvn that g is an -approximating,,LTF for f. It is clear that g has a

represetation with integer weights ead at most 1= = O(%) = O(p nin(1=)), wherethe
secondequality uses kwk 12. In fact we can bound the magnitude of the sum of squaresof these
integer weights. Let vi = uj= , soead v; is an integer and g(x) = sgnfv x = ). Rounding



ead weight w; to obtain u; is easily seento increaseits magnitude by at most a factor of two.
Consequetly we have that ead jv;j 2jw;j= , and sowe have

X X 72nIn(4=
FAC w)= %= dkwk? 72kv§k2 )

= O(nIn(1=)=?): (2)
|

P
Case |1: kwk < 12: Note that sincejw,j = 1, this is equivalert to w2=( o wP) > 2=144

Let us set up some notation. We let C; = 4In(4=), C, = 72In(2C1=), = 2=144, and
* = 2In(Cy= )In(4=). Note that °~ = O(1= 2): We assumethat ° n; obsene that if this is
not the case,then Theorem 1 follows trivially from the standard 2°("1°9") \weight upper bound of
Muroga et al., sincewe can in fact compute f exactly with weight 20(nlogn) = 2011=7),

As in [36] we considertwo subcases.

P
Case lla: wg=(" [, w?) > 2=144forallk = 1;:::;". In this case,instead of rounding the weigts

w; aswe did in Casel, we will truncate the linear threshold function after the rst ° variables and
show that the resulting LTF is an -approximator for f . Sincethis truncated LTF dependson only
* variables, the standard upper bound of Muroga et al. implies that it hasan integer represertation

with eah weight at most 2°C 109" and hencesum of squaredweights also 2°C 109) = 20(=2)
Let g(x) = sgn(wixi+ +wx ):LetW=w?%,+ +w2 andlet = 2WIn(4=): We
have that g(x) 6 f (x) only if either jw 41 X410 +  + WpXp]j or jwixs+  +wx- ] : We

will shaw that theseevents ead have probability at most 5 and thus obtain Pr[g(x) 6 f (x)]
Bounding the rst probability is easy;by our choiceof , the Hoe ding bound gives

Prliw-s1X 41 +  + WpXpj ] 2 2M@=)=2= =2 3)

We now show that Br[iwlxl + + wx j ] D =2: Note that gincewe are in Casella,
we have w? > ( 2=144) ..., w? and thusw > (=12) W = (=12)( = 2In(4=)): It therefore
su ces to shaw that

. . P —
Prljwixy + + wW-Xx- i (A2=) 2In(4=)w] =2 (4)
P
Fori = 1;:::;n we will write W; to denote j”=i Wj2; note that W; = w? + Wi, : The following
lemma will be useful:

Lemma 3 Fora<b °,wehaveWp< (1 )P 2W,< wwgs

Pro of: Sincewe are in Casella we have w2 > W, = W2+ Wy, Or equivalertly (1 )w2 >
Wa+1 @ Adding (1 )Wa+1 to both sidesgives (1 Y(W32 + Wai) = (1 YW; > Wasr: This
implies that Wp< (1 )P 2W,; the secondinequality follows from w2 >  Wg: |

Corollary 4 Each block B; is of length at most 2 In(C,= ):

Pro of: By Lemma 3, the length jB;j of the i-th block must satisfy 1=C, (1  )Bil=; the
corollary follows from this. |

Recalling that * = 2In(Cy= )In(4=), we have that there are at least 3In(4=) many blocks of



wherein the i-th stagethe variables corresponding to the i-th block B; are chosen. The rest of our
analysisin Casella will only dealwith the rst In(4=) blocks sofor the rest of Casella we assume
that i  In(4=):

Immediately after the i-th stage,somevalue{ call it ; { hasbeendetermined for wix,i+ +
Wy, Xk, - The following lemmashowsthat if ; istoo far from , then it is unlikely that the remaining

p
Lemma 5 If j; | 2p Wy, 11 2In(2C1=), then we have

p___
§ P‘r‘._.)< [[wix1 + + WX j (12=) 2In(4=)w] =Cq: (5)
Kj+1 seees :

Pro of: By the lower boundonjy jin the hypothesisof the lemma, it canonly be the casethat

jwix1 + + WX i (12=) 2In(4=)w- if

p P—

Sincei In(4=) and ead block is of length at most % In(C,= ) by Corollary 4, we have that

ki+1 1In(C,=)In(4=) + 1: Recalling the de nition of , it follows that (C (ki + 1))=2 >

1In(12=): Now using Lemma 3, we have that
p

<k P — p
W w1 )( (ki+1)) =2 Wi, +1 - Wi +1

Bearrangingthis inequality andusing2C; 4, it followsthat the RHS of (6) is at Ieastp 2In(2C1=)
Wy,+1. Soto prove the lemma it suces to bound Prxki+1 ----- x- DWi; +1 Xi +1 + + WX

2In(2C1=) = Wy,+1] by =C1: But sincewﬁi at F w2 W, +1, the Hoe ding bound implies

that this probability is at most 2e ( 2Ih@Ci=)*=2 - —c, L]

We now show that regardlessof the value i 1 immediately before the i-th stage,immediately
after the i-th stagewe will havej ; i 2 Wy 2In(2C1=) with probability at most 1=2
over the choice of valuesfor variablesin block B; in the i-th stage.

p
Lemma 6 For any i 12 R, we havePrXki 4 in[i i j 2p Wi +1 2In(2Ci=)] 1=2

p
Pro of: Since j equals j 1+( Wk, ,+1Xk ,+1+ +Wg Xk ), wehavej ; j 2IO Wi, 41 2In(2C1=)
if and only if the value wy, ,+1 Xk ,+1 +  + Wk X, liesin the interval

p p p p
MesIr] = [ i1 2 Wi 2In(2Ci=); i 1+2 Wi 2In(2C1=)]

of width 4IO Wki+1p 2In(2C1=).

First supposethat 0 2 [l ;IR], i.e. the whole interval hasthe samesign. If this is the casethen
Priwg, ,+1 XK ,+1+  + WX, 2 [IL;1R]] %sinceby symmetry the value wy, ,+1 Xk, ,+1+ +
Wi, Xk, is equally likely to be positive or negative. D b

Now supposethat 0 2 [l ;Ir]: By de nition of k;, we lﬁgow that © Wy 41 jwyg ,+1)= Co,
and consequetly the width of [I;IRr] is at most 4jwy, ,+1j 2In(2Ci=)= C,, which is at most
%jwki ,+1] by the de nition of C,. But now obsene that oncethe value of Xy, ,+1 is setto either
+1 or 1, this e ectiv ely shifts the \target interval,” which now wy, ,+2 Xk, 42 +  + Wy, Xg; must
hit, by a displacemen of wy, ,+1 to become[l|. Wy, ,+1Xk ,+1;1R Wik ,+1Xk ,+1]. Sincethe



original interval [I_;1r] contained 0 and was of length at most %jwki .+1], the new interval does
not cortain 0, and thus again by symmetry we have that the probability (now over the choice of
Xk 1425000 X ) that wi, 41 Xy, ,+1 + + Wi, Xy, liesin [I;1R]] is at most % |

In order to haved'wlxl +y  twx i (2= )p 2In(4=)w-, it must be the casethat either
(1) eadh j ; D j< 20Wki +1 2In(2C1=) fori = 1;:::;In(4=) or (2) for somei Inlg4:) we have
Ji j 2 Wi+ 2In(2C;=) but nonethelessjwix; + + wx i< (12=) 2In(4=)w-.
Lemma 6 gives us that the probability of (1) is at most (1=2)"4=) = =4, and Lemma 5 gives
us that the probability of (2) iﬁ)at most In(4=) =C;1 = =4: Thus the overall probability that
jwix1 + + WX i (12=) 2In(4=)w- is at most =2, and (4) is proved.

P
Case Ilb: wi=(" L, w?) 2=144 for somek 2 f1;:::;°g: In this casewe round the weights

arguethat this LTF is itself =2-closeto an LTF with all small integer weights.
We de ne weight vectors u®v®2 R" asfollows: Fori = 1;:::;k 1 let u? = wi5jwgj. For
i = k;:iian let uio be the value obtained by rounding w;j=wgj to the nearestinteger multiple of
0= (22 gwir +wq, (Note that everywhere in Casel hadan , now Chas =2 Let v0= u%= ©
6jwgj 2nIn(8=)
forall i = 1;:::;n: Finally let °= Swj, and let g: f 1;1g" ! f 1;1g be the LTF g(x) =
sgn@® x 9 or equivalertly g(x) = sgn(® x & 9:

We rst shaw that g is an 5-approximator for f which has\almost all" small integer weights.

Lemma 7 The linear threshold function g(x) = sgn(v° % 0 s an i—approxigator for f:
Each weight v0 for i~ k is an integer of magnitude O(' nIn(1=)), and we have ., (v9? =
O(nin(1=)=2):
Pro of: Fix any setting xq;:::;X, , ofthe rst k 1bits. Let f bethe linear threshold function
onn k+ 1 variableswhich is obtainedlgy xing the rst k 1jgputs of f to x4;:::;%, 4, note
that we may write f (Xx;:::;Xn) assgn( J-”zk(wj Wi ) Xj 0+ J!(zll(Wj Fwij)x;): Similarly, let
g bethe LTF onn k+ E’variablesobtainedllgy xing the rst k 1linputs ofgtoto x;:::;X, 4,
Ca N (g e - n 0. e 0 k 1,,0y \-
i.e. g (Xk;:::3Xn) = sgn( =k VX =t g vjxj).

We have that 1 = jwxSjwjj  JWk+1 TWk]] jWrSwgjj > 0. Moreover, eat weight vi0
for i k is obtained from w;5jw,j by rounding to the nearestinteger multiple of © (and then

scalingby Oto get integer weights). Sincethe thresholds of f and g match up as well (taking
into accourt the scalingby 9, we may apply Lemma 2, and concludethat Pryxa[0 6 ]

5
Sincethis holds for every restriction x 2 f 1;1g¢ 1, it follows that Pry 11g7[9(X) 8 f(X)] 5
The claimed bounds on the weights v2for i k follow from Lemma 2. [ |

We next shaw that any linear threshold function which has\almost all" its weights integers
whosesum of squaresis small (such asg) can be =2-appraximated by a linear threshold function
with small integer weights.

Lemma 8 Letg:f 1;1g"! f 1; l;,g :g(X) = sgn(s x ) be a linear thresholdfunction where

Sk; Sk+1 ;. :.;Sn are all integerswith J-”:ksj2 N: Then there is a linear thresholdfunction gqx) =

sgnt x ) whichis an 5-approxjpator of g, where (i) eacht; is aninteger; (i) jtij N In(1=)
20(klogk) for ik 1; and (iii) nt2 N In(1=) 20(klogk).

Theorem 1 follows in Casellb by combining Lemmas7 and 8, recalling that k = O(1= 2)
and taking N in Lemma 8 to be O(n In(1=)= 2).

7



Pro of of Lemma 8: We rst obsene that by the Hoe ding bound, we have

. . PP P2
Prx liskXk +  + snXnj > 2In(d=) N] 2e ( 2in(4=))?=2 = _o.

" P . P —r— P
Intuitiv ely, we canthus pretend that j”= k SkXk always has magnitude at most = 2In(4=) N and
this causesus to incur error at most =2 (we will make this more preciselater).

We will needthe following claim:

Claim 9 Fix anintegerR > 0O: Let denotef 1;1gk ' f R; R+1;:::;R 1;Rg: Leth beany
linear thresholdfunction over , i.e. for somew 2 RK and 2 R wehavethat h(x) = sgnw x )
for all x 2 . Then there is a representation of h ash(x) = sgnu x ) in which (a) eachu; is
aninteger,and (b) juijj R (k+ D!'fori=1;:::;k landjugj (k+ 1)k

This claim is an extension of Muroga et al.'s classicupper bound on the size of integer weights
that are required to expresslinear threshold functions over the usualdomainf 1;1g"; we deferits
proof until later. D p_

Now the piecesare in place to prove Lemma 8. Let R = p 2In(4=) N: Given the LTF
gx)=sgns x ), leth: ! f 1;1gbethe LTF h(x) = sgn(P J!<=11 SiXij + Xk ): By Claim 9,
we have that over the domain , h is equivalent to h(x) = sgn( jkzl Ui Xj ), whereuy;:::;uk
satisfy conditions (a) and (b). Now considerg®: f 1;1g"! f 1;1g,

! !
P 1 P
g%x) = sgn UiXi + Uy Sj |
i=1 j=k

By our obsenation at the start of the proof, at leasta 1 5 fraction of all x 2 f 1;1g" have

i Jn=k5j Xjj  R:For eat such x we have gdx) = h X1;::0 Xk 1, jnszj Xj = g(x): Thus glis
an »-approximator of g with integer weights ty;:::;tn, wheret; = u; fori  k landtj = ugs;
for j  k: Plugging in the boundson uj;uy;s; from the conditions of Lemma 8 and Claim 9, the
proof of Lemma 8 is done. |

Pro of of Claim 9: We needonly slightly modify known proofs of Muroga et al.'s upper bound for
LTF weights over f 1;1g". In particular we closely follow the outline of the proof which Hastad
givesin Section 3 of [38§].

Let Ho: RK1 R bealinear function Ho(x) = a x + t which satis es the following conditions:

1. sgnHo(x)) = h(x) for eadh x 2 .
2. jHo(x)] 1foreatix2 .

3. Among all linear functions which satisfy conditions (1) and (2) above, Hy maximizes the
number of x 2 which have jHo(x)j = 1. If there is more than one possible Hy which
achievesthe maximum number, chooseone arbitrarily .

Obsene that since h(x) is a linear threshold function over , there exists somelinear function
satisfying (1) and (2), and thus there doesexist someH o satisfying (1)-(3) above.

As in [38], let xD;:::;x(") be the setof points in  with jHo(x(j = 1: The argumert in [3§]
now directly implies that Hg is uniquely determined by the equations

Ho(x®W) = h(x®M)  fori=1;:::;m



k + 1 equations: _ _
ax+  +axW+t=hx®)  fori= 1k L

For eath of theseequationsthe right-hand sideis 1asarethe rst k 1coe cients x(l'); L ;x(k') 1

(and the coe cien t of t), whereasthe k-th coe cien t x(k') isanintegerin f R;:::;Rg:

Cramer's rule now tells us that for j = 1;:::;k, we have a; = det(M;)=det(M) for suitable
(k+ 1) (k+ 1) matrices Mq;:::;My;M: More precisely the matrix M has asits i-th row the
vector x() with a 1 appendedasthe (k + 1)-st ertry, and the matrix M; is M but with the j-th
column replaced by the column vector whosei-th ertry is h(x()): Sinceall ertries of M except
for the k-th column are 1 and ead elemen in the k-th column is an integer of magnitude at
most R, we have that det(M) is an integer of magnitude at most (k + 1)!'R, and the sameis true
for det(Mq);:::;det(Mk 1): The matrix My isa 1 matrix soit satises jdet(My)j (k+ 1):

Now sinceead of aj;:::;ax hasthe samedenominator we may clear it throughout and obtain a
linear threshold function for h whosek integer weights are det(M ;);:::;det(M): This concludes
the proof of Claim 9. |

4.1 Discussion and consequences for monotone form ula construction. The main result
of [36] is a proof that any monotone linear threshold function f can be -approximated by a
monotone Boolean AND/OR  formula of sizen®6 20(=%): The high-level structure of our proof
of Theorem 1 is similar to that of [36] in that the samecasesl, Ila and |lb are considered} but
there are somesigni cant di erences. First, in Casel of [36] the weights are simply rounded to
the nearest multiple of 1=n rather than the nearest = O_(éT) (ignoring the dependenceon ).

Second,our Casella is handled using a simpler argumert in [36] which only yields > = O(1= %) in
[36] rather than the > = O(1= 2) we acdhieve here. Finally, sincethe goal in [36] is to construct a
monotone formula rather than a low-weight linear threshold function, a di erent approad is used
in that paper to handle Casellb. (In particular, a recursive tree-baseddecomposition is usedin
[36] which yields a Boolean formula but not a linear threshold function.)

Inspection revealsthat our new analysis of Casel and our new bound on ~ can be straightfor-
wardly worked into the argumerts of [36] to obtain the following quantitativ e improvemert of its
main result:

Corollary 10 Letf:f 1;1g" ! f 1;1g be any monotone linear thresholdfunction. There is a
monotone Boolean formula of sizen®3 20(=%) whichis an -approximator for f

(Briey , the improvemert from n10:6 tg n>3 comesfrom the fact that now in Casel, we have that the
sum ., jvij of the integer weights of g(x) is O(n) rather than the O(n?) bound obtained in [36]
by rounding eat weight to the nearest1=n: This O(n) is then pluggedinto Valiant's probabilistic
construction [41] of monotone formulas of size O(n®23) for the majority function on n variables.)

5 Application to deterministic appro ximate counting

We describe an application of our approad to the problem of approximately courting solutions
of the zero-oneknapsadk problem. In an instance of zero-one knapsadk we are given a vector
a= (ag;:::;ap) 2 R" and a threshold 2 R; the goalis to approxinf:ately compute the fraction p
of points x 2 f0; 1g" which satisfy the linear threshold function sgn( L, aix; ). It is not hard
to seethat we may equivalertly considerthe domain of the LTF to bef 1;1g" aswe have been
doing throughout this paper.

!Readersfamiliar with [36] will note that Casella of this paper is Casellb of [36] and vice versa.



The problem of e cien tly computing a multiplicativ e (1  )-approximation of p has received
much attention [9, 19, 20Q]; the rst polynomial-time algorithm wasgiven by Morris and Sinclair [27]
using sophisticated Monte Carlo Markov Chain techniques,and morerecertly a simpler randomized
algorithm basedon dynamic programming and \dart throwing" was given by Dyer [8].

Our techniques, combined with the dynamic programming idea of Dyer [8], give a simple de-
terministic algorithm for computing an -accurate additive approximation of p. (Achieving suc
an additive approximation is trivial, of course,if randomization is allowed: simply make O(1= 2)
random draws from f 1;1g" and output the fraction of satisfying assignmeis in this sampleasan
approximation of p:) See[40Q] for work in a similar spirit on deterministically courting the fraction
of satisfying assignmeis to a k-DNF to additive accuracy

Theorem 6 There is a deterministic O(n?) 2°0(= ®)-time algorithm with the following property:
given an instance of the zer-one knapsackproblemfor which the true fraction of satisfying assign-
mentsin f 1;1g" is p, the algorithm outputs a value psuchthat jp  pj

Pro of: Given wy;:::;wn; , the ideais to e ciently construct a linear threshold function g(x)
which -approximates f (x) = sgnw x ) asin the proof of Theorem 1, and then use dynamic
programming to exactly court the number of satisfying assignmers to g.

ead weight to the nearestinteger multiple of and divide by throughout to obtain an -
Bpproximating linear threshold function g(x) = sgn(v X 9 with integer weights v; that satisfy
L jvii M =0O(nin(1=)= 2): Let F(r;s) = jfx2f 119 : '_; ViXj = sgj: We can compute
F(r;s)foralll r n; M s M in O(nM) time with dynamic programming, using the
initial condition F(0;0) = 1 and the relgtion F(r+ 1;8) = F(r;s  Vi+1) + F(r;s+ viy1): The
number of satisfying assignmems to gis ¢ oF(n;s):
Now supposethat wi;:::;w, satisfy Casella. We now take g(x) = sgn(wix; + + wXx )
I9 be the truncated LTF analyzedin Casellb. While the weights w1;:::;w- and partial sums
{—; WiXj may not beintegers,we canstill perform dynamic progammingusingthe ’gbser\ation that
foranyr ° thereareat most2' realvalues sudchthat F(r; )= jfx2f 1;1¢" : jr:1 WiXi = @]
is nonzero. Thus we can compute F (r; ) for all which have F(r; ) 6 0 asbeforein overall time
20() = 20(1=72).

g(x) = sgn(v® x & 9 describedin Lemma7. Sinceg hasat mostk 1  weights which are
not integers and the integer weights have total magnitude boundedby M = O(nIn(1=)= 2), we
now have tlgat forany 1 r n there areat most O(2 M) real values suc that F(r; ) = jfx 2
f 1,1d : jrzl WiXj = @j is nonzero. Sowe can compute F(r; ) for all which have F(r; )6 0

asbeforein overall time O(n2 M) = O(n2) 200= 9, (The extra log factor comesfrom sorting the
F(r; ) valuesin order of increasing oncethey have all beencomputed for ead r, and performing
binary seard over this sorted list in the next stageto nd ead F(r; v?+l) value asrequired.) &

6 Appro ximating an LTF from noisy versions of its low-degree Fourier coe -
cients

Recall that for a Boolean function f : f 1;1g" ! f 1;1g, the Fourier coe cients ff’\(S)gS ) of
f arethe coe cien ts of the (unique) multilinear polynomial

P Q
f(x) = f(S)xs where xs denotes © x;
S n] i2s
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which agreeswith f everywhereonf 1;1g". The degree of a Fourier coe cien t f’\(S) is the degree
jSj of of the corresponding monomial.

In 1961 Chow [6] proved that ewvery linear threshold function is uniquely speci ed (among all
Booleanfunctions) by its n+ 1 Fourier coe cien ts of degree0 and 1; thesecoe cien ts are sometimes
referred to as the Chow parameters of f: Following this result (which was later generalizedby
Bruck [9]), there hasbeeninterest in how to algorithmically obtain a weights-basedrepresertation
f(x) = sgnw x ) off from its Chow parameters,seee.qg. [21, 42]. This seemsto be a di cult
problem, and we do not addressit here.

A related question which has also been studied is the following: supposewe are given noisy
rather than exact values of the Chow parameters. How doesthis a ect the precision with which
f is (information-theoretically) speci ed by these parameters? One motivation for studying this
guestion comesfrom the \1-restricted focus of attention" model in computational learning theory;
roughly speakingthis is a learning model in which the learneris only allowed to seea single bit x;

classof linear threshold functions over f 1;1g" is uniform-distribution information-theoretically
learnablefrom poly(n) many examplesin this framework if and only if any linear threshold function
is information-theoretically speci ed to high accuracy from Chow parameter estimates which are
accurateto an additive 1=poly(n).

With this motivation Birkendorf et al. gave the following result:

Theorem 7 ([3]) Letf (x) 5 sgnwixi;+ +wpXy ) bealinear thresholdfunction with integer
weightsw; suchthat W = = L, jwij: Let g: f 1;1g" ! f 1;1g be any Boolean function which
satis es j§(S) f’\(S)j w foreachS=;;flg;f2g;:::;fng: Then Pr[f (x) 6 g(x)]

Theorem 7 gives a strong bound on the precision required in the Chow parametersif f has low
weight, but a weak bound for arbitrary LTFs since W may needto be 2( 109" Sybsequetly
Goldberg [12] gave an incomparable result which can be rephrasedas follows:

Theorem 8 ([12]) Letf be any linear thresholdfunction, and let g: f 1;1g" ! f 1;1g be any
Boolean function whichsatis es j§(S) f(S)j (=n)C03(n=)109(1=)) for eachS = ;;f1g;f2g;:::;fng:
Then Pr[f (x) 6 g(x)]

In cortrast, our bound in Theorem 2 has a worse dependenceon but has a 1=n rather than
1=quasipoly(n) dependenceon n. Theorem 2 yields an a rmativ e answer (at least for constart )
to the open question of whether arbitrary linear threshold functions can be learnedin the uniform
distribution 1-RFA model with polynomial sample complexity:

Corollary 11 Fix any constant > 0. There is an algorithm for learning arbitrary linear threshold
functions to accuracy under the uniform distribution in the 1-restricted focus of attention model,
using poly(n) many examples.

Becauseof spaceconstraints we prove Theorem 2 in App endix A.

6.1 Lower bounds on required accuracy for Chow parameter estimation. In this section
we sketch a simple (though somewhatindirecls) argumert which shawvsthat no variant of Theorem 2
in which the bound on j§(S) f’\(S)j is 1=a( n=logn) (as a function of n) can bg true.
Supposeto the cortrary that Theorem 2 held with a bound of the form 1=(o(" n=logn) ())
for somefunctipn that dependsonly on . If we x to bea constart such as 1=10, the bound
is simply 1=o( n=logn): Recall that the Fourier coe cient f’\(S) equalsEJ[f (x) s] where g is
the Fourier basis function corresponding to S. A standard application of the Hoe ding bound
shaws that a sample of o(n) many uniform random labelled examples(x;f (x)) suces to yield
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n+ 1 estimates (S) which all satisfy | (S) f'\(S)j < 1:0(p n=logn) with high probability. (The
number of examplesrequired is o(n) rather than o(n=logn) becausewe needead of the n + 1
estimatesto be correct with high probability.) Now we can do a brute-force seard over all Boolean
funcBons to nd someg:f 1;1g" ! f 1;1g whoseChow parametersare all within the desired
1=0( n=logn) additive accuracy of our estimates (S). The seard will evertually nd sud a
function sincef is sud a function, and by the assumedversion of Theorem 2, the g thus obtained
will be a s5-approximator of f:

Thus, we have seenthat the hypothesizedTheorem 2 variant implies that there is an algorithm
which can learn any linear threshold function f to accuracy = 1=10, using uniform random
examplesonly, from o(n) examples. Howewer, this contradicts known sample complexity lower
boundsin computational learning theory; for instancethe results of [35] can be easily usedto show
that any algorithm which learns linear threshold functions to constart accuracy using uniform
random examplesover f 1;1g" must use ( n) examples.

7 Conclusion

We hope that Theorem 1 may nd a range of applications in future work. In computational
learning theory, low-weight linear threshold functions are known to be \nice" in seweral senses;
our results suggestthat similar properties might sometimeshold for arbitrary linear threshold
functions as well. As one example, simple and e cien t algorithms are known which can learn
low-weight linear threshold functions under noiserates at which no e cien t algorithms are known
for learning arbitrary linear threshold functions. Can our results (which can be viewed as stating
that every linear threshold function is \close to" a low-weight linear threshold function) be usedto
learn arbitrary linear threshold functions in the presenceof higher noiserates?

More concretely an obvious direction for future work is to improve the asymptotic dependence
on in our results. As [12] and [36] have obsened, Hastad's construction of a linear threshold
function which requiresinteger weights of size2( "1°91) implies that in generalan -approximating
LTF for an arbitrary LTF f may require integer weights of size(1=) (09 1091=)) = While this means
that it is impossibleto obtain an analogueof Theorem 1 with a poly(1=) dependenceon , it may
well be possibleto improve the current 2°0=* dependence.

Another goal is to obtain stronger bounds on the accuracy which is required in the Chow
parametersin order to specify an arbitrarb linear threshold function f to accuracy . Can the gap
betweenour 1=0(n) bound and the 1=( ~ n=logn) bound given in Section 6.1 be closed?

Ac knowledgmen ts. We thank Johan Hastad for his kind permission to include the proof of
Theorem 9 in this paper. We alsothank Adam Kliv ans for many stimulating discussionson these
topics without which this paper would never have beenwritten.
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A Proof of Theorem 2

Let > Obegivenandletf :f 1;1g" !Pf 1; 1g be any linear threshold function. We may suppose
that f (x) = sgn(F (x)) vy,hereF(x) = in=1 Wi Xi with 1= jwqj  jwyj jWnj  0; note
that wlog we havej j Wi

Fix any g: f 1;1g" ! f 1;1g wherefor S = ;;f1g;:::;fng we have j§(S) f'\(S)j 1=M
with M = n 20@0=%: Let D denotefx 2 f 1;1g" : g(x) 6 f(x)gand denotejDj=2". We will
show that and thus establish Theorem 2.

We have

P P P
EGF(O = EfFI= © fSF(S)=  MOFE =16 )+ flfigw

S [n] isj 1

N
0G)( )+ o(flgwi+  + 0(fngwn + (j j+ 1JWiJ):M (7)
1=

The secondequality above is Parsewal's identity, the third is becauseF's only nonzero Fourier
coe cien ts are of degree0 and 1, and the fourth is by de nition of F: The inequality (7) is from
our a§§umption on the Fourier coe cien ts of g. Using Parsewal again and writing B to denote
(Gij+ L;iwij)=M, we have

P P

(M= HS)F(S)+B = Hm$ﬁ$+B=EMMHm+B:
jsj 1 S [n

Rearranging, this gives

P P
G+ jwp=™  E[F(X)j 9x)F(x)] = 2% JF ()i (8)
i=1 x2D

Thus far we have followed the proof from [3] (which is itself closely basedon [5]), and indeed
it is not dicult to complete the proof of Theorem 7 from here. Instead we will use our ideas
from Section4. The approad is to show that only a small number of points in f 1;1g" can have
jF (x)j very small, and thusiif jDj is large then the right hand side of (8) must be fairly large, which
contradicts (8).

Case I: kwk 2: Let 1 be suc that 5 = 2-: By Theorem 4 we have Pr[iF (x)j ]

Now supposethat > ; this would meanthat for at least ;2" points x 2 D we have jF (x)j >
kwk=12 But the bound (8) now gives

TN

P 2 n kwk  Zkwk
(JJ+_1JW.J):M o 32 12 T 12

This implies that we must have

. P . P
122G+ jwij) G+ jwij)  2n,

2kwk ’
which contradicts the de nition of M ; socasel is proved.

M

Case |l kwk < 12: In this casewe will usethe following result due to Hastad [39], which givesa

bound on the rate at which weights needto decrease(from largest to smallestin magnitude) for
any linear threshold function over f 1;1g".
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Theorem 9 (Hastad [39]) Letf:f 1;1g" ! f 1,19 bg any linear threshold function which
degends on all n variables. There is a representation sgn( ; w;X; ) for f which is such that

(assumingthe weightswy;:::;wp are ordered by decreasing magnitude jwaj — jwyj jWnj) we
havejwij % foralli=2::::n:

We prove Theorem 9 in Section A.1. Note that this implies in general that for any constart
c= 0O(1), the c-th largestweight of any LTF needbe at most 1=0(n) times smaller than the largest
weight. More speci cally, in our cortext Theorem 9 lets us assumewithout lossof generality that
the original weights wa;:::;wy, for f satisfy jwij ﬁ for eadh i: This will prove usefulin both
caseslla and I1b below.

In the following * = O(1= ?) asin Section 4.
Case |la: WE:(P jnzkwjz) > 2=144for all k = 1;::::". As in Casella of Section 4 we let
W =w2, + + w2 but nowweset °= 2 WIn(8=) (comparethis with the =" W In(4=)
of the earlier proof).

Wehavethat jF(x)] %2 only if either jw 41 X'+1 +  + WpXn]  E20rjwixi+  + wx

i % As in the derivation of equation (3) the Hoe ding bound gives us Pr[jw-,1 X 41 + +

WnXnj  %2] =4 It remainsto bound Pr[jwix;+ +wx- | 9 by =4; again reasoning
asin the earlier sectionit su ces to show that

Prljwixy + + WX i (24= )p 2In(8=)w] =4 (9)

Comparing this with Equation (4), we seethat the two expressionsdi er only in constart factors.
One can verify that the argumerts of Casella in Section4 (with suitably adjusted constarts) also
yield (9) asdesired.
WeF}hus have that Pr[jF (x)j 0=2] =2: From the de nitions of %and W we have that
=2 W jw-41], SOconsequetly

PrIF()]  jw)] =2 (10)

Now let us supposethat > . Reasoningasin Casel, we thus have that at least ;2" many points
x 2 D have jF (x)j > jw-+1]: The bound (8) now gives

N 2 N .
i+ i=1JWiJ)=|\/I on 2 Wil
which is equivalert to P
I+ wil,
= jW‘+lj '
Sincej j jwij, we have that
P, . . R P -
Mo 2 miwio20 7 a2 T
W41 W41 JW-41] W41

w0 20 CH DN+ 1)+ n)

But recalling that * = O(1= 2), this upper bound on M cortradicts the fact that M = n 20(2=?%
(for a suitable choice of the hidden polylogarithmic factor in the exponert of the de nition of M).
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P
Case Ilb: wg=(" ., w?)  2=144for somek 2 f1;:::;°g. Foreah i = 1;:::;n let v; denote

W;Sjwgj; sowe have 1 = jvi]  jVk+1] Vn: Using Theorem 4 with = 1, we have that for all
2R,
Profiwkxk +  +WnXn  jwkjj jwkj]l = Pro [iwXk+  +vaxnp ] 1]
Xk yeets Xn Xk,q.,Xn
6= vi+ + V3
q__
= Gjwgj= wi+  +wg =2 (11)

where the last inequality holds sincewe are in Casellb. It follows that for any 2 R we have

Prliwixa+  +wnxn j jwj]= Pr [iIF(X)] jwij] =2

Now an ertirely similar argumert to that given from equation (10) through the end of Casella
shawvsthat asin that case,we must have . This concludesthe analysisof all casessoTheorem 2
is proved. |

A.1  Pro of of Theorem 9. We rst considerthe casein whichf (x) = f( x)forallx 2 f 1;1g",
i.e. f can be represerted with a threshold of zero. Once we have the result for such f we will use
it to prove the result for generalf :

Let sgn(wix; + + WpX;,) be arepreseration for f which satis es the conditions

1. sgnw x) = f(x) foreahh x 2 f 1;1g".
2.jw xj 1foreach x2f 1;1g9".

3. Among all vectorsin R" which satisfy conditions (1) and (2) above, w maximizesthe number
ofx 2 f 1;1g" which havejw xj = 1: If there is more than onesudc w, chooseonearbitrarily .

vixid + +vx® = £ (xD)  fori= 1

This is a system of n equationsin the variables vi;:::;v, where eat coecient is 1 and the
right-hand side of ead equation, f (x(), is also 1: Recall that f dependson all n variables
and consequetly we have that ead w; { and in particular wy, { is nonzero. Using this fact it is
not dicult to seethat the above system of equationsis equivalert to the following system of n

FOD)vx® + +vex®) = FxO)vxV+ +vex®y  fori= 20y and vy = wy

Each of these rst n 1 equationshasno constart term and (dividing by two and rearranging) can

be rewritten asv y{) = 0, wherey() is a vector whoseertries are all 1;0 or 1. Sowe have that
W1;:::;Wp is the solution to the system of equations
Yv=Db

where Y is a nonsingularn n matrix with f 1;0;1g ertries where the last row is (0 O 01
and b = =hb, 1=0,b,=wg:
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We assumethat jwij  jwaj jWnj, and now shaw that jwyj must be somewhatlarge
comparedwith jwyj:

After possibly reorderingthe rst n 1 equations,we can nd a linear combination of the rst
k 1 equations such that the only nonzero coe cient amongvs;:::;Vk 1 belongsto vy, i.e. an

equation of the form
X
vy = V! (12)
i=k
Using Cramer's Rule and the fact that any (k 1) (k 1) matrix with entries in f 1;0;1g has
determinant at most (k 1)}, it is not hard to shaw that an equality in the form of (12) must exist
whereead jajj (k1)L But now if jwyj < % then it is impossiple.for w to gati;fy
(12) sincethe right-hand side must be too small. This provesthat jwij g l)’!‘(’vn“ D) (k“"’ﬂm,
sowe are donein the zero-thresholdcase.
We cantreat the casewheref hasanonzerothreshold by consideringthe function g : f 1;1g"** !
f 1;1g which haszerothreshold but an (n+ 1)-st weight which is the threshold of f : The argument
for the zero-thresholdcasenow shows that_ g _hasa represemation sgnwixi+  +WpXpn+Wne1 Xn+1)
with jwaj jWn+1] and jwgj % note that one of thesew; weights actually corre-
spondsto the threshold of the original LTF f . If wy is the threshold then w, is actually the largest
weight of f in magnitude and we have jwyj % If w; is the threshold for somer > 1 then
wy is indeedthe largest of f 's weights. In this case,for k < r we have that f 's k-th biggestweight

is wx which satis es jwyj % whereasfor k > r we have that f's k-th biggestweight is

Wi+1 Which satis es jwg+1 | % Soin ewvery casethe magnitude of the k-th biggestweigh is
at least m times the magnitude of the biggestweight, and Theorem 9 is proved. |
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