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Abstract. We consider the problem of learning unions of rectanglesover
the domain [b]n , in the uniform distribution membership query learning
setting, where both b and n are \large". We obtain poly(n; log b)-time
algorithms for the following classes:

{ poly(n log b)-Majority of O( log ( n log b)
log log ( n log b) )-dimensional rectangles.

{ Union of poly(log(n log b)) O( log 2 ( n log b)
(log log ( n log b) log log log ( n log b)) 2 )-dimensional

rectangles.
{ poly(n log b)-Majority of poly(n log b)-Or of disjoint O( log ( n log b)

log log ( n log b) )-
dimensional rectangles.

Our main algorithmic tool is an extension of Jackson's boosting- and
Fourier-based Harmonic Sieve algorithm [12] to the domain [b]n , building
on work of Akavia et al. [1]. Other ingredients used to obtain the results
stated above are techniques from exact learning [3] and ideas from re-
cent work on learning augmented AC0 circuits [13] and on representing
Boolean functions as thresholds of parities [15].

1 In tro duction

Motiv ation. The learnabilit y of Boolean valued functions de¯ned over the do-
main [b]n = f 0; 1; : : : ; b¡ 1gn has long elicited interest in computational learning
theory literature. In particular, much research hasbeendoneon learning various
classesof \unions of rectangles" over [b]n (seee.g. [3, 5, 6, 9, 12, 18]), where a
rectangle is a conjunction of properties of the form \the value of attribute x i

lies in the range [®i ; ¯ i ]". One motivation for studying theseclassesis that they
are a natural analogueof classesof DNF (Disjunctiv e Normal Form) formulae
over f 0; 1gn ; for instance, it is easyto seethat in the caseb = 2 any union of s
rectanglesis simply a DNF with s terms.

Since the description length of a point x 2 [b]n is n logb bits, a natural
goal in learning functions over [b]n is to obtain algorithms which run in time
poly(n logb). Throughout the paper werefer to such algorithms with poly(n logb)
runtime as e±cient algorithms. In this paper we give e±cient algorithms which
can learn several interesting classesof unions of rectanglesover [b]n in the model
of uniform distribution learning with membership queries.

Previous results. In a breakthrough result a decadeago,Jackson [12] gave the
Harmonic Sieve (HS) algorithm and proved that it can learn any s-term DNF
formula over n Boolean variables in poly(n; s) time. In fact, Jackson showed
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that the algorithm can learn any s-way majorit y of parities in poly(n; s) time;
this is a richer set of functions which includesall s-term DNF formulae. The HS
algorithm works by boosting a Fourier-basedweak learning algorithm, which is
a modi¯ed version of an earlier algorithm due to Kushilevitz and Mansour [17].

In [12] Jacksonalsodescribedan extensionof the HSalgorithm to the domain
[b]n . His main result for [b]n is an algorithm that can learn any union of s
rectanglesover [b]n in poly(sb log log b; n) time; note that this runtime is poly(n; s)
if and only if b is £ (1) (and the runtime is clearly exponential in b for any s).

There has also beensubstantial work on learning various classesof unions of
rectanglesover [b]n in the more demanding model of exact learning from mem-
bership and equivalencequeries.Someof the subclassesof unions of rectangles
which have beenconsideredin this setting are

The dimension of each rectangle is O(1): Beimel and Kushilevitz [3] give
an algorithm learning any union of s O(1)-dimensional rectanglesover [b]n

in poly(n; s; logb) time steps,using equivalencequeriesonly.
The num ber of rectangles is limited: In [3] an algorithm is alsogivenwhich

exactly learns any union of O(log n) many rectanglesin poly(n; logb) time
using membership and equivalence queries. Earlier, Maass and Warmuth
[18] gave an algorithm which usesonly equivalence queries and can learn
any union of O(1) rectanglesin poly(n; logb) time.

The rectangles are disjoin t: If no input x 2 [b]n belongsto more than one
rectangle, then [3] can learn a union of s such rectanglesin poly(n; s; logb)
time with membership and equivalencequeries.

Our techniques and results. Becausee±cient learnabilit y is establishedfor
union of O(log n) arbitrary dimensional rectangles by [3] in a more demand-
ing model, we are interested in achieving positive results when the number of
rectangles is strictly larger. Therefore all the caseswe study involve at least
poly(log(n logb)) and sometimesas many as poly(n logb) rectangles.

We start by describing a new variant of the Harmonic Sieve algorithm for
learning functions de¯ned over [b]n ; we call this new algorithm the General-
ized Harmonic Sieve, or GHS. The key di®erencebetween GHS and Jackson's
algorithm for [b]n is that whereasJackson's algorithm useda weak learning al-
gorithm whose runtime is poly(b), the GHS algorithm usesa poly(log b) time
weak learning algorithm described in recent work of Akavia et al. [1].

We then apply GHSto learn various classesof functions de¯ned in terms of
\ b-literals" (seeSection 2 for a precisede¯nition; roughly speaking a b-literal is
like a 1-dimensional rectangle). We ¯rst show the following result:

Theorem 1. The concept classof s-Majority of r -Parity of b-literals where
s = poly(n logb), r = O( log (n log b)

log log (n log b) ) is e±ciently learnable using GHS.

Learning this class has immediate applications for our goal of \learning
unions of rectangles"; in particular, it follows that

Theorem 2. The concept classof s-Majority of r -rectangleswhere s = poly(n logb),
r = O( log (n log b)

log log (n log b) ) is e±ciently learnable using GHS.



This clearly implies e±cient learnabilit y for unions (as opposedto majorities)
of s such rectanglesas well.

We then employ a technique of restricting the domain [b]n to a much smaller
set and adaptively expanding this set as required. This approach was used in
the exact learning framework by Beimel and Kushilevitz [3]; by an appropriate
modi¯cation we adapt the underlying idea to the uniform distribution member-
ship query framework. Using this approach in conjunction with GHSwe obtain
almost a quadratic improvement in the dimensionof the rectanglesif the number
of terms is guaranteed to be small:

Theorem 3. The concept class of unions of s = poly(log(n logb)) many r -

rectangleswhere r = O( log 2 (n log b)
(log log (n log b) log log log (n log b)) 2 ) is e±ciently learnable via

Algorithm 2 (see Section 5).

Finally we consider the case of disjoint rectangles (also studied by [3] as
mentioned above), and improve the depth of our circuits by 1 provided that the
rectanglesconnectedto the sameOr gate are disjoint:

Corollary 1. The concept classof s-Majority of t-Or of disjoint r -rectangles
where s; t = poly(n logb), r = O( log (n log b)

log log (n log b) ) is e±ciently learnableunder GHS.

Organization. In Section 3 we describe the Generalized Harmonic Sieve al-
gorithm GHS which will be our main tool for learning unions of rectangles. In
Section4 we show that s-Majority of r -Parity of b-literals is e±ciently learn-
able using GHSfor suitable r; s; this conceptclassturns out to be quite useful for
learning unions of rectangles.In Section5 we improve over the results of Section
4 slightly if the number of terms is small, by adaptively selectinga small subset
of [b] in each dimension which is su±cient for learning, and invoke GHS over
the restricted domain. In Section6 we explore the consequencesof the results in
Sections4 and 5 for the ultimate goal of learning unions of rectangles.

2 Preliminaries

The learning mo del. We are interested in Boolean functions de¯ned over the
domain [b]n , where[b] = f 0; 1; : : : ; b¡ 1g. We view Booleanfunctions asmapping
into f¡ 1; 1g where ¡ 1 is associated with Tr ue and 1 with False .

A concept classCis a collection of classes(sets)of Booleanfunctions f Cn;b : n >
0; b > 1g such that if f 2 Cn;b then f : [b]n ! f¡ 1; 1g. Throughout this paper
we view both n and b as asymptotic parameters,and our goal is to exhibit algo-
rithms that learn various classesCn;b in poly(n; logb) time. We now describe the
uniform distribution membership query learning model that we will consider.

A membership oracle MEM(f ) is an oracle which, when queried with input
x, outputs the label f (x) assignedby the target f to the input. Let f 2 Cn;b be
an unknown member of the concept classand let A be a randomized learning
algorithm which takesas input accuracyand con¯denceparameters²; ± and can
invoke MEM(f ). We say that A learns C under the uniform distribution on [b]n

provided that given any 0 < ²; ± < 1 and accessto MEM(f ), with probabilit y at



least 1 ¡ ± A outputs an ²-approximating hypothesis h : [b]n ! f¡ 1; 1g (which
neednot belong to C) such that Prx 2 [b]n [f (x) = h(x)] ¸ 1 ¡ ².

We are interested in computationally e±cient learning algorithms. We say
that A learns C e±ciently if for any target concept f 2 Cn;b ,

{ A runs for at most poly(n; logb;1=²; log1=±) steps;
{ Any hypothesis h that A producescan be evaluated on any x 2 [b]n in at

most poly(n; logb;1=²; log1=±) time steps.

The functions we study . The reader might wonder which classesof Boolean
valued functions over [b]n are interesting. In this article we study classesof
functions that are de¯ned in terms of \ b-literals"; these include rectanglesand
unions of rectanglesover [b]n as well as other richer classes.As described below,
b-literals are a natural extensionof Boolean literals to the domain [b]n .

De¯nition 1. A function ` : [b] ! f¡ 1; 1g is a basic b-literal if for some ¾2
f¡ 1; 1g and some ® · ¯ with ®; ¯ 2 [b] we have `(x) = ¾ if ® · x · ¯ , and
`(x) = ¡ ¾ otherwise. A function ` : [b] ! f¡ 1; 1g is a b-literal if there exists a
basic b-literal `0 and some¯xed z 2 [b], gcd(z; b) = 1 such that for all x 2 [b] we
have`(x) = `0(xz).

Basic b-literals are the most natural extension of Boolean literals to the do-
main [b]n . Generalb-literals (not necessarilybasic) werepreviously studied in [1]
and are also quite natural; for example, if b is odd then the least signi¯cant bit
function lsb(x) : [b] ! f¡ 1; 1g (de¯ned by lsb(x) = ¡ 1 i® x is even) is a b-literal.

De¯nition 2. A function f : [b]n ! f¡ 1; 1g is a k-rectangle if it is an And
of k basic b-literals `1; : : : ; `k over k distinct variables x i 1 ; : : : ; x i k . If f is a k-
rectangle for somek then we may simply say that f is a rectangle. A union of
s rectanglesR1; : : : ; Rs is a function of the form f (x) = Or s

i =1 Ri (x):

The classof unions of s rectanglesover [b]n is a natural generalizationof the class
of s-term DNF over f 0; 1gn . Similarly Majority of Parity of basic b-literals
generalizesthe classof Majority of Parity of Boolean literals, a classwhich
has beenthe subject of much research (seee.g. [12, 4, 15]).

If G is a logic gate with potentially unboundedfan-in (e.g. Majority , Par-
ity , And , etc.) we write \ s-G" to indicate that the fan-in of G is restricted
to be at most s. Thus, for example,an \ s-Majority of r -Parity of b-literals"
is a Majority of at most s functions g1; : : : ; gs, each of which is a Parity of
at most r many b-literals. We will further assumethat any two b-literals which
are inputs to the same gate depend on di®erent variables. This is a natural re-
striction to imposein light of our ultimate goal of learning unions of rectangles.
Although our results hold without this assumption, it provides simplicit y in the
presentation.

The Fourier transform. We will make useof the Fourier expansionof complex
valued functions over [b]n .

Consider f ; g: [b]n ! C endowed with the inner product hf ; gi = E[f g] and
inducednorm kf k =

p
hf ; f i . Let ! b = e

2¼i
b and for each ® = (®1; : : : ; ®n ) 2 [b]n ,



let Â® : [b]n ! C be de¯ned as Â®(x) = ! ®1 x 1 + ¢¢¢+ ®n x n
b : Let B denote the set of

functions B = f Â® : ® 2 [b]n g. It is easyto verify the following properties:

{ For each ® = (®1; : : : ; ®n ) 2 [b]n , we have kÂ®k = 1.

{ Elements in B areorthogonal: For ®; ¯ 2 [b]n , wehavehÂ®; Â¯ i =
½

1 if ® = ¯
0 if ® 6= ¯ .

{ B constitutes an orthonormal basisfor all functions f f : [b]n ! Cg considered
as a vector spaceover C; so every f : [b]n ! C can be expresseduniquely as
f (x) =

P
® f̂ (®)Â®(x):

The values f f̂ (®) : ® 2 [b]n g are called the Fourier coe±cients or the Fourier
transform of f . As is well known, Parseval's Identity relates the values of the
coe±cients to the valuesof the function:

Lemma 1 (P arseval's Iden tit y).
P

® j f̂ (®)j2 = E[jf j2] for any f : [b]n ! C.

We write L 1(f ) to denote
P

® j f̂ (®)j.

Additional to ols: weak hyp otheses and boosting. Let f : [b]n ! f¡ 1; 1g
and D be a probabilit y distribution over [b]n . A function g: [b]n ! R is said to
be a weak hypothesis for f with advantage° under D if ED [f g] ¸ ° .

The ¯rst boosting algorithm was described by Schapire [19] in 1990; since
then boosting has been intensively studied (see[8] for an overview). The basic
idea is that by combining a sequenceof weak hypothesesh1; h2; : : : (the i -th of
which has advantage ° with respect to a carefully chosendistribution D i ) it is
possibleto obtain a high accuracy ¯nal hypothesis h which satis¯es Pr[h(x) =
f (x)] ¸ 1¡ ²: The following theoremgivesa precisestatement of the performance
guarantees of a particular boosting algorithm, which we call Algorithm B, due
to Freund. Many similar statements are now known about a range of di®erent
boosting algorithms but this is su±cient for our purposes.

Theorem 4 (Bo osting Algorithm [7]). Suppose that Algorithm B is given:

{ 0 < ²; ± < 1, and membership query accessMEM(f ) to f : [b]n ! f¡ 1; 1g;
{ accessto an algorithm WLwhich has the following property: given a value ±0

and accessto MEM(f ) and to EX(f ; D) (the latter is an exampleoraclewhich
generatesrandomexamplesfrom [b]n drawn with respect to distribution D), it
constructs a weak hypothesisfor f with advantage° under D with probability
at least 1 ¡ ±0 in time polynomial in n, logb, log(1=±0).

Then Algorithm B behavesas follows:

{ It runs for S = O(log(1=²)=°2) stagesand runs in total time polynomial in
n, logb, ² ¡ 1, ° ¡ 1, log(±¡ 1).

{ At each stage1 · j · S it constructs a distribution D j such that L 1 (D j ) <
poly(² ¡ 1)=bn , and simulates EX(f ; D j ) for WLin stage j . Moreover, there
is a \pseudo-distribution" ~D j satisfying ~D j (x) = cD j (x) for all x (where
c 2 [1=2; 3=2] is some¯xed value) such that ~D j (x) can be computed in time
polynomial in n logb for each x 2 [b]n .



{ It outputs a ¯nal hypothesish = sign(h1+ h2+ : : :+ hS ) which ²-approximates
f under the uniform distribution with probability 1¡ ±; here h j is the output
of WLat stagej invoked with simulated accessto EX(f ; D j ).

Wewill sometimesinformally refer to distributions D which satisfy the bound
L 1 (D) < poly ( ² ¡ 1 )

bn as smooth distributions.
In order to useboosting, it must be the casethat there exists a suitable weak

hypothesis with advantage ° . The \discriminator lemma" of Hajnal et al. [10]
can often be usedto assert that the desiredweak hypothesisexists:

Lemma 2 (The Discriminator Lemma [10]). Let H be a classof § 1-valued
functions over [b]n and let f : [b]n ! f¡ 1; 1g be expressibleas f = Majority (h1;
: : : ; hs) where each hi 2 H and h1(x) + : : : + hs(x) 6= 0 for all x. Then for any
distribution D over [b]n there is somehi such that jED [f hi ]j ¸ 1=s.

3 The Generalized Harmonic Sieve Algorithm

In this section our goal is to describe a variant of Jackson's Harmonic Sieve
Algorithm and show that under suitable conditions it can e±ciently learn cer-
tain functions f : [b]n ! f¡ 1; 1g. As mentioned earlier, our aim is to attain
poly(log b) runtime dependenceon band consequently obtain e±cient algorithms
asdescribed in Section2. This goal precludesusing Jackson's original Harmonic
Sieve variant for [b]n sincethe runtime of his weak learner dependspolynomially
rather than polylogarithmically on b (see[12, Lemma 15]).

As we describe below, this poly(log b) runtime can be achieved by modifying
the Harmonic Sieve over [b]n to use a weak learner due to Akavia et al. [1]
which is more e±cient than Jackson's weak learner. We shall call the resulting
algorithm \The GeneralizedHarmonic Sieve" algorithm, or GHSfor short.

Recall that in the Harmonic Sieve over the Boolean domain f¡ 1; 1gn , the
weakhypothesesusedare simply the Fourier basiselements over f¡ 1; 1gn , which
correspond to the Boolean-valued parit y functions. For [b]n , we will usethe real
component of the complex-valued Fourier basis elements f Â®; ® 2 [b]n g as our
weak hypotheses.

The following theorem of Akavia et al. [1, Theorem 5] will play a crucial role
towards construction of the GHSalgorithm.

Theorem 5 (See [1]). There is a learning algorithm that, given membership
query accessto f : [b]n ! C, 0 < ° and 0 < ± < 1, outputs a list L of indicessuch
that with probability at least 1 ¡ ±, we havef ®: j f̂ (®)j > ° g µ L and jf̂ (¯ )j ¸ °

2
for every ¯ 2 L: The running time of the algorithm is polynomial in n, logb,
kf k1 , ° ¡ 1, log(±¡ 1).

Lemma 3 (Construction of the weak hyp othesis). Given

{ Membership query accessMEM(f ) to f : [b]n ! f¡ 1; 1g;
{ A smooth distribution D; more precisely, accessto an algorithm computing

~D(x) in time polynomial in n, logb for each x 2 [b]n . Here ~D is a \pseudo-
distribution" for D as in Theorem 4, i.e. there is a value c 2 [1=2; 3=2] such
that ~D(x) = cD(x) for all x:



{ A value 0 < ° < 1=2 such that there exists a Fourier basis element Â¯

satisfying jED [f Â¯ ]j > ° .

There is an algorithm that outputs a weak hypothesis for f with advantage° =2
under D with probability 1¡ ± and runs in time polynomial in n, logb, ² ¡ 1, ° ¡ 1,
log(±¡ 1).

Proof. Let f ¤(x) = bn ~D(x)f (x). Observe that

{ SinceD is smooth, kf ¤k1 < poly(² ¡ 1).
{ For any ® 2 [b]n , f̂ ¤(®) = E[f ¤Â®] = 1

bn

P
x 2 [b]n bn ~D(x)f (x)Â®(x) = ED [cf Â®].

Therefore one can invoke the algorithm of Theorem 5 over f ¤(x) by simulat-
ing MEM(f ¤) via MEM(f ), each time with poly(n; logb) time overhead, and
obtain a list L of indices as in Theorem 5. It is easy to see that the algo-
rithm runs in the desired time bound and outputs a nonempty list L . Let ¯ be
any element of L . Becausef̂ ¤(¯ ) = E[bn ~D(x)f (x)Â¯ (x)], one can approximate
E D [f Â¯ ]

jE D [f Â¯ ]j =
^f ¤ ( ¯ )

j ^f ¤ ( ¯ ) j
= eiµ using uniformly drawn random examples.Let eiµ 0

be

the approximation thus obtained. Note that by assumption we have:

{ jf̂ ¤(¯ )j > c°.
{ For random x 2 [b]n , the random variable (bn ~D(x)f (x)Â¯ (x)) always takes

a value whosemagnitude is O(poly(² ¡ 1)) in absolute value.

Using a straightforward Cherno®bound argument, this implies that jµ ¡ µ0j can
be made smaller than any constant using poly(n; logb;² ¡ 1) time and random
examples.

Now note that we have

ED [f Â¯ ] = eiµ jED [f Â¯ ]j ) ED [f eiµ Â¯ ] = jED [f Â¯ ]j > ° :

Therefore for a su±ciently small value of jµ ¡ µ0j, we have

ED [f <f eiµ 0Â¯ g] = <f ED [f eiµ 0Â¯ ]g = <f ei (µ¡ µ0) ED [f eiµ Â¯ ]
| {z }

real valued and > °

g ¸ ° =2:

We concludethat <f eiµ 0Â¯ g constitutes a weak hypothesisfor f with advan-
tage ° =2 under D with high probabilit y. ut

Rephrasingthe statement of Lemma 3, now we know: As long asfor any function
f in the concept class it is guaranteed that under any smooth distribution D
there is a Fourier basiselement Â¯ that hasnonnegligiblecorrelation with f (i.e.
jED [f Â®]j > ° ), then it is possibleto e±ciently identify and usesuch a Fourier
basiselement to construct a weak hypothesis.

Now as in Jackson's original Harmonic Sieve, one can invoke Algorithm B
from Theorem 4: At stage j , we have a distribution D j over [b]n for which
L 1 (D j ) < poly(² ¡ 1)=bn . Thus one can passthe values of D j to the algorithm
in Lemma 3 and use this algorithm as WLin Algorithm B to obtain the weak
hypothesisat each stage.Repeating this idea for every stageand combining the
weakhypothesesgeneratedfor all the stagesasdescribed by Theorem 4, we have
the GHSalgorithm:



Corollary 2 (The Generalized Harmonic Sieve). Let C be a concept class.
Suppose that for any concept f 2 Cn;b and any distribution D over [b]n with
L 1 (D) < poly(² ¡ 1)=bn there existsa Fourier basiselementÂ® suchthat jED [f Â®]j
¸ ° . Then C can be learned in time poly(n; logb;² ¡ 1; ° ¡ 1).

4 Learning Majority of Parity using GHS

In this section we identify classesof functions which can be learned e±ciently
using the GHSalgorithm and prove Theorem 1.

To prove Theorem 1, we show that for any concept f 2 C and under any
smooth distribution there must be someFourier basis element which has high
correlation with f ; this is the essential step which lets us apply the Generalized
Harmonic Sieve. We prove this in Section4.2. In Section4.3 we give an alternate
argument which yields a Theorem 1 analoguebut with a slightly di®erent bound
on r , namely r = O( log (n log b)

log log b ).

4.1 Setting the stage

For easeof notation we will write abs(®) to denote minf ®; b¡ ®g. We will use
the following simple lemma from [1]:

Lemma 4 (See [1]). For all 0 · ` · b, we have j
P ` ¡ 1

y=0 ! ®y
b j < b=abs(®).

Corollary 3. Let f : [b] ! f¡ 1; 1g be a basic b-literal. Then if ® = 0, j f̂ (®)j < 1,
while if ® 6= 0, jf̂ (®)j < O( 1

abs(®) ).

Proof. The ¯rst inequality follows immediately from Lemma 1 (Parseval's Iden-
tit y) becausef is § 1-valued. For the latter, note that j f̂ (®)j = jE[f Â®]j =

1
b

¯
¯
¯
¯
¯

P

x 2 f ¡ 1 (1)
Â®(x) ¡

P

x 2 f ¡ 1 ( ¡ 1)
Â®(x)

¯
¯
¯
¯
¯

·
1
b

¯
¯
¯
¯
¯

P

x 2 f ¡ 1 (1)
Â®(x)

¯
¯
¯
¯
¯

+
1
b

¯
¯
¯
¯
¯

P

x 2 f ¡ 1 ( ¡ 1)
Â®(x)

¯
¯
¯
¯
¯

where the inequality is simply the triangle inequality. It is easyto seethat each
of the sums on the RHS above equals 1

b j! ®c
b j j

P ` ¡ 1
y=0 ! ®y

b j = 1
b j

P ` ¡ 1
y=0 ! ®y

b j for
somesuitable c and ` · b, and henceby Lemma 4 each sum is O( 1

abs(®) ). This
gives the desiredresult. ut

The following easy lemma is useful for relating the Fourier transform of a
b-literal to the corresponding basic b-literal:

Lemma 5. For f ; g: [b] ! C such that g(x) = f (xz) where gcd(z; b) = 1, we
have ĝ(®) = f̂ (®z¡ 1).

Proof.

ĝ(®) = Ex [g(x)Â®(x)] = Ex [f (xz)Â®(x)] = Exz ¡ 1 [f (x)Â®(xz ¡ 1)]

= Exz ¡ 1 [f (x)Â®z ¡ 1 (x)] = Ex [f (x)Â®z ¡ 1 (x)] = f̂ (®z¡ 1): ut



A natural way to approximate a b-literal is by truncating its Fourier repre-
sentation. We make the following de¯nition:

De¯nition 3. Let k be a positive integer. For f : [b] ! f¡ 1; 1g a basic b-literal,
the k-restriction of f is ~f : [b] ! C; ~f (x) =

P
abs(®) · k f̂ (®)Â®(x): More gen-

erally, for f : [b] ! f¡ 1; 1g a b-literal (so f (x) = f 0(xz) where f 0 is a basic
b-literal) the k-restriction of f is ~f : [b] ! C; ~f (x) =

P
abs(®z ¡ 1 ) · k f̂ (®)Â®(x) =

P
abs(¯ ) · k

bf 0(¯ )Â¯ (x):

4.2 There exist highly correlated Fourier basis elemen ts for
functions in C under smooth distributions

In this section we show that given any f 2 C and any smooth distribution D,
some Fourier basis element must have high correlation with f . We begin by
bounding the error of the k-restriction of a basic b-literal:

Lemma 6. For f : [b] ! f¡ 1; 1g a b-literal and ~f the k-restriction of f , wehave
E[jf ¡ ~f j2] = O(1=k).

Proof. Without lossof generality assumef to be a basic b-literal. By an imme-
diate application of Lemma 1 (Parseval's Identit y) we obtain:

E[jf ¡ ~f j2] =
P

abs(®)>k
j f̂ (®)j2 =|{z}

by Corollary 3

P

®>k
O(1)=®2 = O(1=k): ut

Now suppose that f is an r -Parity of b-literals f 1; : : : ; f r . Since Parity
corresponds to multiplication over the domain f¡ 1; 1g, this means that f =Q r

i =1 f i . It is natural to approximate f by the product of the k-restrictions
Q r

i =1
~f i . The following lemma bounds the error of this approximation:

Lemma 7. For i = 1; : : : ; r , let f i : [b] ! f¡ 1; 1g be a b-literal and let ~f i be its k-
restriction. Then E[jf 1(x1)f 2(x2) : : : f r (x r ) ¡ ~f 1(x1) ~f 2(x2) : : : ~f r (x r )j] < (O(1)) r

p
k

:

Proof. First note that by the nonnegativity of variance and Lemma 6, we have
that for each i = 1; : : : ; r :

Ex i [jf i (x i ) ¡ ~f i (x i )j] ·
q

Ex i [jf i (x i ) ¡ ~f i (x i )j2] = O(1=
p

k):

Therefore we also have for each i = 1; : : : ; r :

Ex i [j ~f i (x i )j] < Ex i [j ~f i (x i ) ¡ f i (x i )j]| {z }
<O ( 1p

k
)

+ Ex i [jf i (x i )j]| {z }
=1

= O(1):

For any (x1; : : : ; x r ) we can bound the di®erencein the lemma as follows:

jf 1(x1) : : : f r (x r ) ¡ ~f 1(x1) : : : ~f r (x r )j ·

jf 1(x1) : : : f r (x r ) ¡ f 1(x1) : : : f r ¡ 1(x r ¡ 1) ~f r (x r )j +

jf 1(x1) : : : f r ¡ 1(x r ¡ 1) ~f r (x r ) ¡ ~f 1(x1) : : : ~f r (x r )j ·

jf r (x r ) ¡ ~f r (x r )j + j ~f r (x r )jj f 1(x1) : : : f r ¡ 1(x r ¡ 1) ¡ ~f 1(x1) : : : ~f r ¡ 1(x r ¡ 1)j



Therefore the expectation in question is at most:

E x r [jf r (x r ) ¡ ~f r (x r )j]
| {z }

= O (1 =
p

k )

+ E x r [j ~f r (x r )j]
| {z }

= O (1)

¢E ( x 1 ;:::;x r ¡ 1 ) [jf 1(x1) : : : f r ¡ 1(x r ¡ 1) ¡ ~f 1(x1) : : : ~f r ¡ 1(x r ¡ 1)j]:

We can repeat this argument successively until the base case E x 1 [jf 1(x1) ¡
~f 1(x1)j] · O( 1p

k
) is reached. Thus for someK ; L = 0(1), we have

E ( x 1 ;:::;x r ) 2 [b]r [jf 1(x1) : : : f r (x r ) ¡ ~f 1(x1) : : : ~f r (x r )j] ·
K + K L + K L 2 + : : : + K L r ¡ 1

p
k

= K
L r ¡ 1

(L ¡ 1)
p

k

from which the lemma follows. ut

Now we are ready for the main theorem asserting the existence(under suit-
able conditions) of a highly correlated Fourier basiselement. The basicapproach
of the following proof is reminiscent of the main technical lemma from [13].

Theorem 6. Let ¿ be a parameter to be speci¯ed later and C be the concept
class consisting of s-Majority of r -Parity of b-literals where s = poly(¿)
and r = O( log (¿)

log log (¿) ). Then for any f 2 Cn;b and any distribution D over [b]n

with L 1 (D) = poly(¿)=bn , there exists a Fourier basis element Â® such that
jED [f Â®]j > ­ (1=poly(¿)) :

Proof. Assume f is a Majority of h1; : : : ; hs each of which is a r -Parity of
b-literals. Then Lemma 2 implies that there exists hi such that jED [f hi ]j ¸ 1=s.
Let hi be Parity of the b-literals `1; : : : ; ` r .

Since s and bn ¢L 1 (D) are both at most poly(¿) and r = O( log (¿)
log log (¿) ),

Lemma7 implies that there areabsoluteconstants C1; C2 such that if weconsider
the k-restrictions ~̀

1; : : : ; ~̀
r of `1; : : : ; ` r for k = C1 ¢¿C2 , we will have E[jhi ¡Q r

j =1
~̀
j j] · 1=(2sbn L 1 (D)) where the expectation on the left hand side is with

respect to the uniform distribution on [b]n . This in turn implies that ED [jhi ¡Q r
j =1

~̀
j j] · 1=2s: Let us write h0 to denote

Q r
j =1

~̀
j . We then have

jED [f h0]j ¸ jED [f hi ]j ¡ jED [f (hi ¡ h0)]j ¸ jED [f hi ]j ¡ ED [jf (hi ¡ h0)j]

= jED [f hi ]j ¡ ED [jhi ¡ h0j] ¸ 1=s¡ 1=2s = 1=2s:

Now observe that we additionally have

jED [f h0]j = jED [f
P

®
ĥ0(®)Â®]j = j

P

®
ĥ0(®)ED [f Â®]j · L 1(h0) max

®
jED [f Â®]j

Moreover, for each j = 1; : : : ; r we have the following (where we write `0
j to

denote the basic b-literal associated with the b-literal ` j ):

L 1( ~̀
j ) =

P

abs(®) · k
j b̀0

j (®)j =|{z}
by Corollary 3

1 +
kP

®=1
O(1)=®= O(log k):



Therefore, for someabsolute constant c > 0 we have L 1(h0) ·
Q r

j =1 L 1(~l j ) ·
(c logk)r , where the ¯rst inequality holds since the L 1 norm of a product is at
most the product of the L 1 norms. Combining inequalities, we obtain

max
®

jED [f Â®]j ¸ 1=(2s(clogk)r ) = ­ (1=poly(¿))

which is the desiredresult. ut

Since we are interested in algorithms with runtime poly(n; logb;² ¡ 1), setting
¿ = n² ¡ 1 logb in Theorem 6 and combining its result with Corollary 2, givesrise
to Theorem 1.

4.3 The second approac h

A di®erent analysis, similar to that which Jackson usesin the proof of [12, Fact
14], givesus an alternate bound to Theorem 6:

Lemma 8. Let C be the concept class consisting of s-Majority of r -Parity
of b-literals. Then for any f 2 Cn;b and any distribution D over [b]n , there exists
a Fourier basis element Â® such that jED [f Â®]j = ­ (1=s(log b)r ):

Proof. Assume f is a Majority of h1; : : : ; hs each of which is a r -Parity of
b-literals. Then Lemma 2 implies that there exists hi such that jED [f hi ]j ¸ 1=s.
Let hi be Parity of the b-literals `1; : : : ; ` r . Now observe:

1=s · jED [f hi ]j = jED [f hi ]j = j
P

®
ĥi (®)ED [f Â®]j · L 1(hi ) max

®
jED [f Â®]j

Also note that for j = 1; : : : ; r we have the following (where as before we write
`0

j to denote the basic b-literal associated with the b-literal ` j ):

L 1(` j ) =|{z}
by Lemma 5

P

®
j ^̀

j (®)j =|{z}
by Corollary 3

1 +
b¡ 1P

®=1
O(1)=®= O(log b):

Therefore for someconstant c > 0 we have L 1(hi ) ·
Q r

j =1 L 1(` j ) = O((log b)r ),
from which we obtain max® jED [f Â®]j = ­ (1=s(log b)r ). ut

Combining this result with that of Corollary 2 we obtain the following result:

Theorem 7. The concept class C consisting of s-Majority of r -Parity of
b-literals can be learned in time poly(s;n; (log b) r ) using the GHSalgorithm.

As an immediate corollary we obtain the following closeanalogueof Theorem 1:

Theorem 8. The concept classC consisting of s-Majority of r -Parity of b-
literals where s = poly(n logb), r = O( log (n log b)

log log b ) is e±ciently learnable using
the GHSalgorithm.



5 Lo cating sensitiv e elements and learning with GHSon a
restricted grid

In this section we consider an extension of the GHS algorithm which lets us
achieve slightly better bounds when we are dealing only with basic b-literals.
Following an idea from [3], the new algorithm works by identifying a subset of
\sensitive" elements from [b] for each of the n dimensions.

De¯nition 4 (See [3]). A value ¾ 2 [b] is called i -sensitive with respect to
f : [b]n ! f¡ 1; 1g if there exist valuesc1; c2; : : : ; ci ¡ 1; ci +1 ; : : : ; cn 2 [b] such that
f (c1; : : : ; ci ¡ 1; ¾¡ 1; ci +1 ; : : : ; cn ) 6= f (c1; : : : ; ci ¡ 1; ¾; ci +1 ; : : : ; cn ): A value ¾ is
called sensitive with respect to f if ¾ is i -sensitive for some i . If there is no
i -sensitive value with respect to f , we say index i is trivial .

The main idea is to run GHS over a restricted subset of the original domain
[b]n , which is the grid formed by the sensitive valuesand a few more additional
values,and therefore lower the algorithm's complexity.

De¯nition 5. A grid in [b]n is a set S = L 1 £ L 2 £ ¢¢¢£ L n with 0 2 L i µ [b] for
each i . We refer to the elementsof S as corners. The region coveredby a corner
(x1; : : : ; xn ) 2 S is de¯ned to be the set f (y1; : : : ; yn ) 2 [b]n : 8i; x i · yi < dx i eg
where dx i e denotesthe smallest valuein L i which is larger than x i (by convention
dx i e := b if no suchvalueexists). The areacoveredby the corner (x1; : : : ; xn ) 2 S
is therefore de¯ned to be

Q n
i =1 (dx i e¡ x i ). A re¯nement of S is a grid in [b]n of

the form L 0
1 £ L 0

2 £ ¢¢¢£ L 0
n where each L i µ L 0

i .

Lemma 9. Let S be a grid L 1 £ L 2 £ ¢¢¢£ L n in [b]n such that each jL i j · `.
Let I S denote the set of indices for which L i 6= f 0g: If jI Sj · · , then S admits
a re¯nement S0 = L 0

1 £ L 0
2 £ ¢¢¢£ L 0

n such that

1. All of the setsL 0
i which contain more than oneelementhavethe samenumber

of elements:L max , which is at most ` + C·` , where C = b
·` ¢ 1

bb=4·` c ¸ 4:
2. Given a list of the setsL 1; : : : ; L n as input, a list of the setsL 0

1; : : : ; L 0
n can

be generated by an algorithm with a running time of O(n·` logb).
3. L 0

i = f 0g wheneverL i = f 0g.
4. Any ² fraction of the corners in S0 cover a combined area of at most 2²bn .

Proof. Consider Algorithm 1 which, given S = L 1 £ L 2 £ ¢¢¢£ L n , generatesS0.
The purpose of the code between lines 18{22 is to make every L 0

i 6= f 0g
contain equal number of elements. Therefore the algorithm keepstrack of the
number of elements in the largest L 0

i in a variable called L max and eventually
adds more (arbitrary) elements to those L 0

i 6= f 0g which have fewer elements.
It is clear that the algorithm satis¯es Property 3 above.
Now consider the state of Algorithm 1 at line 18. Let i be such that jL 0

i j =
L max . Clearly L 0

i includesthe elements in L i which areat most ` many. Moreover
every new element addedto L 0

i in the loop spanninglines 8-12coversa sectionof
[b] of width ¿, and thus b=¿= C·` elements can be added.Thus L max · ` + C·` .
At the end of the algorithm every L 0

i contains either 1 element (which is f 0g) or
L max elements. This givesus Property 1. Note that C ¸ 4 by construction.



Algorithm 1 Computing a re¯nement of the grid S with the desiredproperties.
1: L max Ã 0.
2: for all 1 · i · n do
3: if L i = f 0g then
4: L 0

i Ã f 0g.
5: else
6: Consider L i = f x i

0 ; x i
1 : : : ; x i

` ¡ 1g, where x i
0 < x i

1 < ¢¢¢< x i
` ¡ 1 (Also let x i

` = b).
7: Set L 0

i Ã L i and ¿ Ã bb=4·` c.
8: for all r = 0; : : : ; ` ¡ 1 do
9: if jx i

r +1 ¡ x i
r j > ¿ then

10: L 0
i Ã L 0

i [ f x i
r + ¿; x i

r + 2¿; : : :g (up to and including the largest x i
r + j ¢¿

which is less than x i
r +1 )

11: end if
12: end for
13: if jL 0

i j > L max then
14: L max Ã jL 0

i j.
15: end if
16: end if
17: end for
18: for all 1 · i · n with jL 0

i j > 1 do
19: while (jL 0

i j < L max ) do
20: L 0

i Ã L 0
i [ f an arbitrary element from [b]g.

21: end while
22: end for
23: S0 Ã L 0

1 £ L 0
2 £ ¢¢¢£ L 0

n .

It is easyto verify that it satis¯es Property 2 as well (the logb factor in the
runtime is present becausethe algorithm works with (log b)-bit integers).

Property 1 and the bound jI Sj · · together give that the number of corners
in S is at most (` + C·` ) · . It is easy to seefrom the algorithm that the area
covered by each corner in S0 is at most bn

(C ·` ) · (again using the bound on jI Sj).
Therefore any ² fraction of the corners in S0 cover an area of at most:

²(` + C·` ) · £
bn

(C·` )· = ²(1 +
1

C·
)
·

£ bn <|{z}
C ¸ 4

e1=3²bn < 2²bn :

This givesProperty 4. ut

The following lemma is easyand useful; similar statements are given in [3].
Note that the lemma critically relies on the b-literals being basic.

Lemma 10. Let f : [b]n ! f¡ 1; 1g be expressed as an s-Majority of Parity
of basic b-literals. Then for each index 1 · i · n, there are at most 2s i -sensitive
valueswith respect to f .

Proof. A literal ` on variable x i inducestwo i -sensitivevalues.The lemmafollows
directly from our assumption (seeSection 2) that for each variable x i , each of
the s Parity gates has no more than one incoming literal which depends on
x i . ut



Algorithm 2 An improved algorithm for learning Majority of Parity of
basic b-literals.
1: L 1 Ã f 0g; L 2 Ã f 0g; : : : ; L n Ã f 0g.
2: lo op
3: S Ã L 1 £ L 2 £ ¢¢¢£ L n .
4: S0 Ã the output of re¯nement algorithm with input S.
5: One can express S0 = L 0

1 £ L 0
2 £ ¢¢¢ £ L 0

n . If L i 6= f 0g then L 0
i =

f x i
0 ; x i

1 : : : ; x i
( L max ¡ 1) g. Let x i

0 < x i
1 < ¢¢¢ < x i

t ¡ 1 and let ¿i : ZL max ! L 0
i

be the translation function such that ¿i (j ) = x i
j . If L i = L 0

i = f 0g then ¿i is the
function simply mapping 0 to 0.

6: Invoke GHS over f jS0 with accuracy ²=8. This is done by simulating
MEM(f jS0(x1 ; : : : ; xn )) with MEM(f (¿1(x1); ¿2(x2); : : : ; ¿n (xn ))). Let the output
of the algorithm be g.

7: Let h be a hypothesis function over [b]n such that h(x1 ; : : : ; xn ) =
g(¿¡ 1

1 (bx1c); : : : ; ¿¡ 1
n (bxn c)) (bx i c denotes largest value in L 0

i less than or equal
to x i ).

8: if h ²-approximates f then
9: Output h and terminate.

10: end if
11: Perform random membership queriesuntil an element (x1 ; : : : ; xn ) 2 [b]n is found

such that f (bx1c; : : : ; bxn c) 6= f (x1 ; : : : ; xn ).
12: Find an index 1 · i · n such that f (bx1c; : : : ; bx i ¡ 1c; x i ; : : : ; xn ) 6=

f (bx1c; : : : ; bx i ¡ 1c; bx i c; x i +1 ; : : : ; xn ). This requires O(log n) membership
queries using binary search.

13: Find a value ¾ such that bx i c + 1 · ¾ · x i and f (bx1c; : : : ; bx i ¡ 1c; ¾ ¡
1; x i +1 ; : : : ; xn ) 6= f (bx1c; : : : ; bx i ¡ 1c; ¾; x i +1 ; : : : ; xn ). This requires O(log b)
membership queries using binary search.

14: L i Ã L i [ f ¾g.
15: end lo op

Algorithm 2 is our extensionof the GHSalgorithm. It essentially works by re-
peatedly running GHSon the target function f but restricted to a small (relativ e
to [b]n ) grid. To upper bound the number of steps in each of these invocations
we will be referring to the result of Theorem 8. After each execution of GHS, the
hypothesisde¯ned over the grid is extendedto [b]n in a natural way and is tested
for ²-accuracy. If h is not ²-accurate, then a point whereh is incorrect is usedto
identify a new sensitive value and this value is usedto re¯ne the grid for the next
iteration. The bound on the number of sensitive values from Lemma 10 lets us
bound the number of iterations. Our theorem about Algorithm 2's performance
is the following:

Theorem 9. Let concept class C consist of s-Majority of r -Parity of basic
b-literals such that s = poly(n logb) and each f 2 Cn;b has at most · (n; b) non-
trivial indices and at most `(n; b) i -sensitive values for each i = 1; : : : ; n. Then
C is e±ciently learnable if r = O( log (n log b)

log log ·` ).

Proof. We assumeb = ! (·` ) without lossof generality. Otherwise one immedi-
ately obtains the result with a direct application of GHSthrough Theorem 8.



We clearly have · · n and ` · 2s: By Lemma 10 there are at most
·` = O(ns) sensitive values.We will show that the algorithm ¯nds a new sensi-
tiv e value at each iteration and terminates beforeall sensitive valuesare found.
Therefore the number of iterations will be upper bounded by O(ns). We will
also show that each iteration runs in poly(n; logb;² ¡ 1) steps.This will establish
the desiredresult.

Let's ¯rst establish that step 6 takes at most poly(n; logb;² ¡ 1) steps. To
observe this it is su±cient to combine the following facts:

{ Due to the construction of Algorithm 1 for every non-trivial index i of f ,
L 0

i has ¯xed cardinalit y = L max . Therefore GHScould be invoked over the
restriction of f onto the grid, f jS0, without any trouble.

{ If f is s-Majority of r -Parity of basicb-literals, then the function obtained
by restricting it onto the grid: f jS0 could be expressedas t-Majority of u-
Parity of basic L-literals where t · s, u · r and L · O(·` ) (due to the 1st

property of the re¯nement).
{ Running GHS over a grid with alphabet size O(·` ) in each non-trivial in-

dex takes poly(n; logb;² ¡ 1) time if the dimension of the rectanglesare r =
O( log (n log b)

log log ·` ) due to Theorem 8. The key idea here is that running GHSover
this ·` -sizealphabet lets us replacethe \ b" in Theorem 8 with \ ·` ".

To check whether if h ²-approximates f at step 8, we may draw O(1=²) ¢
log(1=±) uniform random examplesand usethe membership oracleto empirically
estimate h's accuracy on these examples.Standard bounds on sampling show
that if the true error rate of h is less than (say) ²=2, then the empirical error
rate on such a sample will be less than ² with probabilit y 1 ¡ ±. Observe that
if all the sensitive values are recovered by the algorithm, h will ²-approximate
f with high probabilit y. Indeed, since g (²=8)-approximates f jS0, Property 4 of
the re¯nement guaranteesthat misclassifyingthe function at ²=8 fraction of the
cornerscould at most incur an overall error of 2²=8 = ²=4. This is becausewhen
all the sensitive elements are recovered, for every corner in S0, h either agrees
with f or disagreeswith f in the entire region covered by that corner. Thus h
will be an ²=4 approximator to f with high probabilit y. This establishesthat the
algorithm must terminate within O(ns) iterations of the outer loop.

Locating another sensitive value occurs at steps 11, 12 and 13. Note that h
is not an ²-approximator to f becausethe algorithm moved beyond step 8. Even
if we were to correct all the mistakes in g this would alter at most ²=8 fraction
of the cornersin the grid S0 and therefore ²=4 fraction of the valuesin h { again
due to the 4th property of the re¯nement and the way h is generated.Therefore
for at least 3²=4 fraction of the domain we ought to have f (bx1c; : : : ; bxn c) 6=
f (x1; : : : ; xn ) where bx i c denotes largest value in L 0

i less than or equal to x i .
Thus the algorithm requires at most O(1=²) random queries to ¯nd such an
input in step 11.

Thuswehaveobservedthat steps6, 8, 11,12,13takeat most poly(n; logb;² ¡ 1)
steps.Therefore each iteration of Algorithm 2 runs in poly(n; logb;² ¡ 1) stepsas
claimed.

We note that we have beensomewhatcavalier in our treatment of the failure
probabilities for various events (such as the possibility of getting an inaccurate



estimate of h's error rate in step 9, or not ¯nding a suitable element (x1; : : : ; xn )
soon enough in step 11). A standard analysis shows that all these failure prob-
abilities can be made suitably small so that the overall failure probabilit y is at
most ± within the claimed runtime. ut

6 Applications to learning unions of rectangles

In this section we apply the results we have obtained in Sections 4 and 5 to
obtain results on learning unions of rectanglesand related classes.

6.1 Learning ma jorities and unions of man y low-dimensional
rectangles

The following lemma will let us apply our algorithm for learning Majority of
Parity of b-literals to learn Majority of And of b-literals:

Lemma 11. Let f : f¡ 1; 1gn ! f¡ 1; 1g be expressibleas an s-Majority of
r -And of Boolean literals. Then f is also expressibleas a O(ns2)-Majority of
r -Parity of Boolean literals.

We note that Krause and Pudl¶ak gave a related but slightly weaker bound in
[16]; they useda probabilistic argument to show that any s-Majority of And
of Boolean literals can be expressedas an O(n2s4)-Majority of Parity . Our
boosting-basedargument below closely follows that of [12, Corollary 13].

Pro of of Lemma 11: Let f be the Majority of h1; : : : ; hs where each hi is
an And gate of fan-in r . By Lemma 2, given any distribution D there is some
And function hj such that jED [f hj ]j ¸ 1=s. It is not hard to show that the
L 1-norm of any And function is at most 4 (see, e.g., [17, Lemma 5.1] for a
somewhatmore generalresult), so we have L 1(hj ) · 4. Now the argument from
the proof of Lemma 8 shows that there must be someparit y function Âa such
that jED [f Âa ]j ¸ 1=4s, where the variables in Âa are a subsetof the variables in
hj { and thus Âa is a parit y of at most r literals. Consequently , we can apply the
boosting algorithm of [7] stated in Theorem 4, choosing the weak hypothesis to
be a Parity with fan-in at most r at each stageof boosting, and be assuredthat
each weak hypothesishas advantage at least 1=4s at every stageof boosting. If
we boost to accuracy² = 1

2n +1 , then the resulting ¯nal hypothesiswill have zero
error with respect to f and will be a Majority of O(log(1=²)=s2) = O(ns2)
many r -Parity functions. Note that while this argument does not lead to a
computationally e±cient construction of the desiredMajority of r -Parity , it
doesestablish its existence,which is all we need. ut

Note that clearly any union (Or ) of s many r -rectanglescan be expressed
as an O(s)-Majority of r -rectanglesas well.

Theorem 1 and Lemma 11 together give us Theorem 2. (In fact, these re-
sults give us learnabilit y of s-Majority of r -And of b-literals which need not
necessarilybe basic.)



6.2 Learning unions of fewer rectangles of higher dimension

We now show that the number of rectangles s and the dimension bound r of
each rectangle can be traded o® against each other in Theorem 2 to a limited
extent. We state the results below for the cases = poly(log(n logb)), but one
could obtain analogousresults for a range of di®erent choicesof s.

We require the following lemma:

Lemma 12. Any s-term r -DNF can be expressed as an r O(
p

r log s) -Majority
of O(

p
r logs)-Parity of Boolean literals.

Proof. [15, Corollary 13] states that any s-term r -DNF can be expressedas an
r O(

p
r log s) -Majority of O(

p
r logs)-And s.By consideringthe Fourier represen-

tation of an And , it is clear that each t-And in the Majority can be replaced
by at most 2O(t ) many t-Parity s, corresponding to the parities in the Fourier
representation of the And . This gives the lemma. ut

Now we can prove Theorem 3, which givesus roughly a quadratic improve-
ment in the dimensionr of rectanglesover Theorem2 whens = poly(log(n logb)).

Proof of Theorem 3: First note that by Lemma 10, any function in Cn;b can
have at most · = O(r s) = poly(log(n logb)) non-trivial indices, and at most
` = O(s) = poly(log(n logb)) many i -sensitive values for all i = 1; : : : ; n. Now
useLemma 12 to expressany function in Cn;b as an s0-Majority of r 0-Parity
of basic b-literals where s0 = r O(

p
r log s) = poly(n logb) and r 0 = O(

p
r logs) =

O( log (n log b)
log log log (n log b) ). Finally, apply Theorem 9 to obtain the desiredresult. ut
Note that it is possibleto obtain a similar result for learning poly(log(n logb))

union of O( log 2 (n log b)
(log log (n log b)) 4 )-And of b-literals if one were to invoke Theorem 1.

6.3 Learning ma jorities of unions of disjoin t rectangles

A set f R1; : : : ; Rsg of rectangles is said to be disjoint if every input x 2 [b]n

satis¯es at most oneof the rectangles.Learning unions of disjoint rectanglesover
[b]n was studied by [3], and is a natural analogueover [b]n of learning \disjoin t
DNF" which has beenwell studied in the Boolean domain (seee.g. [14, 2]).

We observe that when disjoint rectanglesare consideredTheorem 2 extends
to the concept classof majorit y of unions of disjoint rectangles;enabling us to
improve the depth of our circuits by 1. This extensionrelieson the easilyveri¯ed
fact that if f 1; : : : ; f t are functions from [b]n to f¡ 1; 1gn such that each x satis¯es
at most one f i , then the function Or (f 1; : : : ; f t ) satis¯es L 1(Or (f 1; : : : ; f t )) =
O(L 1(f 1)+ ¢¢¢+ L 1(f (t))) : This fact lets usapply the argument behind Theorem6
without modi¯cation, and we obtain Corollary 1. Note that only the rectangles
connectedto the sameOr gate must be disjoint in order to invoke Corollary 1.

6.4 Conclusions and future work

For future work, besidesthe obvious goalsof strengthening our positive results,
we feel that it would be interesting to explore the limitations of current tech-
niques for learning unions of rectanglesover [b]n . At this point we cannot rule



out the possibility that the GeneralizedHarmonic Sieve algorithm is in fact a
poly(n; s; logb)-time algorithm for learning unions of s arbitrary rectanglesover
[b]n . Can evidencefor or against this possibility be given?For example,can one
show that the representational power of the hypotheseswhich the Generalized
Harmonic Sieve algorithm produces(when run for poly(n; s; logb) many stages)
is { or is not { su±cient to expresshigh-accuracy approximators to arbitrary
unions of s rectanglesover [b]n ?
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