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Abstract

Clustering and dimensionality reduction are simple, effective ways
to derive useful representations of data, such as images. These proce-
dures often are used as preprocessing steps for more sophisticated pat-
tern analysis techniques. (In fact, these procedures often perform as well
as or better than more sophisticated pattern analysis techniques.) How-
ever, in situations where each input has been randomly transformed (e.g.,
by translation, rotation and shearing in images), these methods tend to
extract cluster centers and submanifolds that account for variations in the
input due to transformations, instead of more interesting and potentially
useful structure. For example, if images of a human face are clustered,
it would be more useful for the different clusters to represent different
poses and expressions, instead of different translations and rotations.
We describe a way to add transformation invariance to mixture models,
factor analyzers and mixtures of factor analyzers by approximating the
nonlinear transformation manifold by a discrete set of points. In contrast
to linear approximations of the transformation manifold, which assume
the amount of transformation is small, our method works well for large
levels of transformation. We show how the expectation maximization al-
gorithm can be used to jointly learn a set of clusters, a subspace model,
or a mixture of subspace models and at the same time infer the trans-
formation associated with each case. After illustrating this technique on
some dif�cult contrived problems, we compare the technique with other
methods for �lter ing noisy images obtained from a scanning electron mi-
croscope, clustering images of faces into different categories of identi-
�cation and pose, subspace modeling of facial expressions, subspace
modeling of images of handwritten digits for handwriting classi�cation,
and unsupervised classi�cation of images of handwritten digits.

I . INTRODUCTION

We are interestedin developing algorithms that can learn
modelsof differenttypesof objectfrom unlabeledimagesthat
includebackgroundclutterandspatialtransformations,suchas
translation,rotationandshearing. For example,Fig. 1 shows
several

���������
	

pixel greyscaleimagesobtainedfrom a scan-
ning electronmicroscope.Theelectrondetectorsandthehigh-
speedelectricalcircuits randomlytranslatethe imagesandadd
noise[1]. Standard�ltering techniquesarenotappropriatehere,
sincetheimagesarenotaligned.Dueto thehigh level of noise,
it is dif�cult to properlyalign themby handandthis requires
humaneffort.

Fig. 2 shows several
�
���
���

pixel greyscale head-and-
shoulderimagesof a personwalking outdoors.Thecameradid
not trackthepersonsheadperfectly, sotheheadappearsat dif-
ferentlocations.Theimagesincludevariationin theposeof the
head,aswell asbackgroundclutter– someof which appearsin
multiple images. Aligning the imageswithout a modelof the
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Fig. 1. Several images of size ����������� pixels, taken by a scanning elec-
tron microscope. The electron detectors and high-speed electrical
circuits introduce random translations.

person's appearanceandwithout temporalinformationis dif�-
cult. Evenwith temporalinformation,(a videosequence)stan-
dardblob-trackingmethodsdonotworkwell dueto thepresence
of coherentbackgroundclutter.

Fig.2. Some images of size ��������� pixels, of a person walking outdoors.
The head has different poses and appears at different positions in the
�eld of view. In addition, the background is highly cluttered and there
is variation in lighting conditions.

Fig. 3 shows preprocessedgreyscaleimagesof handwritten
digits from postalenvelopes[2]. Unlike themicroscopeimages
describedabove, in this casetheboundariesof thedigits on the
envelopesweremoreeasily identi�able, so the digits arenor-
malizedfor horizontalandverticalscaleandtranslationbefore
samplingthe

�����

pixel imagesshown in the�gure. However,
thedigitsarewrittenat differentwriting angles(c.f. thevertical
stroke in differentversionsof “7”), which canbe thoughtof as
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Fig. 3. Images of handwritten digits, normalized for horizontal and vertical scale and translation and sampled on an � � � pixel grid. Different writing
angles introduce different levels of shearing in each image.

randomlyselectedlevelsof horizontalshearing.Theappropriate
level of shearingneededto normalizefor writing angledepends
on the identity of the digit (compare“0”s with “1”s), so nor-
malizing for shearingis not straightforwardasa preprocessing
step.

We proposea generalpurposestatisticalmethod that can
jointly normalizeouttransformationsthatoccurin trainingdata,
while learninga densitymodelof thenormalizeddata[3,4]. In
this paper, we do not assumethedatais ordered.Clearly, tem-
poral coherenceprovidesusefulcuesfor modelingtime-series
datasuchasvideosequences[5–7]. In [8–10],weshow how the
techniquesintroducedin this papercanbeextendedto discrete-
statedynamicmodels(hiddenMarkov models).

Oneapproachto datamodelingandmachinelearningis to use
labeleddatato train a recognitionmodel to accuratelypredict
classmembershipfrom the input. This supervisedlearningap-
proachincludesnonlinearregressiontechniquessuchasclassi�-
cationandregressiontrees[11], neuralnetworks[12–14],Gaus-
sianprocessregression[15], supportvectorclassi�ers[16], and
nearest-neighborhoodtype methods,including “eigen-space”
methodsthatcomputedistanceswithin subspaces[17,18].

In contrast,the approachwe take here is to useunlabeled
data to train a probability densitymodel of the data(or gen-
erativemodel), in anunsupervisedfashion.Two commondata
processingtechniquesthatcanbeviewedin thiswayarecluster-
ing andlinear dimensionalityreduction(principal components
analysis).Theseprocedurescorrespondto estimationof thefol-
lowing densitymodels:themixtureof Gaussians[19] andfac-
tor analysis[20]. By restrictingthesedensitymodelsin various
ways,maximumlikelihoodestimationcorrespondsto standard
non-probabilisticalgorithms. For example,by settingthe co-
variancematricesof theGaussiansin a mixtureof Gaussiansto
be ��� , ���

�

, � -meansclusteringis obtained.By restrictingthe
factorloadingmatrixandsensorvariancesin thefactoranalyzer,

principalcomponentsanalysisis obtained.However, theprob-
abilistic versionsof thesetechniqueshave distinct advantages
[19].

Unsupervisedlearningis useful for summarizingdata(e.g.,
�nding 5 commonheadposesin thedatafrom Fig. 2), �ltering
data(e.g., denoisingthe imagesfrom Fig. 1), estimatingden-
sity modelsusedfor datacompression,andasa preprocessing
stepfor supervisedmethods(e.g., removing the shearingfrom
the handwrittendigits in Fig. 3 beforetraining a classi�er in a
supervisedfashion).

By thinkingof unsupervisedlearningasmaximumlikelihood
estimationof a densitymodelof the data,we can incorporate
extraknowledgeabouttheproblem.Oneway to do this is to in-
cludeextralatentvariables(unobservedvariables)in themodel.
The model we presentextendsthe mixture of Gaussians,the
factoranalyzerand the mixture of factoranalyzersto include
“transformation”asa latentvariable.Themodelcanbetrained
usingtheexpectationmaximization(EM) algorithm.

In thenext section,wedescribetwo computationallyef�cient
approachesto modeling transformations. Then, we describe
how theseapproachescanbe incorporatedinto the generative
modelsfor a mixture of Gaussians(clustering),a factor ana-
lyzer (linear dimensionalityreduction)anda mixture of factor
analyzers(clusteringanddimensionalityreduction).Wereferto
thesemodelsas“transformation-invariantmodels”.Wedescribe
how the transformation-invariantmodelscan be �t to a train-
ing setusingtheexpectationmaximization(EM) algorithm.Af-
ter illustratingthemodelsonsomedif�cult contrivedproblems,
we comparethemwith othermethodsfor �ltering noisyimages
obtainedfrom a scanningelectronmicroscope,clusteringim-
agesof facesinto differentcategoriesof identi�cation andpose,
subspacemodelingof facialexpressions,subspacemodelingof
imagesof handwrittendigits for handwritingclassi�cation,and
unsupervisedclassi�cationof imagesof handwrittendigits. We
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focusonvisionproblems,but themethodscanbeappliedto any
typeof data.

I I . DISCRETE AND L INEAR APPROXIMATIONS TO THE

TRANSFORMATION MANIFOLD

To make datamodelsinvariantto a known type of transfor-
mationin theinput,we would like to make all transformedver-
sionsof a particularinput equivalent. Supposean � -element
inputundergoesatransformationwith 1 degreeof freedom– for
example,an � -pixel greyscaleimageundergoestranslationin
the � -direction,with wrap-around.Imaginewhathappensto the
pointin the � -dimensionalpixel intensityspacewhile theobject
is translated.Dueto pixel mixing, a very smallamountof sub-
pixel translationwill movethepointonly slightly, sotranslation
will traceacontinuous1-dimensionalcurvein thespaceof pixel
intensities.As illustratedin Fig. 4, extensive levels of transla-
tion will producea highly nonlinearcurve (considertranslating
a thin verticalline), althoughthecurvecanbeapproximatedby
a straightline locally. If � typesof continuoustransformation
areapplied,themanifoldwill be � -dimensional.

Linear approximationsof the transformationmanifold have
beenusedto signi�cantly improve the performanceof super-
visedclassi�ers suchasnearestneighbors[21] andmultilayer
perceptrons[22].

Lineargenerative models(factoranalysis,mixturesof factor
analysis)have alsobeenmodi�ed usinglinear approximations
of thetransformationmanifoldto build in somedegreeof trans-
formationinvariance[23].

In general,the linear approximationis accuratefor transfor-
mationsthat coupleneighboringpixels, but is inaccuratefor
transformationsthatcouplenonneighboringpixels. In someap-
plications(e.g., handwrittendigit recognition),theinput canbe
blurredsothatthelinearapproximationbecomesvalid for more
severe transformations[21]. A multiresolutionversionof the
linearapproximationis proposedin [24].

In general,for signi�cant levelsof transformation,thenonlin-
earmanifoldcanbebettermodeledusinga discreteapproxima-
tion. For example,thecurvein Fig.4 canberepresentedby aset
of points(�lled discs).In this approach,a discretesetof possi-
ble transformationsis speci�ed beforehandandparametersare
learnedso that the model is invariantto the setof transforma-
tions.Thisapproachhasbeenusedin thesupervisedframework
to design“convolutionalneuralnetworks” thataretrainedusing
labeleddata[25].

We describehow invarianceto a discretesetof transforma-
tions (like translationin images)canbe built into a generative
densitymodelandwe show how anEM algorithmfor theorig-
inal densitymodelcanbe extendedto the new modelby com-
putingexpectationsover thesetof transformations.

I I I . TRANSFORMATION AS A DISCRETE LATENT VARIABLE

In this section,we show how to incorporatethediscreteand
linear approximationsdescribedabove into variousgenerative
models.Conditioningon thediscretevariables,all of themod-
elspresentedherearejointly Gaussian,soinferenceis computa-

Fig.4. An � -element input vector is represented by a point (un�lled disc)
in an � -dimensional space. When the input undergoes a continuous
transformation with 1 degree of freedom, a 1-dimensional manifold is
traced. For transformation-invariant data modeling, we want all inputs
on this manifold to be equivalent in some sense. Locally, the curve
is linear, but high levels of transformation may produce a highly non-
linear curve. We approximate the manifold by discrete points (�lled
discs) indexed by � .

tionally ef�cient. Although many expressionsmay look com-
plicated, they are “straightforward” linear algebra. We have
postedMATLAB routinesfor thesealgorithmsonourwebpage,
www.cs.toronto.edu/� frey.

For thesakeof clarity, wenow focusonimagedataandtrans-
formationssuchastranslation.

We representthe � th transformationby a sparsetransforma-
tion matrix �	� that operateson a vectorof imagepixel inten-
sities. For example,integer-pixel translationsof an imagecan
be representedby permutationmatrices.Although othertypes
of transformationmatrix may not be accuratelyrepresentedby
permutationmatrices,many usefultypesof transformationcan
berepresentedby sparsetransformationmatrices.For example,
rotationandblurring canberepresentedby matricesthathavea
small numberof nonzeroelementsper row (e.g., at most6 for
rotations).Alternatively, thesetransformationscanbeapproxi-
matedusingpermutationmatrices.

Theobservedimage 
 is linkedto thenontransformedlatent
image � and the transformationindex �
���

���������������

as fol-
lows:

���
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where
(

is a diagonalmatrix of sensornoisevariances.It is
sometimesadvantageousto set

(

!*) , asdescribedbelow.

Sincetheprobabilityof a transformationmaydependon the
latent image,the joint distribution over the latent image � , the
transformationindex � andtheobservedimage
 is

���
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Thecorrespondinggraphicalmodelis shown in Fig. 5a.
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Fig.5. (a) A graphical model showing how a discrete transformation vari-
able � can be added to a density model ������� for a latent image � to
model the observed image � . The Gaussian pdf �����
	 ���
��� captures
the � th transformation plus a small amount of pixel noise. (We use
a box to represent variables that have Gaussian conditional pdfs.)
We have explored (b) transformed mixtures of Gaussians, where � is
a discrete cluster index; (c) transformed component analysis (TCA),
where � is a vector of Gaussian factors, some of which may model
locally linear transformation perturbations; and (d) mixtures of trans-
formed component analyzers, or transformed mixtures of factor ana-
lyzers.

A. TransformedGaussians

To model noisy transformedimagesof just one shape,we
choose���

� � to bea Gaussiandistribution:

���

� ��!#"

�

� $��

���

�

�

(3)

where � is the meanof the Gaussianand
�

is the covariance
matrix. We usuallytake

�

to bediagonalto reducethenumber
of parametersthatneedto beestimated.

For simplicity, we assumethat in the absenceof any obser-
vations, � is independentof � : +

�

� � � � ! +

�

��� . So, the joint
distribution is

� �
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where� � is theprobabilityof transformation� .
The two parameters

�

and
(

representtwo very different
typesof noise. The noisemodeledby

�

is addedbefore the
transformationis applied,whereasthe noisemodeledby

(

is
addedafter the transformationis applied. In images,largeval-
ueson the diagonalof

�

indicateregions in the latent image
thatarenot accuratelypredictedby � . Theseregionsmaycor-
respondto backgroundclutter or partsof an objectthatappear
noisy(e.g., blinking eyes).

Fig. 6a shows hand-craftedparametersof a transformed
Gaussianthatmodelsa faceappearingat differentpositionsin
the frame. � is shown in raster-scanformat.

�

is diagonal
andthe �gure shows thediagonalelementsof

�

in raster-scan
format,with largevariancespaintedbright andsmallvariances

(a)Parametersof a transformedGaussian

� !

�

!

(

! )

���

������� �

��� ! various����� translations

(b) Generatingfrom a transformedGaussian

� !

� ! shift left andup


 !

Fig. 6. A hand-crafted model illustrates how a discrete transformation
index is incorporated into a Gaussian model. Whereas  models
additive, Gaussian noise that gets transformed, ! models additive,
Gaussian noise that is not transformed.

painteddark.Thevariancemapindicatesthattheheadregion is
modeledaccuratelyby � , whereasthesurroundingregionis not.
Fig. 6b shows onecon�guration of the variablesin the model,
drawn from the above joint distribution. First, � is drawn by
addingindependentGaussiannoiseto � , with variancesgiven
by

�

. Next, atransformationindex � is drawn. Finally, transfor-
mation �	� is appliedto � andindependentGaussiannoisewith
variances

(

( ) in thiscase)is addedto thepixelsto produce
 .
To computethedensityof theimageundera particulartrans-

formation,we integrateover � :
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where“T” indicatesmatrix transpose.Eachtransformation�

hasa correspondingmeanimage �
�

� and covariancematrix
�	�

�

�

T
�

&

(

.
Theconditionaldensity� �


�� ��� lookslike thelikelihoodfor a
mixture of factoranalyzers[26]. However, whereasthe likeli-
hoodcomputationfor � latentpixels takesorder �)( time in a
mixtureof factoranalyzers,it takeslinear time,order � , in the
modelsconsideredhere,because� �

�

�

T
�

&

(

is sparse.
Theprobabilitydensityof 
 underthemodelis
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Noticethatif � �

�

�

T
�

is full rankfor all � , wecanset
(

!*) if
we wish. We maydo this, for example,to reducethenumberof
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parametersthatneedto beestimated.Typically,
�

is full rank,
so � �

�

�

T
�

is full rankif � � hasrank � , where� is thenumber
of pixelsin theobservedimage
 .

For a given input image,we cancomputethe probability of
eachtransformation:

+

�

� � 
 � !

���
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�

(7)

Transformationnormalization(“stabilization”) can be per-
formedby computingtheexpectedvalueof the latentimage � ,
giventheobservedimage
 . Since� and 
 arejointly Gaussian
given � , we �rst compute��� � � �

�


�� . After somelinear algebra,
we obtain
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where � � is thecovarianceof � given � and 
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Thenormalizedimageis thencomputedfrom
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If we set
(

! ) , then �����
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B. Transformedmixturesof Gaussians(TMG)

Fig. 5b shows thegraphicalmodelfor a transformedmixture
of Gaussians(TMG) [27,28],wheredifferentclustersmayhave
differenttransformationprobabilities.Cluster� hasmixing pro-
portion ��� , mean�

�

andcovariancematrix
�

� . Weusuallytake
�

� to bediagonalto reducethenumberof parametersthatneed
to beestimated.Thejoint distribution is
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where the probability of transformation � for cluster � is
� ��� . Marginalizing over the latent image gives the clus-
ter/transformationconditionallikelihood,
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whichcanbeusedto compute� �
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andthecluster/transformationresponsibility+
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C. Transformedcomponentanalyzer(TCA)

Fig. 5c shows the graphical model for transformation-
invariantfactoranalysis,or “transformedcomponentanalysis”
(TCA). The latent imageis modeledusing linearly combined
isotropicGaussianvariables,� .

Thejoint distribution is
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where � is themeanof thelatentimage,
�

is a matrix of latent
imagecomponents(thefactorloadingmatrix)and

�

is adiago-
nal noisecovariancematrix for thelatentimage.Marginalizing
over thefactorvariablesandthelatentimagegivesthetransfor-
mationconditionallikelihood,
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which canbe usedto compute���


 � andthe transformationre-
sponsibility���
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� cannotbecomputedin
time thatis linearin � . However, thedeterminantcanbecom-
putedin lineartime if we set(or assume)
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Eachof thesedeterminantscanbecomputedin timethatis linear
in � . In theexperimentsreportedbelow, we set

�

! ) .
By settingcolumnsof

�

equalto the derivativesof � with
respectto continuoustransformationparameters,a TCA can
accommodateboth a local linear approximationanda discrete
approximationto the transformationmanifold, asdescribedin
Scn.III-E.

D. Mixturesof transformedcomponentanalyzers (MTCA).

A combinationof a TMG anda TCA canbe usedto jointly
modelclusters,linear componentsandtransformations.Alter-
natively, a mixture of Gaussiansthat is invariant to a discrete
setof transformationsandlocally lineartransformationscanbe
obtainedby combininga TMG with a TCA whosecomponents
are all setequalto transformationderivatives,asdescribedin
Scn.III-E.

Thejoint distribution for thecombinedmodelin Fig. 5d is
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Thecluster/transformationlikelihoodis
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whichcanbecomputedin lineartimeif weset(or assume)
�

!

) , asfor TCA.
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E. Incorporating the linear approximationto the transforma-
tion manifold

It turnsout thereis a simpleway to now incorporateboththe
linearapproximationandtheglobal,nonlinearapproximationof
thetransformationmanifold.

Supposewe would like to model that dataas a mixture of
Gaussianswith latentvariablesfor both local andglobal � � �

translations.We cando this by usinga mixtureof transformed
componentanalyzers(MTCA), wherethenumberof factorvari-
ablesis 2 andeachof thesevariablescorrespondsto either � or

� translation.
Givena vectorof pixel intensities
 , we canresampleit at a

higher resolution,apply a small amountof � translation,sub-
sampleat theoriginal resolution,andform a differenceimage,

���

�


 � . This is an approximationto the tangentvector to the
transformationmanifold.Wecandothesamefor the � -direction
andthenset
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in theMTCA model.
Thejoint distribution for thisMTCA is
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The standardnormal variable �
� will account for small � -

translations,while thestandardnormalvariable �
� will account

for small � -translations.
Other continuoustransformationscan be accountedfor lo-

cally in asimilar way.

F. Selectingthenumberof transformations.

Although the numberof scalaroperationsusedin the like-
lihood computationis linear in

�

, it shouldbe kept in mind
thatattemptingto useanexhaustive setof transformationswill
cause

�

to grow polynomiallywith � . For �	� horizontaltrans-
lations, ��
 vertical translations,�
� rotationsand �	� scalings,

�

!��
�

��
������
� . If eachof thesecomponentsis large, an ap-
proximateinferencealgorithmshouldbeused[29].

IV. ESTIMATING TRANSFORMATION-INVARIANT MODELS

USING THE EXPECTATION MAXIMIZATION

ALGORITHM

We presentan EM algorithmfor the generalMTCA model
describedabove. TheEM algorithmfor TMG emergesby set-
ting thenumberof factorvariablesto 0. TheEM algorithmfor
TCA emergesby settingthenumberof clustersto 1.

Conditionedon the discretelatentvariables(transformation
index, andmixturecomponentindex for mixturemodels)all re-
mainingvariablesin theabovemodelsarejointly Gaussian.Par-
tial marginalsof GaussiansarealsoGaussian,sothedistribution
of theobservedvariables,
 giventhediscretelatentvariables�

and � is just a Gaussian(with a particularparameterizationof

themeanandcovariancematrix). Asidefrom themodelthatin-
corporatesthe linearapproximationto the transformationman-
ifold, all othermodelsarelinear in theparameters.So,theEM
algorithmfor thesemodelsisessentiallyjustaconstrained,repa-
rameterizedversionof theEM algorithmfor a standardmixture
of Gaussians[19]. In a later section,we describehow to esti-
matethemodelthatincorporatesthelinearapproximationto the
transformationmanifold.

A. M-Step

We use ��� ��!

�

���

�

�

+ �

�

� � to denotea suf�cient statisticcom-
putedby averagingover thetrainingset.Thesesuf�cient statis-
tics are computedas shown in Scn. IV-B. Using �������

�! 

� to
denotea vectorcontainingthe diagonalelementsof matrix  ;

�������

�!"

� to denoteadiagonalmatrixwhosediagonalcontainsthe
elementsof vector " ; "$#&% to denotetheelement-wiseproduct
of vectors" and % ; and“ ' ” to denotetheupdatedparameters,
theM-Stepfor theMTCA updatestheparametersasfollows:

'� � !(� +

�

��� 


�

���

�

'����� !)� +

�

� � 


�

�

�����

�

(23)

'
�

�

!

� +

�

��� 


�

��� � � �

�

� � � 


�

�

� �*�

� +

�

� � 


�

�+�

�

(24)

'

�

�
!

�������-,+� +

�

��� 


�

��� �

�

� � �

�

�

�

�
���

# �

� � �

�

�

�

�
����� 


�

�

� �*�+.

� +

�

��� 


�

���

�

(25)

'

(

!/���0���	,1� � �

�




�

� �
�

� �

#��




�

� �
�

�-��� 


�

�2��.

�

(26)

'

�

�
!)� +

�

��� 


�

� ���

�

� � �

�

����3 � 


�

�2�4� +

�

��� 


�

��� � � ��3�� 


�

�*�

	

�

�

(27)

To reducethe numberof parameters,we may assumethat �
���

doesnot dependon � or eventhat �-��� is heldconstantat a uni-
form distribution.

In order to avoid over�tting the noisevariances,it is often
usefulto setthediagonalelementsof

�

and
(

that arebelow
some� equalto � .

B. E-Step

Thesuf�cient statisticsfor theM-Steparecomputedin theE-
Stepusingsparselinearalgebraduringasinglepassthroughthe
trainingset.In whatfollows,it is importantto keepin mindthat
thematrix �	� is verysparse(usually, a permutationmatrix),so
thatmatriceslike ��5

�

(
	

�

�	� arealsoverysparse.
Beforemakinga passthroughthetrainingsetto computethe

suf�cient statistics,thefollowing matricesarecomputed:
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Then,eachcasein thetrainingsetis processed.For case
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� is �rst computedfor eachcombinationof �

�

� , asde-
scribedin Scn.III. Then,the following expectationsarecom-
puted:
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Theexpectationsneededto accumulatethesuf�cient statistics
in (24)-(27)arethencomputedfrom
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C. Learningmodelsthat incorporate the linear approximation
to thetransformationmanifold

A simpleapproachis to treat
�

�

�

�

�

� and
� �

�

�

�

� asconstants
while updatingthe �

�

's asdescribedabove. After the �

�

's are
updated,we canusethe new valuesof

� �

�

�

�

� and
�

�

�

�

�

� to
computethesuf�cient statistics.

(a)

(b)

(c)

Fig. 7. (a) ����� � ��� pixel SEM images. (b) The mean and variance of
the image pixels. (c) The mean and variance found by a TMG reveal
more structure and less uncertainty.

V. EXPERIMENTS

A. Filtering images from a scanning electron microscope
(SEM).

SEMimages(e.g., Fig.7a)canhaveaverylow signalto noise
ratio dueto a high variancein electronemissionrateandmod-
ulation of this varianceby the imagedmaterial[1]. To reduce
noise,multiple imagesareusuallyaveragedandthepixel vari-
ancescanbe usedto estimatecertaintyin renderedstructures.
Fig. 7b shows theestimatedmeansandvariancesof the pixels
from 230

������� ��	

SEM imageslike the onesin Fig. 7a. In
fact,averagingimagesdoesnot take into accountspatialuncer-
taintiesand �ltering in the imagingprocessintroducedby the
electrondetectorsandthehigh-speedelectricalcircuits.

We traineda single-clusterTMG with 5 horizontalshiftsand
5 vertical shifts on the230 SEM imagesusing30 iterationsof
EM. To keepthenumberof parametersalmostequalto thenum-
ber of parametersestimatedusingsimpleaveraging,the trans-
formationprobabilitieswerenot learnedandthepixel variances
in the observed imagewere set equalafter eachM step. So,
TMG had1 moreparameter. Fig. 7c shows themeanandvari-
ancelearnedby the TMG. Comparedto simpleaveraging,the
TMG �nds sharper, moredetailedstructure.The variancesare
signi�cantly lower, indicating that the TMG producesa more
con�dent estimateof theimage.
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(a)

(b) .13 .08 .07 .26 .21 .25

(c) .19 .23 .05 .17 .25 .11

(d)

Fig. 8. Extracting transformation invariant structure from synthetic data
using a TMG. (a) Training examples, which include background clutter
and a �x ed distraction. (b) Means and variances for a 6-cluster TMG.
(c) Means and variances for a 6-cluster Gaussian mixture model. (d)
18 principal components (eigenimages).

B. Extractingclusters fromsyntheticdata.

Fig. 8ashows 100examplesfrom a trainingsetof 200cases
of �

�

� images. Eachimagecontainsoneof four shapes:a
largesquare,a largecircle,asmall�lled squareor asmall“pac-
man”. The backgroundwas producedby randomlyselecting
pixel intensitiesindependentlyfrom a uniform distribution. In
addition,thebackgroundincludesa�x eddistractionin theform
of two pixelsthatarealwayssetto havemaximumintensity.

We traineda TMG containing � !

	

clustersand
�

!

� �

translationtransformations(5 horizontal shifts and 5 vertical
shifts) using 20 iterationsof the EM algorithm. The weights
wereinitialized to small,randomvaluesandthemixing propor-
tionswereinitializedto beequal.Fig. 8bshowsthemixing pro-
portions,clustermeans�

�

������� �

��� andthe diagonalelements
of theclustercovariancematrices

�

�

�����������

� . SincetheTMG
had2 extra clustersthannecessary, it usedthe �rst 3 clusters
to model the “pac-man”. The remaining3 clustersmodel the
remainingshapes.Noticethat for a givencluster, thevariances
indicatewhichpixelsarebackgroundpixels(light, for highvari-
ance)versusforegroundpixels(dark,for low variance).

Fig. 8c shows the parameterslearnedusing20 iterationsof
the EM algorithmfor a traditionalmixture modelwith 6 clus-
ter. This modelcanbe viewed asa specialtype of TMG that
usesjust the identity transformation.The shapesareseverely
blurredandthemodel�xates on thedistraction.If thenumber
of clustersis increased,themodelcancapturedifferenttransfor-
mationsusingdifferentclusters.However, for 4 shapesand25
transformations,thereare100distinctclustersin thetrainingset
of 200patterns.Traininga mixturemodelwith 100clusterson
200patternswould resultin severelyover�tting thenoise.

Fig. 8dshowsthe�rst 18principalcomponents,or “eigenim-
ages”[17,18], of thetrainingdata.It is dif�cult to imaginehow
thesecomponentscanbeusedto reconstructthedataaccurately.

C. Clusteringfacesandfacial poses.

Fig. 9ashows examplesfrom a trainingsetof 400 jerky im-
agesof two peoplewalking acrossa clutteredbackground.We
trainedaTMG with 4 clusters,11horizontalshiftsand11verti-
cal shiftsusing15 iterationsof EM afterinitializing theweights
to small, randomvalues. The loop-rich MATLAB script exe-
cutedin 40 minuteson a 500MHz Pentiumprocessor. Fig. 9b
shows the clustermeans,which includetwo sharprepresenta-
tions of eachperson's face,with the backgroundclutter sup-
pressed.Fig. 9cshowsthemuchblurriermeansfor amixtureof
Gaussianstrainedusing15 iterationsof EM.

Fig. 10ashowsexamplesfrom a trainingsetof 400jerky im-
agesof onepersonwith differentposes.WetrainedaTMG with
5 clusters,11 horizontalshifts and11 vertical shifts using40
iterationsof EM. Fig. 10bshows theclustermeans,which cap-
ture 4 posesandmostly suppressthe backgroundclutter. The
meanfor cluster4 includespartof thebackground,but thisclus-
ter alsohasa low mixing proportionof 0.1. A traditionalmix-
tureof Gaussianstrainedusing40iterationsof EM �nds blurrier
means,asshown in Fig. 10c. The �rst 4 principalcomponents
mostly try to accountfor lighting andtranslation,asshown in
Fig. 10d.

D. Learningshapeandlighting representationsfromnoisyun-
alignedimagesof anobject.

Fig. 11ashows a training setof 144 �

�

� noisy imagesof
a uniformly coloredpyramid (gray) at randomlyselectedposi-
tions and illuminatedby parallel light rayswith randomlyse-
lectedangleand intensity. A clutteredbackgroundwassimu-
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(a)

(b)

(c)

Fig. 9. (a) Frontal face images of two people. (b) Cluster means learned
by a TMG and (c) a mixture of Gaussians.

latedby randomlyselectingpixel valuesfrom a uniform distri-
bution.

The �rst 8 principal componentsof the training data,scaled
by the standarddeviation of the projecteddata,are shown in
Fig. 11b. It appearsthe componentsimplementa multiresolu-
tion approximationto modelshiftsof theobject.

WetrainedaTCA with 3 componentsand81transformations
implementing9 horizontaland 9 vertical shifts using 10 iter-
ationsof the EM algorithm. To initialize the parameters,the
meanandvarianceof eachpixel was �rst computedfrom the
training data. The parameterswere theninitialized to random
values,usingthe meanandvarianceasa 1st orderguide. The
transformationprobabilities�

� weresetequal.
Fig. 11c shows the meanlatent image � , the 3 columnsof

�

(shown as3 images),the latentimagenoise
�

(shown asan
imagewherethepixel intensityis equalto 4 timesthestandard
deviation) andtheobserved imagenoise

(

. The meanclearly
showsthattheoutlineof theobjecthasbeendeterminedandthat
the uniform coloring hasbeendetermined(exceptat the point

(a)

(b)

(c)

(d)

Fig.10. (a) Images of one person with different poses. (b) Cluster means
learned by a TMG. (c) Less detailed cluster means learned by a
mixture of Gaussians. (d) Mean and �rst 4 principal components of
the data, which mostly model lighting and translation.

of thepyramid). Linearcombinationsof the3 componentspro-
ducedifferentlighting conditions(seethefollowing paragraph)
which implies that the3-elementrowsof

�

areproportionalto
theobjectsurfacenormals,upto somerotationin 3-dimensional
space. The variancemap for the latent imageshows that the
modelpredictslow variancefor pixelsbelongingto theobject,
but high variancefor otherpixels (thebackgroundclutter). Fi-
nally, thevariancemapfor theobservedimageaccountsfor the
smallamountof noisethatis presentin theimages.

The TCA can be simulatedin a noise-free,transformation-
free fashion,by drawing a subspacerepresentationfrom ���

��� ,
computing� ! �

& �

� andthencomputing
 ! �
�

� . Fig.11d
shows 144 examplessimulatedin this way. These“f antasies”
show that the TCA can simulatethe different lighting condi-
tions.

E. Learning a subspacerepresentationof facial expressions
fromimperfectlyalignedimages.

Fig. 12 shows a trainingsetof 100
� 	 � ���

imagesof auto-
maticallyalignedfaceswith differentexpressions.Theaccuracy
of the facedetectionalgorithmusedto align the imagesis +/-2
pixelsin eachdirection.
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(a)

(b)

(c)

(d)

Fig. 11. (a) Noisy images of a pyramid at different locations and under
different lighting conditions. (b) The �rst 8 scaled principal compo-
nents. A pixel colored gray – halfway between black and white –
corresponds to a component value of 0. (c) The mean, components,
and noise deviation of a TCA with 3 components, after 10 iterations
of EM. Pixels for the mean and the noise deviations are colored us-
ing the same scale as the training images. (d) Examples simulated
from the TCA, without noise and without transformations.

Fig. 13ashows themeanof the trainingdataandthe �rst 10
principal components,scaledby the standarddeviation of the
projecteddata. The �rst 5 componentsobviously accountfor
vertical, horizontalanddiagonalshifts in the dataand the re-

Fig. 12. Imperfectly aligned images of faces with different expressions.

(a)

(b)

(c)

Fig. 13. (a) The mean and �rst 10 scaled principal components of the
face data. (b) The mean, 10 components and noise deviations found
by FA (TCA with only the identity transformation). (c) The mean, 10
components and noise deviations found by TCA.

mainingcomponentsareveryblurred.

Fig. 13b shows theparametersfor a FA model(a TCA with
only the identity transformation)trainedusing70 iterationsof
EM. The parameterswereinitialized usingthe meanandvari-
anceof eachpixel in the training data. The sum of the two
imageson the far right of Fig. 13b givesthe variancemapfor
FA. In contrastto PCA, differentcomponentsrepresentsimilar
amountsof energy (variance).This is becauseFA doesnot �nd
a preferredsetof basisvectors(factors)for thesubspace.Like
PCA,FA �nds veryblurredcomponents.

We traineda TCA with 10 componentsand25 transforma-
tions implementing5 horizontaland5 vertical shifts using70
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(a)

(b)

Fig.14. Examples of the face data simulated using (a) the PCA subspace
and (b) the factor analyzer.

iterationsof theEM algorithm.Theparameterswereinitialized

Fig. 15. Examples of the face data simulated using the TCA model.

usingthemeanandvarianceof eachpixel in the trainingdata.
Thetransformationprobabilities�

� weresetequal.

Fig. 13c shows the mean,componentsand variancemaps.
Unlike PCA andFA, TCA extractsclearcomponents.The�rst
componentappearsto exposesometeeth, the secondcompo-
nentappearsto raisethe eyebrows, raisethe upperlip andex-
posea“tongue”,andsoon. Thecomponentsfoundby TCA are
uniqueup to a unitarytransformation,soeachcomponentoften
includesmorethanonefeature. A further processingstepcan
be appliedto �nd a unitary transformationthat producescom-
ponentswith spatiallylocalizedenergy.

To seehow well the PCA subspacerepresentsthe data,we
candraw a subspacepoint from anaxis-alignedGaussianwith
variancesdeterminedfrom theprojectedtrainingdata,andthen
usetheprincipalcomponentsto mapthepoint to imagespace.
100 examplessimulatedin this mannerareshown in Fig. 14a.
Although the “f aces”do appearto be shiftedaroundthe �eld
of vision, they are also severely blurred. Fig. 14b shows ex-
amplessimulatedusing the FA model, without addingsensor
noise.They appearsimilar to theexamplessimulatedusingthe
PCAmodel.

Fig. 15 shows 100 examplesof imagessimulatedusing the
TCA, without the latent imageandobserved imagenoiseand
without randomly selectedtransformations. The imagesare
muchclearerthanthosesimulatedusingthePCA subspaceand
thefactoranalyzer. Theexpressionsin thetrainingsetarerepro-
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Fig. 16. The means (left column of images) and their sheared and translated versions (remaining columns) found by training 10 TCA models
on 10 sets of handwritten digits, containing 200 examples each. The top row of pictures illustrates how a test pattern is deformed by the
translation/shearing transformations. Those translation/shearing transformations that have low probability ����� after learning are dimmed.

ducedandthe modelalsogeneratesnovel realisticexpressions
thatarenotpresentin thetrainingset,suchastheonein the5th
columnof the1st row andtheonein the1stcolumnof the3rd
row.

F. Modelinghandwrittendigits.

Weperformedbothsupervisedandunsupervisedlearningex-
perimentson

� ���

greyscaleversionsof 2000digits from the
CEDAR CDROM (Hull, 1994).Althoughthepreprocessedim-
ages�t snuglyin the

� � �

window, thereis wide variationin
“writing angle” (e.g., the vertical stroke of the7 is at different
angles).So,we producedasetof 29shearing+translationtrans-
formations(seethe top row of Fig. 16) to usein transformed
densitymodels.

In our supervisedlearningexperiments,we trainedone10-
componentTCA on eachclassof digit using 30 iterationsof
EM. Fig. 17 shows the meanand 10 componentsfor eachof
the 10 models. The lower 10 rows of imagesin Fig. 16 show
the shearedand translatedmeans. In caseswhere the trans-
formationprobability is below 1%, the imageis dimmed. We
alsotrainedone10-componentfactoranalyzeron eachclassof
digit using30 iterationsof EM. Themeansandcomponentsare
shown in Fig. 18. The meansfound by TCA aresharperand
whereasthecomponentsfoundby factoranalysisoftenaccount
for writing angle(e.g., seethe componentsfor 7) the compo-
nentsfoundby TCA tendto accountfor line thicknessandarc
size. Fig. 19 shows imagesthatwererandomlygeneratedfrom
theTCA modelsandFig. 20 shows imagesthatwererandomly
generatedfrom thefactoranalyzermodels.Sincedifferentcom-
ponentsin the factoranalyzersaccountfor differentstroke an-
gles, the simulateddigits often have an extra stroke, whereas
digitssimulatedfrom theTCAs containfewerspuriousstrokes.

To test recognitionperformance,we trained20-component
factoranalyzersandTCAs on 200 examplesof eachdigit us-

Fig.17. The means (left column of images) and 10 components (remain-
ing 10 columns) for the model from Fig. 16.

ing 50 iterationsof EM. The noisevarianceswerenot allowed
to dropbelow

� �

	

� to preventover�tting apixel thathappensto
alwaysbeoff in thetrainingdata.Eachsetof modelsusedBayes
ruleto classify1000testpatterns.Theresultsaresummarizedin
TableI andarecomparedwith a standardfeedforwardmethod,

� -nearestneighbors,where � was chosenusing leave-one-out
crossvalidation.TCA hasa lower error ratethantheothertwo
methods.

Theprobabilityof eachtransformation�

� in TCA waslearned
andwe believe therewassomeover�tting. For example,some
of theshearedimagemeansin Fig. 16 thatarefaded(have av-
erageresponsibilitieslessthan0.01)aregoodgeneralizations.
The �

� 's canberegularizedquiteeasily, by blurring themafter
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Fig.18. The means (left column of images) and 10 components (remain-
ing 10 columns) found by training 10 factor analysis models on the
same 10 sets of data as were used to train the TCA models above.
Factor analysis produces blurrier means than TCA.

Fig. 19. Digits randomly generated from the 10 TCA models.

eachM-Step,usingthe appropriatetopology. For example,if
thetransformationsare1-D translation,1-D blurring is applied;
if the transformationsare2-D translations,2-D blurring is ap-
plied;etc.

In our unsupervisedlearningexperiments,we �t 10-cluster
mixturemodelsto theentiresetof 2000digitsto seewhichmod-
elscould identify all 10 digits. We tried a mixtureof 10 Gaus-
sians,amixtureof 10factoranalyzersanda10-clusterTMG. In
eachcase,10 modelsweretrainedusing100 iterationsof EM
andthe modelwith the highestlikelihoodwasselectedand is
shown in Fig. 21. Comparedto theTMG, the�rst two methods
foundblurredandrepeatedclasses.After identifying eachclus-

Fig. 20. Digits randomly generated from the 10 factor analysis models.

TABLE I

Handwritten digit recognition rates, for a training set of 2000 � � �

images and a test set of 1000 images.

Method Error rate
� -nearestneighbors 7.6%
Factoranalysis 3.2%
Transformedcomponentanalysis 2.7%

ter with its mostprevalentclassof digit, we foundthat the �rst
two methodshaderrorratesof 53%and49%,but theTMG had
a muchlowererrorrateof 26%.

VI . SUMMARY

In many learningapplications,we know beforehandthat the
dataincludestransformationsof aneasilyspeci�ednature(e.g.,
shearingin imagesof handwrittendigits). If a densitymodel
is learneddirectly from the data,the model must accountfor
both the transformationsin the dataand the more interesting
andpotentiallyusefulstructure.

Weintroduceawayto makestandarddensitymodelsfor clus-
teringandlineardimensionalityreductioninvariantto localand
global transformationsin the input. The result is a latentvari-
ablemodelcontainingcontinuousanddiscretevariables.Given
thediscretevariables,thedistributionover theothervariablesis
jointly Gaussian,so inferenceandestimation(via the expecta-
tion maximizationalgorithm)is ef�cient.

The algorithmsare able to jointly normalizeinput datafor
transformations(e.g., translation,shearingand rotation in im-
ages)andlearnmodelsof thenormalizeddata.

We illustrate the algorithmson a variety of dif�cult tasks.
For example, the transformation-invariant mixture of Gaus-
siansis able to learn different facial posesfrom a set of out-
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(a) (b) (c)

Fig. 21. Clustering handwritten digits. Three different methods were
used to cluster a training set of 2000 cases containing digits from
all classes. (a) The means found by a mixture of 10 Gaussians. (b)
The means found by a mixture of 10 factor analyzers. (c) The means
found by a transformed mixture of 10 Gaussians. In each case, 9
models were learned and the model with the highest likelihood on
the training set was selected.

door imagesshowing a personwalking acrossa clutteredback-
groundwith varying lighting conditions. MATLAB scriptsfor
transformation-invariant clusteringand dimensionalityreduc-
tion areavailableonourwebpage,www.cs.toronto.edu/� frey.

We focuson translationaltransformationsin this paper, but
other types of transformationcan be used, such as rotation,
scale,out-of-planerotationandwarpingin images. Otherdo-
mainsmayhavequitedifferenttypesof transformation.

In the caseof time-seriesdata, the transformationsat the
neighboring time steps in�uence which transformationsare
likely in the current time step. In [8–10], we show how the
techniquespresentedherecanbeextendedto time series.

The number of computationsneededfor exact inference
scalesexponentially with the dimensionalityof the transfor-
mation manifold. If thereare �

� transformationsof the �rst
type, �

� transformationsof the secondtype, and so on, ex-
act inferenceandlearningtakestime that scalesas

���

�

�

. We
arecurrentlyexploring the performanceof a faster, variational
inferenceand learning methodthat takes time that scalesas

�

�

�

�

�

���

� . This exponentialspeedupis achievedby inferring
differenttypesof transformationindex separately. Inferenceof
aparticularindex is coupledto inferenceof theotherindicesus-
ing variationalparametersthat representaveragein�uences of
otherindices.

We believe theapproachpresentedherewill prove to beuse-
ful for applicationsthatrequiretransformation-invariantcluster-
ing anddimensionalityreduction.
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