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Abstract.  We considerthe problem of learning unions of rectanglesover
the domain [b]", in the uniform distribution membership query learning
setting, where both b and n are \large". We obtain poly(n; logb)-time
algorithms for the following classes:

{ poly(nlogb)-Majority  of O( 2" 9Dy dimensional rectangles.
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rectangles.
{ poly(nlogb)-Majority  of poly(n logb)-Or of disjoint O(%)-
dimensional rectangles.
Our main algorithmic tool is an extension of Jackson's boosting- and
Fourier-based Harmonic Sieve algorithm [12]to the domain [b]", building
on work of Akavia et al. [1]. Other ingredients usedto obtain the results
stated above are techniques from exact learning [3] and ideas from re-
cert work on learning augmented AC® circuits [13] and on represerting
Boolean functions as thresholds of parities [15].

1 Intro duction

Motiv ation. The learnability of Boolean valued functions de ned over the do-

theory literature. In particular, much researt hasbeendoneon learning various
classesof \unions of rectangles" over [b]" (seee.g.[3, 5, 6, 9, 12, 1§]), where a
rectangle is a conjunction of properties of the form \the value of attribute x;
liesin the range [®; ;]". One motivation for studying theseclasseds that they
are a natural analogue of classesof DNF (Disjunctive Normal Form) formulae
over f0; 1g"; for instance, it is easyto seethat in the caseb= 2 any union of s
rectanglesis simply a DNF with s terms.

Since the description length of a point x 2 [b]" is nlogb bits, a natural
goal in learning functions over [b]" is to obtain algorithms which run in time
poly(nloghb). Throughout the paper we referto suc algorithms with poly(nlogb)
runtime as excient algorithms. In this paper we give excient algorithms which
can learn seweral interesting classeof unions of rectanglesover [b]" in the model
of uniform distribution learning with membership queries.

Previous results. In a breakthrough result a decadeago, Jackson [12] gave the
Harmonic Siewe (HS) algorithm and proved that it can learn any s-term DNF
formula over n Boolean variables in poly(n;s) time. In fact, Jackson showved
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that the algorithm can learn any s-way majority of parities in poly(n;s) time;
this is a richer set of functions which includesall s-term DNF formulae. The HS
algorithm works by boosting a Fourier-basedweak learning algorithm, which is
a modi ed version of an earlier algorithm due to Kushilevitz and Mansour [17].

In [12] Jacksonalsodescribed an extensionof the HS algorithm to the domain
[b]". His main result for [b]" is an algorithm that can learn any union of s
rectanglesover []" in poly(sP'°9'°9 b n) time; note that this runtime is poly(n; s)
if and only if bis £ (1) (and the runtime is clearly exponertial in b for any s).

There hasalso beensubstartial work on learning various classesof unions of
rectanglesover [b]" in the more demanding model of exact learning from mem-
bership and equivalencequeries. Someof the subclassesof unions of rectangles
which have beenconsideredin this setting are

The dimension of each rectangle is O(1): Beimel and Kushilevitz [3] give
an algorithm learning any union of s O(1)-dimensional rectanglesover [b]"
in poly(n; s;logb) time steps, using equivalencequeriesonly.

The number of rectangles is limited: In [3] analgorithm is alsogivenwhich
exactly learns any union of O(logn) many rectanglesin poly(n;loghb) time
using membership and equivalence queries. Earlier, Maass and Warmuth
[18] gave an algorithm which usesonly equivalence queries and can learn
any union of O(1) rectanglesin poly(n;loghb) time.

The rectangles are disjoin t: If no input x 2 [b" belongsto more than one
rectangle, then [3] can learn a union of s such rectanglesin poly(n; s;logh)
time with membership and equivalencequeries.

Our techniques and results. Becauseezcient learnability is establishedfor
union of O(logn) arbitrary dimensional rectanglesby [3] in a more demand-
ing model, we are interested in adhieving positive results when the number of
rectanglesis strictly larger. Therefore all the caseswe study involve at least
poly(log(nlogh)) and sometimesas many as poly(nloghb) rectangles.

We start by describing a new variant of the Harmonic Siewe algorithm for
learning functions de ned over [b]"; we call this new algorithm the General-
ized Harmonic Siew, or GHS The key di®erencebetween GHS and Jadkson's
algorithm for [b]" is that whereasJadkson's algorithm useda weak learning al-
gorithm whose runtime is poly(b), the GHS algorithm usesa poly(loghb) time
weak learning algorithm described in recert work of Akavia et al. [1].

We then apply GHSto learn various classesof functions de ned in terms of
\ b-literals" (seeSection 2 for a precisede nition; roughly speaking a b-literal is
like a 1-dimensionalrectangle). We rst shaw the following result:

Theorem 1. The concept classof s-Majority ~ of r-Parity  of b-literals where

s = poly(nlogh), r = O(%) is exciently learnable using GHS

Learning this class has immediate applications for our goal of \learning
unions of rectangles”; in particular, it follows that

Theorem 2. The concept classof s-Majority  of r-rectangleswhere s = poly(nlogh),

r= O(%) is exciently learnable using GHS



This clearly implies excient learnability for unions (as opposedto majorities)
of s such rectanglesas well.

We then emplay a technique of restricting the domain [b]" to a much smaller
set and adaptively expanding this set as required. This approac was used in
the exact learning framework by Beimel and Kushilevitz [3]; by an appropriate
modi cation we adapt the underlying ideato the uniform distribution member-
ship query framework. Using this approac in conjunction with GHSwe obtain
almost a quadratic improvemert in the dimensionof the rectanglesif the number
of terms is guaranteed to be small:

Theorem 3. The concept class of unions of s = poly(log(nlogb)) many r-

_ log?(n log b) - . .
rectangleswhere r = O((Iog Tog (n Tog by Tog Tog 1og (n 10 b))2) is exciently learnable via
Algorithm 2 (see Section 5).

Finally we consider the case of disjoint rectangles (also studied by [3] as
mertioned above), and improve the depth of our circuits by 1 provided that the
rectanglesconnectedto the sameOr gate are disjoint:

Corollary 1. The concept classof s-Majority  of t-Or of disjoint r-rectangles
where s;t = poly(nlogh), r = O(%) is exciently learnableunder GHS
Organization. In Section 3 we describe the Generalized Harmonic Siewe al-
gorithm GHSwhich will be our main tool for learning unions of rectangles.In
Section4 we show that s-Majority ~ of r-Parity  of b-literals is exciently learn-
able using GHSfor suitable r; s; this conceptclassturns out to be quite useful for
learning unions of rectangles.In Section5 we improve over the results of Section
4 slightly if the number of terms is small, by adaptively selectinga small subset
of [b] in ead dimension which is suxcient for learning, and invoke GHS over
the restricted domain. In Section 6 we explore the consequencesf the results in
Sections4 and 5 for the ultimate goal of learning unions of rectangles.

2 Preliminaries

The learning model. We are interested in Boolean functions de ned over the
domain [b]", where[b] = f0;1;:::;bj 1g. We view Booleanfunctions as mapping
into fi 1;1gwhere 1is assaiated with Tr ue and 1 with False .

A concept classCis a collection of classegsets) of Booleanfunctions f C.p : n >
0;b> 1g such that if f 2 Cpp then f: [b" I fi 1;1g. Throughout this paper
we view both n and b asasymptotic parameters,and our goal is to exhibit algo-
rithms that learn various classesC,.;, in poly(n; logh) time. We now describe the
uniform distribution membership query learning model that we will consider.

A memlership oracle MEM(f ) is an oracle which, when queried with input
X, outputs the label f (x) assignedby the target f to the input. Let f 2 Cnp be
an unknown member of the concept classand let A be a randomized learning
algorithm which takesasinput accuracyand con dence parameters?; + and can
invoke MEM(f ). We say that A learns C under the uniform distribution on [b]"
provided that givenany 0< 2 +< 1 and accesgo MEM(f ), with probability at



least 1| + A outputs an 2-approximating hypothesish: [0" ! fj 1;1g (which
neednot belongto C) suc that Pry; e [f (X) = h(x)], 1j 2.

We are interested in computationally ezxcient learning algorithms. We say
that A learns C exciently if for any target conceptf 2 Cpy,

{ A runs for at most poly(n; log b;1=2;log 1=%) steps;
{ Any hypothesish that A producescan be evaluated on any x 2 [b" in at
most poly(n; logb;1=2;log 1=1) time steps.

The functions we study . The reader might wonder which classesof Boolean
valued functions over [b]" are interesting. In this article we study classesof
functions that are de ned in terms of \ b-literals"; theseinclude rectanglesand
unions of rectanglesover [b]" aswell as other richer classesAs described below,
b-literals are a natural extension of Boolean literals to the domain [b]".

De nition 1. A function “: [b] ! fj 1;1gis a basic b-literal if for some %2
fi 1,1g and some® - ~ with ® 2 [b we have *(x) = %if ® - x - ~, and
“(x) = j ¥aotherwise. A function “: [b]! fj 1;1gis a bliteral if there exists a
basic b-literal *° and some xed z 2 [b], gcd(z;b) = 1 suchthat for all x 2 [b] we
have (x) = “qxz).

Basic b-literals are the most natural extension of Boolean literals to the do-
main [b]". Generalb-literals (not necessarilybasic) were previously studied in [1]
and are also quite natural; for example,if b is odd then the least signi cant bit
function Ish(x): [b]! fj 1;1g(de ned by Ish(x) = j 1i®x is ewven) is a b-literal.

De nition 2. A function f: [Q" ! fj 1;1gis a k-rectangle if it is an And

of k basic brliterals “1;:::; « over k distinct variablesx;,;:::;x;, . If f is a k-
rectangle for somek then we may simply say that f is a rectangle A union of
s rectanglesR;;:::;Rs is a function of the form f (x) = Or {_; R;(x):

The classof unions of s rectanglesover [b]" is a natural generalizationof the class
of s-term DNF over f0;1g". Similarly Majority  of Parity of basic brliterals
generalizesthe classof Majority  of Parity of Boolean literals, a classwhich
has beenthe subject of much researd (seee.g.[12, 4, 15)]).

If G isalogic gatewith potentially unboundedfan-in (e.g. Majority , Par-
ity , And, etc.) we write \s-G" to indicate that the fan-in of G is restricted
to be at most s. Thus, for example,an \ s-Majority ~ of r-Parity  of b-literals"
is a Majority ~ of at most s functions gy;:::,;gs, ead of which is a Parity  of
at most r many b-literals. We will further assumethat any two b-literals which
are inputs to the same gate depend on di®erent variables. This is a natural re-
striction to imposein light of our ultimate goal of learning unions of rectangles.
Although our results hold without this assumption, it provides simplicity in the
presenation.

The Fourier transform. We will make useof the Fourier expansionof complex
valued functions over [b]".

Considerf;g: [b]’b! C endowed with the inner product i ;gi = E[f g] and
inducednormkfk = H;fi.Let!, = e’ andforeah ®= (®;:::;®,) 2 [b]",



let Ag: [H" I C bedened asAg(x) = | g** ***®Xn: Let B denotethe set of
functions B = fAg: ®2 [h"g. It is easyto verify the following properties:
{ Foreah ®= (®;:::;®,) 2 [b]", we have kAgk = 1. 1
{ Elemerts in B areorthogonal: For ®,~ 2 [0", wehave hAg; A-i = (1):]: g; —.
{ B constitutes an orthonormal basisfor all functions ff ;: [0" ! Cg considered
asavegor spaceover C; soewery f : [" ! C can be expresseduniquely as

f(x)= o (®Ag(X):

The valuesff'\(®): ® 2 [b"g are called the Fourier coexcients or the Fourier
transform of f. As is well known, Parseval's Identity relates the values of the
coexcients to the valuesof the function:

P
Lemma 1 (Parseval's Identity). o jf(®)j2 = E[jfj? for anyf:[g"! C.
P
We write L1(f) to denote 4 jf(®)].

Additional tools: weak hypotheses and boosting. Let f:[b" ! fj 1;1g
and D be a probability distribution over [b]". A function g: [b" ! R is said to
be a weak hypothesisfor f with advantage® under D if Ep[fg], °.

The rst boosting algorithm was described by Scapire [19] in 1990; since
then boosting has beenintensively studied (see[8] for an overview). The basic
ideais that by combining a sequenceof weak hypotheseshj;h,;::: (the i-th of
which has advantage ° with respect to a carefully chosendistribution Dj) it is
possibleto obtain a high accuracy nal hypothesish which satis es Pr[h(x) =
f(x)], 1i 2 The following theorem givesa precisestatemert of the performance
guarantees of a particular boosting algorithm, which we call Algorithm B, due
to Freund. Many similar statemerts are now known about a range of di®erert
boosting algorithms but this is suzcient for our purposes.

Theorem 4 (Bo osting Algorithm  [7]). Supposethat Algorithm B is given:

{ 0< 2 +£< 1, and memtership query accessMEM(f ) to f: [O" ! fj 1;1g;

{ accessto an algorithm WLwhich has the following property: given a value +°
and accessto MEM(f ) and to EX(f ; D) (the latter is an exampleoracle which
geneatesrandom examplesfrom [b]" drawn with respect to distribution D), it
constructs a weak hypothesisfor f with advantage® under D with probability
atleast 1; +°in time polynomial in n, logh, log(1=#9).

Then Algorithm B behavesas follows:

{ It runs for S = O(log(1=?)=°?) stagesand runs in total time polynomial in
n, logh, 21 1, °i 1 Jog(+ 1).

{ Ateachstagel- j - S it constructs a distribution D; suchthat L, (D;) <
poly(2i 1)=1", and simulates EX(f;D;) for WLin stagej. Moreover, there
is a \pseudo-distribution” Dj satisfying Dj(x) = cDj(x) for all x (where
c 2 [1=2;3=2] is some xed value) suchthat Dj(x) can be computed in time
polynomial in nlogb for each x 2 [b]".



{ It outputsa nal hypothesish = sign(h;+ h,+ :::+ hg) which 2-approximates
f under the uniform distribution with probability 1j # here h; is the output
of WLat stagej invoked with simulated accessto EX(f ; Dj).

Wewill sometimesinformally referto distributions D which satisfy the bound
L, (D) < p"'yb(—zl) as smooth distributions.

In order to useboosting, it must be the casethat there exists a suitable weak
hypothesis with advantage °. The \discriminator lemma" of Hajnal et al. [10]
can often be usedto assertthat the desiredweak hypothesisexists:

Lemma 2 (The Discriminator Lemma [10]). Let H be a classof § 1-valued
functions over [b]" andletf : [b" ! fj 1;1gbeexpressibleasf = Majority (hg;
:i17hg) where each hj 2 H and hy(x) + :::+ hg(x) 6 O for all x. Then for any
distribution D over [b]" there is someh; suchthat JEp [f hi]j, 1=s.

3 The Generalized Harmonic Sieve Algorithm

In this section our goal is to describe a variant of Jadkson's Harmonic Siewe
Algorithm and show that under suitable conditions it can exciently learn cer-
tain functions f: [0" ! fj 1;1g. As menrtioned earlier, our aim is to attain
poly(log b) runtime dependenceon band consequetly obtain excient algorithms
asdescribedin Section 2. This goal precludesusing Jackson's original Harmonic
Siewe variant for [b]" sincethe runtime of his weak learner dependspolynomially
rather than polylogarithmically on b (see[12, Lemma 15]).

As we describe below, this poly(log b) runtime can be achieved by modifying
the Harmonic Siewe over [b" to use a weak learner due to Akavia et al. [1]
which is more excient than Jadkson's weak learner. We shall call the resulting
algorithm \The GeneralizedHarmonic Siewe" algorithm, or GHSfor short.

Recall that in the Harmonic Siewe over the Boolean domain f; 1;1g", the
weak hypothesesusedare simply the Fourier basiselemerts over fj 1;1g", which
correspond to the Boolean-walued parity functions. For [b]", we will usethe real
componert of the complex-valued Fourier basis elemeris fAg;® 2 [b]"g as our
weak hypotheses.

The following theorem of Akavia et al. [1, Theorem 5] will play a crucial role
towards construction of the GHSalgorithm.

Theorem 5 (See [1]). There is a learning algorithm that, given memtership
queryaccesstof : [" ! C,0< ° and0< £< 1, outputsa list L of indicessuch
that with prokability at least 1j +, we havef®: jf(®)j > °gp L andjf()j,
for every ™~ 2 L: The running time of the algorithm is polynomial in n, loghb,
kfky , i1, log(# 1).

Lemma 3 (Construction of the weak hyp othesis). Given

{ Membership query accessMEM(f) to f : [0" ! fj 1;1g;

{ A smooth distribution D; more precisely, accessto an algorithm computing
D(x) in time polynomial in n, logb for each x 2 [O". Here D is a \pseudo-
distribution” for D asin Theorem 4, i.e. there is a value ¢ 2 [1=2; 3=2] such
that D(x) = cD(x) for all x:



{ A value0 < ° < 1=2 such that there exists a Fourier basis element A-
satisfying JEp [f A=) > °.

There is an algorithm that outputs a weak hypothesisfor f with advantage®© =2
under D with prokability 1; +and runs in time polynomial in n, logh, 2i 1, °i 1,
log(+ ).

Proof. Let fo(x) = B'D(X)f (x). Obsere that

{ SinceD is smooth, kfaki < poly(?! . i
{ Forany®2 [0", fa(®) = E[foha] = g o B'DOOF (X)As(X) = Ep [cf Ag).

Therefore one can invoke the algorithm of Theorem 5 over f(x) by simulat-
ing MEM(f.) via MEM(f), ead time with poly(n;logb) time overhead, and
obtain a list L of indices as in Theorem 5. It is easyto seethat the algo-
rithm runs in the desiredtime bound and outputs a nonempty list L. Let ~ be
any element of L. Becausefw(") = E[B"D(x)f (x)A-(x)], one can approximate

]EEE ;’S}j = J';:DE:;J = &¥ using uniformly drawn random examples.Let e’ be
the approximation thus obtained. Note that by assumption we have:
{ ifs(i> c°.

{ For random x 2 [b]", the random variable (B D(x)f (x)A-(x)) always takes
a value whosemagpnitude is O(poly(2i 1)) in absolute value.

Using a straightforward Cherno®bound argumert, this implies that juj pg can
be made smaller than any constart using poly(n; logb;2i 1) time and random
examples.
Now note that we have
Eo[fA7]= e"jEp[fA7li) EplfehA]= Ep[fAT]j> °:
Therefore for a suxciently small value of juj pj, we have
Ep [f <f &°A-g] = <f Ep [f e*°A-]Jg= <f&®i W) FD[f{guA"—}] g, °=2

real valued and > °

We concludethat <f e°A-g constitutes a weak hypothesisfor f with advan-
tage °=2 under D with high probability. t

Rephrasingthe statemert of Lemma 3, now we know: As long asfor any function
f in the concept classit is guaranteed that under any smooth distribution D
there is a Fourier basiselemer A- that hasnonnegligible correlation with f (i.e.
iEp [f Agli > °), then it is possibleto exciently identify and usesucd a Fourier
basiselemen to construct a weak hypothesis.

Now as in Jadkson's original Harmonic Siewe, one can invoke Algorithm B
from Theorem 4: At stagej, we have a distribution D; over [b]" for which
L1 (Dj) < poly(2i )=l'. Thus one can passthe valuesof D; to the algorithm
in Lemma 3 and use this algorithm as WLin Algorithm B to obtain the weak
hypothesisat eat stage. Repeating this idea for every stageand combining the
weak hypothesesgeneratedfor all the stagesasdescribed by Theorem 4, we have
the GHSalgorithm:



Corollary 2 (The Generalized Harmonic Sieve). Let C be a concept class.
Supmse that for any concept f 2 Cpyp and any distribution D over [b]" with
L1 (D) < poly(2i 1)=1' there existsa Fourier basiselementAg suchthat jEp [f Ag]j
. °. Then C can be learned in time poly(n; logb;2i 1;°i 1),

4 Learning Majority  of Parity using GHS

In this section we identify classesof functions which can be learned extciently
using the GHSalgorithm and prove Theorem 1.

To prove Theorem 1, we show that for any conceptf 2 C and under any
smooth distribution there must be some Fourier basis elemert which has high
correlation with f; this is the essetial step which lets us apply the Generalized
Harmonic Siewe. We prove this in Section4.2.In Section4.3 we give an alternate
argumert which yielqs?'lrheb?rem 1 analoguebut with a slightly di®erert bound

og (n log

onr, namelyr = O(W .

4.1 Setting the stage

For easeof notation we will write abg®) to denote minf®;bj ®g. We will use
the following simple lemma from [1]:

P.
Lemma 4 (See [1]). Forall 0- " - b, we havej y':ol ! b®yj < b=abg¢®).
Corollary 3. Letf:[b! fj 1;1gbeabasicbliteral. Thenif ®= 0, jf’\(®)j <1,
while if ®6 0, jf(®)j < O(z5ay)-

Proof. The rst inequality follows immediately from Lemma 1 (Parseal's Iden-
tity) becausef is § 1-valued. For the latter, note that jf’\(®)j = JE[f Aglj =

Y Y-V S WO R e

b x2fi 1(1) x2fi 1(j 1) b x2fi 1(1) x2fi1(j 1)

where the inequality is simply the triangle inequlin;y. It is easytcbsgethat eah
of the sumson the RHS above equals £j! §j Lyt pYj = £ Lot pYj for
somesuitable c and * - b, and henceby Lemma 4 eat sum is O(m). This
givesthe desiredresult. ti

The following easylemma is useful for relating the Fourier transform of a
b-literal to the correspnding basic b-literal:

Lemma 5. For f;g:[b! C suchthat g(x) = f(xz) wher gcd(z;b) = 1, we
have §(®) = f\(@zi 1).

Proof.

8(®) = Ex[g(x)Ae(X)] = Ex[f (x2)Ae(X)] = Exqi :[f (X)Ae(xzi 1)]
= Exgi 1[f (0)Aazi 1(X)] = Ex[f () Agzi 1 (¥)] = f(@21 1) u




A natural way to approximate a b-literal is by truncating its Fourier repre-
sertation. We make the following de nition:

De nition 3. Let k be a positive integer. For ,g: [b ! fi 1;1g a basic bliteral,
the k-restriction of f is f [b] I C; f(X) = 55e). « F(®Ag(x): More gen-
erally, for f : [b ! fj 1;1g a bliteral (so f (x) = fPO(xz) where f 0 is a basic
gliteral) the k-restriction of f is f=; [b]! C; f(x) = abs(®zi 1)- k f’\(®)A®(x) =

abs(7)- k ibD(_)A’ (x):

4.2 There exist highly correlated Fourier basis elements for
functions in Cunder smooth distributions

In this section we shaw that given any f 2 C and any smooth distribution D,
some Fourier basis elemert must have high correlation with f. We begin by
bounding the error of the k-restriction of a basic b-literal:

Lemma 6. Forf:[b! fj 1;1ga bliteral and f~the k-restriction of f , we have
E[if i fj%]= O(1=K).

Proof. Without lossof generality assumef to be a basic b-literal. By an imme-
diate application of Lemma 1 (Parsewal's Identit y) we obtain:

P
EGf i 12= G

P
O(1)=@% = O(1=k):
abs(®)>k k

by Corollary 3 ®>

Now supposethat f is an r-Parity of bliterals fq;:::;f,. Since Parity
gj)rresponds to multiplication over the domain fj 1;1g, this meansthat f =
Qirzl fi. It is natural to approximate f by the product of the k-restrictions
'_, f7. The following lemma boundsthe error of this approximation:
Lemma 7. Fori= 1;:::;r,letf;:[b]! fj 1,1gbeabliteral andlet fi beits k-
restriction. Then E[jf1(x1)f2(x2) 121 fr (xr) i Fi(xa)fa(x2) :::F7(x)j] < L

Proof. First note that by the nonnegativity of variance and Lemma 6, we have
that foreadhi = 1;:::;r:

q _
B lifix) | OO Exlifitx) 1 o) = 0=
Therefore we also have for each i = 1;:::;r:
Ex, 0f7(xi)j] < FXi[ifT(xi{)7i fi(Xi)ig"' IEXi [I%(X_J@ = O(1):
<0 (pl) =

JFa(xa) roife(xe) i Fr(xa) coefr(xe)j -

Jfaxa) rife(Xe) i fFa(Xa)iooifey a(Xey )Y (X0)j +

o) soofepalXes )Fr (%) i Fi(xa) oofv(xe)j -

o) i Frxe)i+ v Oediifa(xa) toofey a(Xey 1) 0 Falxa) soofTy a(Xey 1)



Therefore the expectation in question is at most:

=0@1= k) =0()

We can repeat this argumernt successiely until the base case Ey, [jf1(X1) i
f1(x1)j] - O(pl—E) is reached. Thus for someK ;L = 0(1), we have

K+ KL+ KL?+ i+ KL !
p—

Expx o2y Dfa(xa) coofe(Xe) i Fa(xa) oo fv (xe)j] - e

LT 1
(Li 1k

from which the lemma follows. u

Now we are ready for the main theorem assertingthe existence(under suit-
able conditions) of a highly correlated Fourier basiselemen. The basicapproac
of the following proof is reminiscernt of the main technical lemma from [13].

Theorem 6. Let ¢ be a parameter to be speci ed later and C be the concept
class consisting of s-Majority  of r-Parity of b-literals where s = poly(¢)

and 1 = O(jrns). Then for any f 2 Cnp and any distribution D over [o]"

with L1 (D) = poly(¢)=8", there exists a Fourier basis element Ag such that
JEp [fAeli > - (1=poly(¢)):

Proof. Assumef is a Majority  of hy;:::;hs ead of which is a r-Parity  of
brliterals. Then Lemma 2 implies that there exists h; suc that jEp [f h;]j , 1=s.
Let h; be Parity of the b-literals "q1;:::; ¢
Since s and b' ¢L, (D) are both at most poly(¢) and r = O(log’?o(gé()é)),
Lemma7 implies that there are absoluteconstarts C;; C, sudch that if we consider
6e k-restrictions ™1;:::;7y of “q;:::; 7, for k = Cp ¢¢C2, we will have E[jh; j
;

=1 i+ 1H(2sW'L, (D)) wherethe expectation on the left hand sideis with
6spect to the uniform distribution on [b]”.ghis in turn implies that Ep [jh; i
r

r ~

i1 ]+ 1=2s: Let uswrite h%to denote =1 j- Wethen have
JEo[fh%, jEp[fhilii jEolf (hii h9li, jEolfhilii Ep[if(hii h9j]
= jEp[fhilii Epf[ihii h9], 1=sj 1=2s= 1=2s:

Now obsene that we additionally have
o P P _ -
JEolfh%=jEoll AY®Acli=] HRAGEs[AG] - Li(h)maxjEo [f As)

Moreover, for eadh j = 1;:::;r we have the following (where we write ‘]-O to
denote the basic b-literal assaiated with the bliteral “j):

- _ P B 4] o .
L1(5) = M@ g 1t . O(1)=®= O(logk):

. ®=
abs(®)- k by Corollary 3



Q,

Therefore, for some absolute constart ¢ > 0 we have L1(h9 - =1 La(ff) -
(clogk)", where the rst inequality holds sincethe L; norm of a product is at
most the product of the L; norms. Combining inequalities, we obtain

maxijEp [f Asli, 1=(2s(clogk)") = - (1=poly(¢))
which is the desiredresult. u

Since we are interested in algorithms with runtime poly(n; logb;2i 1), setting
¢ = n2i Llogbin Theorem 6 and combining its result with Corollary 2, givesrise
to Theorem 1.

4.3 The second approac h

A di®erer analysis, similar to that which Jadkson usesin the proof of [12, Fact
14], givesus an alternate bound to Theorem 6:

Lemma 8. Let C be the concept class consisting of s-Majority  of r-Parity
of brliterals. Then for any f 2 C,p and any distribution D over [b]", there exists
a Fourier basis elementAg suchthat jEp [f Aglj = - (1=s(logh)"):

Proof. Assumef is a Majority  of hy;:::;hs ead of which is a r-Parity  of
bliterals. Then Lemma 2 implies that there exists h; suc that jEp [f hi]j, 1=s.
Let h; be Parity of the brliterals "1;:::; ;. Now obsene:

— P = . . Ao
1=s- jEp[fhili = JEp[fhilj =] o hi(®Ep [fAs]i - Li(hi) maxjEp [f Asli

*? to denote the basic b-literal assaiated with the brliteral ;):

L1( > C) = 1+ 7 0)=®= O(logh):
1(y) 1z} ®J i (®)] 1z} om1 (1)=®= O(logb):
by Lemma 5 by Corollary 3

Therefore for someconstart ¢ > 0 we have L(h;) - erzl L1(j) = O((logb)"),
from which we obtain maxe jEp [f Aglj = - (1=s(logb)"). t

Combining this result with that of Corollary 2 we obtain the following result:

Theorem 7. The concept class C consisting of s-Majority ~ of r-Parity  of
b-literals can be learned in time poly(s;n; (logb)") using the GHS algorithm.

As an immediate corollary we obtain the following closeanalogueof Theorem 1:

Theorem 8. The concept classC consisting of s-Majority ~ of r-Parity  of b-
literals where s = poly(nlogh), r = O(%) is exciently learnable using
the GHS algorithm.



5 Locating sensitive elements and learning with GHSon a
restricted grid

In this section we consider an extension of the GHS algorithm which lets us
achieve slightly better bounds when we are dealing only with basic b-literals.
Following an idea from [3], the new algorithm works by identifying a subset of
\sensitive" elemerts from [b] for ead of the n dimensions.

De nition 4 (See [3]). A value %2 [b] is called i-sensitive with respect to
f:[o" ! fi 1;1gif there existvaluescy;Cy;:::;Ci; 1;G+1;:::;Ca 2 [B] suchthat

called sensitive with respect to f if 34is i-sensitive for somei. If there is no
i-sensitive value with respect to f, we say index i is trivial .

The main idea is to run GHS over a restricted subset of the original domain
[bI", which is the grid formed by the sensitive valuesand a few more additional
values, and therefore lower the algorithm's complexity.

Denition 5. Agridin[b" isasetS= Li1£ L,£ ¢¢¢E L, with 02 L; p [b] for
eachi. We refer to the elementsof S as corners The region covered by a corner
(X1;:::;%n) 2 Sis de ned to be the setf(y1;:::;yn) 2 [H": 8i; x; -+ y; < dXjeg
where dx; e denotesthe smallestvaluein L; whichis largerthan x; (by convention
dxje:= bif no suchvalue@dsts).The areacoveredby the corner (x1;:::;Xn) 2 S
is therefore de ned to be in:l (dxjej xi). A re nement of Sis a grid in [b]" of
the form LY £ LI £ ¢¢¢E LY wher eachL; p LY.

Lemma 9. LetSheagrid L; £ Lo £ ¢¢E L, in [ suchthat eachjL;j -
Let | s denotethe set of indicesfor whichL; 6 fOg: If jl sj - -, then S admits
arenement = LY £ LY £ ¢¢¢E LY suchthat

1. All of the setsL ? which contain more than one elementhavethe samenumker
of elements:L max , Whichis at most* + C-*, whee C = & ¢ﬁ .4

2. Given a list of the setsLq;:::;L, asinput, alist of the setsLY;:::;L9 can
be geneated by an algorithm with a running time of O(n-" logh).

3. L%= f0g wheneverL; = f0g.

4. Any 2 fraction of the corners in S cover a combined area of at most 22b".

Proof. Consider Algorithm 1 which, givenS= L, £ L, £ ¢¢¢E L,,, generatesS>.

The purpose of the code between lines 18{22 is to make every L° 6 fOg
contain equal number of elemens. Therefore the algorithm keepstrack of the
number of elemers in the largest Li0 in a variable called L hox and evertually
adds more (arbitrary) elemerts to those L? & f0g which have fewer elemerts.

It is clear that the algorithm satis es Property 3 above.

Now considerthe state of Algorithm 1 at line 18. Let i be such that jLY =
L max - Clearly LiO includesthe elemerts in L; which areat most ™ many. Moreover
every new elemert addedto L?in the loop spanninglines 8-12 covers a section of
[b] of width ¢, andthusb=¢= C-° elemens canbeadded. ThusL s - +C- .
At the end of the algorithm every L contains either 1 elemen (which is f Og) or
Lmax elemers. This givesus Property 1. Note that C , 4 by construction.



Algorithm 1 Computing a re nement of the grid Swith the desiredproperties.

1: Lmax A O.

2:for all 1- i- ndo

3: if Ly = f0Og then

4: LOA fog.

5. else

6: ConsiderL; = fxg;x5::1;x!, 10, wherexp < xj < ¢¢¢< x', ; (Also let x' = D).

7: SetL?A L; and ¢ A bb=- c.

8: for all r=20;:::;°j 1do

9: if jxi. i xij> ¢ then

10: LOA LY fxb+ ¢x} + 2¢;:::g (up to and including the largest x} + j ¢,
which is lessthan x!.; )

11: end if

12: end for

13: if jL% > Lmax then

14: Lmax A jLY.

15: end if

16: end if

17: end for

18: for all 1- i- nwith jLY > 1do

19: while (JLPJ < L max ) do

20: LOA L?[ fan arbitrary elemert from [b]g.

21:  end while

22: end for

23: A LYE LY £ ¢eeE LO.

It is easyto verify that it satis es Property 2 aswell (the logb factor in the
runtime is presen becausethe algorithm works with (log b)-bit integers).

Property 1 and the bound jl sj - - together give that the number of corners
in Sisat most (" + C-" ) . It is easyto seefrom the algorithm that the area
covered by ead cornerin S is at most ﬁ (again using the bound on jl gj).
Therefore any 2 fraction of the cornersin S° cover an areaof at most:

o} 10 -
-2 1=321N 2N -
C. 4

2C+CT) £ ﬁ

This givesProperty 4. ti

The following lemma is easyand useful; similar statemerts are given in [3].
Note that the lemma critically relies on the bliterals being basic.

Lemma 10. Letf:[b" ! fj 1;1g be expressé as an s-Majority  of Parity
of basic b-literals. Then for eachindex1 - i - n, there are at most 2s i-sensitive
valueswith respect to f .

Proof. A literal ~ onvariable x; inducestwo i-sensitive values.The lemmafollows
directly from our assumption (see Section 2) that for eadt variable x;, ead of
the s Parity gates has no more than one incoming literal which depends on
Xj . u



Algorithm 2 An improved algorithm for learning Majority  of Parity of
basic b-literals.

2: loop

30 SA Li£L,£ GGCE Ly.

4:  SPA the output of re nement algorithm with input S.

5. One can express S = LY £ LI £ ¢¢¢£ L. If Ly 6 fOg then L? =
fXoiXh XL, ;0 Let Xo < xi < ¢0¢< x{,; and let & : ZL,, ! L
be the translation function sudh that ¢ (j) = x,' If Ly = L?= fOgthen ¢ is the
function simply mapping 0 to 0.

6: Invoke GHS over fjso with accuracy 2=8. This is done by simulating
MEM (f jso(X1;:::;Xn)) with MEM(f (¢1(X1); é2(X2);:: 15 ¢én(Xn))). Let the output
of the algorithm be g.

7: Let h be a hypothesis function over [b" such that h(xi;:::;Xn) =

g(éd T(bx1c); 11 é H(bxnc)) (bxic denoteslargest value in LY lessthan or equal
to x;).

8: if h 2-approximates f then

9: Output h and terminate.

10:  end if

11:  Perform random membership queriesuntil an elemert (x1;:::;xn) 2 [b]" is found
such that f (bxic;:::;bxnc) 6 f(X1;:::;Xn).

12: Find an index 1 - i - n sud that f(bxic;:::;bxi;1C;Xi;:::;Xn) 6
f(bxyc;:ii;bxi; 1CbXiC Xi+1 ;:::;Xn). This requires O(logn) membership
queries using binary seard.

13: Find a value % such that bxic+ 1 - % - x; and f (bxic;:::;bXi; 1C; ¥

1 Xie1;::0%Xn) 6 f(bxaci:iii;bXi; 16 %Xi+1 ;:::;Xn). This requires O(log b)
membership queries using binary seard.

14: LA L[ f%.

15: end loop

Algorithm 2 is our extensionof the GHSalgorithm. It essetially works by re-
peatedly running GHSon the target function f but restricted to a small (relative
to [b") grid. To upper bound the number of stepsin ead of these invocations
we will be referring to the result of Theorem 8. After ead execution of GHS the
hypothesisde ned over the grid is extendedto [b]" in a natural way and is tested
for 2-accuracy If h is not 2-accurate, then a point whereh is incorrect is usedto
identify a new sensitive value and this valueis usedto re ne the grid for the next
iteration. The bound on the number of sensitive valuesfrom Lemma 10 lets us
bound the number of iterations. Our theorem about Algorithm 2's performance
is the following:

Theorem 9. Let concept class C consist of s-Majority  of r-Parity  of hasic

brliterals suchthat s = poly(nlogh) and eachf 2 C, hasat most - (n; b) non-
. . . _ | | b

Cis exciently learnableif r = O(% .

Proof. We assumeb= ! (-° ) without lossof generality. Otherwise one immedi-

ately obtains the result with a direct application of GHSthrough Theorem 8.



We clearly have - - n and ° - 2s: By Lemma 10 there are at most
= O(ns) sensitive values. We will show that the algorithm nds a new sensi-
tive value at ead iteration and terminates before all sensitive valuesare found.
Therefore the number of iterations will be upper bounded by O(ns). We will
alsoshow that ead iteration runs in poly(n; logb;2i 1) steps. This will establish
the desiredresult.

Let's st establish that step 6 takes at most poly(n; logb;2i 1) steps. To
obsene this it is sutcient to combine the following facts:

~

{ Due to the construction of Algorithm 1 for every non-trivial index i of f,
Li0 has xed cardinality = L nax . Therefore GHS could be invoked over the
restriction of f onto the grid, f jso, without any trouble.

{ Iff iss-Majority  ofr-Parity of basicbk-literals, then the function obtained
by restricting it onto the grid: f jso could be expressedast-Majority  of u-
Parity  of basicL-literals wheret - s,u- randL - O(-" ) (due to the 1%
property of the re nement).

{ Running GHS over a grid with alphabet size O(-" ) in ead non-trivial in-
dex takes poly(n; logb;2i 1) time if the dimension of the rectanglesare r =

O(W) dueto Theorem 8. The key idea hereis that running GHSover

this -~ -sizealphabet lets us replacethe \b' in Theorem 8 with \-™ "

To chedk whether if h 2-approximates f at step 8, we may draw O(1=?) ¢
log(1=%) uniform random examplesand usethe membership oracleto empirically
estimate h's accuracy on these examples. Standard bounds on sampling show
that if the true error rate of h is lessthan (say) 2=2, then the empirical error
rate on such a samplewill be lessthan 2 with probability 1 + Obserwe that
if all the sensitive values are recovered by the algorithm, h will 2-approximate
f with high probability. Indeed, since g (2=8)-approximates f jso, Property 4 of
the re nement guaranteesthat misclassifyingthe function at 2=8 fraction of the
cornerscould at most incur an overall error of 22=8 = 2=4. This is becausewhen
all the sensitive elemernis are recovered, for every corner in S° h either agrees
with f or disagreeswith f in the entire region covered by that corner. Thus h
will be an2=4 approximator to f with high probability. This establishesthat the
algorithm must terminate within O(ns) iterations of the outer loop.

Locating another sensitive value occurs at steps11, 12 and 13. Note that h
is not an 2-approximator to f becausehe algorithm moved beyond step 8. Even
if we wereto correct all the mistakesin g this would alter at most 2=8 fraction
of the cornersin the grid S° and therefore 2=4 fraction of the valuesin h { again
due to the 4" property of the re nement and the way h is generated. Therefore

Thus the algorithm requires at most O(1=2) random queriesto nd such an
input in step 11.

Thuswe have obsenedthat steps6, 8,11,12,13takeat most poly(n; logb;2i 1)
steps. Therefore ead iteration of Algorithm 2 runs in poly(n; logb;2i 1) stepsas
claimed.

We note that we have beensomewhatcavalier in our treatment of the failure
probabilities for various evernts (such as the possibility of getting an inaccurate



soon enoughin step 11). A standard analysis shows that all these failure prob-
abilities can be made suitably small sothat the overall failure probability is at
most + within the claimed runtime. t

6 Applications to learning unions of rectangles

In this section we apply the results we have obtained in Sections4 and 5 to
obtain results on learning unions of rectanglesand related classes.

6.1 Learning majorities and unions of many low-dimensional
rectangles

The following lemma will let us apply our algorithm for learning Majority ~ of
Parity of bliterals to learn Majority  of And of bliterals:

Lemma 11. Letf:fj 1;1g" ! fj 1;1g be expressibleas an s-Majority  of
r-And of Boolean literals. Then f is also expressibleas a O(ns?)-Majority  of
r-Parity of Boolean literals.

We note that Krause and Pudifik gave a related but slightly weaker bound in
[16]; they useda probabilistic argumert to shaw that any s-Majority  of And
of Boolean literals can be expressedas an O(n?s*)-Majority  of Parity . Our
boosting-basedargumert below closely follows that of [12, Corollary 13].

Pro of of Lemma 11: Let f be the Majority  of hy;:::;hs where eat h; is
an And gate of fan-in r. By Lemma 2, given any distribution D there is some
And function h; sud that jEp[fh;]j , 1=s. It is not hard to show that the
L,-norm of any And function is at most 4 (see,e.g., [17, Lemma 5.1] for a
somewhatmore generalresult), sowe have L1(h;) - 4. Now the argumert from
the proof of Lemma 8 shows that there must be someparity function A, suc
that jEp [f As]j, 1=4s, wherethe variablesin A, are a subsetof the variablesin
h; { and thus A, is a parity of at mostr literals. Consequetly, we can apply the
boosting algorithm of [7] stated in Theorem 4, choosing the weak hypothesisto
beaParity with fan-in at mostr at ead stageof boosting, and be assuredthat
ead weak hypothesishas advantage at least 1=4s at every stage of boosting. If

we boost to accuracy? = ﬁ then the resulting "nal hypothesiswill have zero

error with respect to f and will be a Majority  of O(log(1=2)=s?) = O(ns?)
many r-Parity functions. Note that while this argumernt does not lead to a
computationally excient construction of the desired Majority ~ of r-Parity , it
doesestablishits existence,which is all we need. t

Note that clearly any union (Or ) of s many r-rectanglescan be expressed
asan O(s)-Majority  of r-rectanglesas well.

Theorem 1 and Lemma 11 together give us Theorem 2. (In fact, these re-
sults give us learnability of s-Majority  of r-And of b-literals which need not
necessarilybe basic.)



6.2 Learning unions of fewer rectangles of higher dimension

We now shawv that the number of rectangless and the dimension bound r of
ead rectangle can be traded o® against eat other in Theorem 2 to a limited
extent. We state the results below for the cases = poly(log(nlogh)), but one
could obtain analogousresults for a range of di®erert choicesof s.

We require the following lemma:

p_ .
Lemma 12. Any s-term r-DNF can be expresse as an r©( 7109 s)_Majority
of O(" rlogs)-Parity of Boolean literals.

Proof. [15, Corollary 13] st%tes that any s-term r-DNF can be expressedas an
roC rlogs)_Majority of O(' r logs)-And s.By consideringthe Fourier represen-
tation of an And, it is clearthat ead t-And in the Majority ~ can be replaced
by at most 2°() many t-Parity s, corresponding to the parities in the Fourier
represertation of the And . This givesthe lemma. b

Now we can prove Theorem 3, which givesus roughly a quadratic improve-
mert in the dimensionr of rectanglesover Theorem2whens = poly(log(n log b)).

Proof of Theorem 3: First note that by Lemma 10, any function in C,p, can
have at most - = O(rs) = poly(log(nlogh)) non-trivial indices, and at most

useLemma 12 to expressany funchion in Chp asan s>Majority  of r*Parity

of basic b-literals where s®= r@( 71095) = poly(nlogh) and r°= O(' rlogs) =

O(%). Finally, apply Theorem 9 to obtain the desiredresult.  t
Note that it is possibleto obtain a similar result for learning poly(log(n log b))

union of 0(7'092(” gb_y.And of brliterals if onewereto invoke Theorem 1
(log log(nTog b))%/~ .

6.3 Learning majorities of unions of disjoin t rectangles

satis es at most one of the rectangles.Learning unions of disjoint rectanglesover
[b" was studied by [3], and is a natural analogueover [b]" of learning \disjoin t
DNF" which has beenwell studied in the Boolean domain (seee.g.[14, 2]).

We obsene that when disjoint rectanglesare consideredTheorem 2 extends
to the concept classof majority of unions of disjoint rectangles;enabling us to
improve the depth of our circuits by 1. This extensionrelieson the easily veri ed

O(L1(f 1)+ ¢¢e+ L4 (f (t))): This fact lets usapply the argumert behind Theorem 6
without modi cation, and we obtain Corollary 1. Note that only the rectangles
connectedto the sameOr gate must be disjoint in order to invoke Corollary 1.

6.4 Conclusions and future work

For future work, besidesthe obvious goalsof strengthening our positive results,
we feel that it would be interesting to explore the limitations of current tech-
niques for learning unions of rectanglesover [b". At this point we cannot rule



out the possibility that the Generalized Harmonic Siewe algorithm is in fact a
poly(n; s;logb)-time algorithm for learning unions of s arbitrary rectanglesover
[b]". Can evidencefor or against this possibility be given? For example, can one
show that the represenational power of the hypotheseswhich the Generalized
Harmonic Siew algorithm produces(when run for poly(n;s;logb) many stages)
is { or is not { sutcient to expresshigh-accuracy approximators to arbitrary
unions of s rectanglesover [h]" ?
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