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Transformation-Invariant Clustering and
Dimensionality Reduction Using EM

Brendan J. Frey and Nebojsa Jojic

Abstract

Clustering and dimensionality reduction are simple, effective ways
to derive useful representations of data, such as images. These proce-
dures often are used as preprocessing steps for more sophisticated pat-
tern analysis techniques. (In fact, these procedures often perform as well
as or better than more sophisticated pattern analysis techniques.) How-
ever, in situations where each input has been randomly transformed (e.g.,
by translation, rotation and shearing in images), these methods tend to
extract cluster centers and submanifolds that account for variations in the
input due to transformations, instead of more interesting and potentially
useful structure. For example, if images of a human face are clustered,
it would be more useful for the different clusters to represent different
poses and expressions, instead of different translations and rotations.
We describe a way to add transformation invariance to mixture models,
factor analyzers and mixtures of factor analyzers by approximating the
nonlinear transformation manifold by a discrete set of points. In contrast
to linear approximations of the transformation manifold, which assume
the amount of transformation is small, our method works well for large
levels of transformation. We show how the expectation maximization al-
gorithm can be used to jointly learn a set of clusters, a subspace model,
or a mixture of subspace models and at the same time infer the trans-
formation associated with each case. After illustrating this technique on
some dif cult contrived problems, we compare the technique with other
methods for Iter ing noisy images obtained from a scanning electron mi-
croscope, clustering images of faces into different categories of identi-
cation and pose, subspace modeling of facial expressions, subspace
modeling of images of handwritten digits for handwriting classi cation,
and unsupervised classi cation of images of handwritten digits.

|. INTRODUCTION

We are interestedin developing algorithmsthat can learn
modelsof differenttypesof objectfrom unlabeledmagesthat
includebackgrounctlutter andspatialtransformationssuchas
translation,rotation and shearing. For example, Fig. 1 shows
several pixel greyscaleimagesobtainedfrom a scan-
ning electronmicroscope.The electrondetectorsandthe high-
speecklectricalcircuits randomlytranslatethe imagesandadd
noise[1]. Standardltering techniquesrenotappropriatehere,
sincetheimagesarenotaligned.Dueto the high level of noise,
it is dif cult to properlyalign themby handandthis requires
humaneffort.

Fig. 2 shavs several pixel greyscale head-and-
shoulderimagesof a persorwalking outdoors.The cameradid
not trackthe personeadperfectly sothe headappearst dif-
ferentlocations.Theimagesncludevariationin the poseof the
head,aswell asbackgroundlutter— someof which appearsn
multiple images. Aligning the imageswithout a model of the
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Fig.1. Several images of size pixels, taken by a scanning elec-
tron microscope. The electron detectors and high-speed electrical
circuits introduce random translations.

persons appearancandwithout temporalinformationis dif -
cult. Evenwith temporalinformation, (a video sequencejtan-
dardblob-trackingmethodslonotwork well dueto thepresence
of coherenbackgroundlutter.

Fig.2. Some images of size pixels, of a person walking outdoors.
The head has different poses and appears at different positions in the
eld of view. In addition, the background is highly cluttered and there
is variation in lighting conditions.

Fig. 3 shawvs preprocessedreyscaleimagesof handwritten
digits from postalenvelopeq?2]. Unlike the microscopemages
describedabove, in this casethe boundarie®f the digits on the
ervelopeswere more easily identi able, so the digits are nor-
malizedfor horizontalandvertical scaleandtranslationbefore
samplingthe pixel imagesshown in the gure. However,
thedigits arewritten at differentwriting angleg(c.f. thevertical
stroke in differentversionsof “7”), which canbethoughtof as



Fig. 3. Images of handwritten digits, normalized for horizontal and vertical scale and translation and sampled on an

angles introduce different levels of shearing in each image.

randomlyselectedevelsof horizontalshearing Theappropriate
level of shearingheededo normalizefor writing angledepends
on the identity of the digit (compare“0”s with “1”s), so nor-
malizing for shearings not straightforvard asa preprocessing
step.

We proposea generalpurposestatistical methodthat can
jointly normalizeouttransformationshatoccurin trainingdata,
while learninga densitymodelof the normalizeddata[3, 4]. In
this paper we do not assumehe datais ordered.Clearly, tem-
poral coherenceprovidesuseful cuesfor modelingtime-series
datasuchasvideosequencefs—7]. In [8-10], we shov how the
techniquesntroducedn this papercanbe extendedo discrete-
statedynamicmodels(hiddenMarkov models).

Oneapproacho datamodelingandmachindearningis to use
labeleddatato train a recognitionmodelto accuratelypredict
classmembershigrom the input. This supervisedearningap-
proachincludesnonlinearegressiortechniquesuchasclassi -
cationandregressiortreeg11], neuralnetworks[12-14], Gaus-
sianprocessegressior15], supportvectorclassi ers[16], and
nearest-neighborhootype methods,including “eigen-space”
methodghatcomputedistancesvithin subspacefl7,18].

In contrast,the approachwe take hereis to use unlabeled
datato train a probability densitymodel of the data(or gen-
erative mode), in anunsupervisedashion. Two commondata
processingechniqueshatcanbeviewedin thisway arecluster
ing andlinear dimensionalityreduction(principal components
analysis).Theseproceduresorrespondo estimationof thefol-
lowing densitymodels:the mixture of Gaussian$19] andfac-
tor analysig20]. By restrictingthesedensitymodelsin various
ways, maximumlik elihood estimationcorrespondso standard
non-probabilisticalgorithms. For example, by settingthe co-
variancematricesof the Gaussian# a mixture of Gaussianso
be , , -meangclusteringis obtained.By restrictingthe
factorloadingmatrixandsensowariancesn thefactoranalyzer
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pixel grid. Different writing

principal components&nalysisis obtained.However, the prob-
abilistic versionsof thesetechniqueshave distinct advantages
[19].

Unsupervisedearningis useful for summarizingdata(e.g.,
nding 5 commonheadposesn thedatafrom Fig. 2), Itering
data(e.g., denoisingthe imagesfrom Fig. 1), estimatingden-
sity modelsusedfor datacompressionandasa preprocessing
stepfor supervisednethods(e.g., remaving the shearingfrom
the handwrittendigits in Fig. 3 beforetraining a classi erin a
supervisedashion).

By thinking of unsupervisetkarningasmaximumlikelihood
estimationof a densitymodel of the data,we canincorporate
extra knowledgeabouttheproblem.Oneway to dothisis to in-
cludeextralatentvariables(unobseredvariables)n themodel.
The model we presentextendsthe mixture of Gaussiansthe
factor analyzerand the mixture of factoranalyzersto include
“transformation”asa latentvariable. The modelcanbetrained
usingthe expectatiormaximization(EM) algorithm.

In the next sectionwe describewo computationallyef cient
approacheso modelingtransformations. Then, we describe
how theseapproachegan be incorporatednto the generatie
modelsfor a mixture of Gaussiangclustering),a factor ana-
lyzer (linear dimensionalityreduction)and a mixture of factor
analyzergclusteringanddimensionalityreduction).We referto
thesemodelsas“transformation-iwvariantmodels”.We describe
how the transformation-imariantmodelscanbe t to a train-
ing setusingthe expectatiormaximization(EM) algorithm.Af-
terillustratingthe modelson somedif cult contrivedproblems,
we compareghemwith othermethoddor Itering noisyimages
obtainedfrom a scanningelectronmicroscope clusteringim-
agef facesnto differentcateyoriesof identi cation andpose,
subspacenodelingof facial expressionssubspacenodelingof
imagesof handwrittendigits for handwritingclassi cation,and
unsupervisedlassi cationof imagesof handwrittendigits. We
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focusonvision problemsput themethodsanbe appliedto any
type of data.

Il. DISCRETE AND LINEAR APPROXIMATIONS TO THE
TRANSFORMATION MANIFOLD

To make datamodelsinvariantto a known type of transfor
mationin theinput, we would like to make all transformedrer
sionsof a particularinput equivalent. Supposean -element
inputundegoesatransformatiorwith 1 degreeof freedom-for
example,an -pixel greyscaleimageundegoestranslationin
the -direction,with wrap-aroundlmaginewhathappenso the
pointinthe -dimensionapixelintensityspacevhile theobject
is translated Dueto pixel mixing, a very smallamountof sub-
pixel translationwill movethepointonly slightly, sotranslation
will tracea continuousl-dimensionaturvein thespaceof pixel
intensities. As illustratedin Fig. 4, extensve levels of transla-
tion will producea highly nonlinearcurve (considertranslating
athin verticalline), althoughthe curve canbe approximatedy
astraightline locally. If  typesof continuougransformation
areapplied,themanifoldwill be -dimensional.

Linear approximationsof the transformationmanifold have
beenusedto signi cantly improve the performanceof super
vised classi ers suchas nearesineighborg[21] and multilayer
perceptron$22].

Linear generatre models(factoranalysis mixturesof factor
analysis)have alsobeenmodi ed usinglinear approximations
of thetransformatiomanifoldto build in somedegreeof trans-
formationinvariancg?23].

In generalthe linear approximationis accuratefor transfor
mationsthat couple neighboringpixels, but is inaccuratefor
transformationshatcouplenonneighboringixels. In someap-
plications(e.g., handwrittendigit recognition) theinput canbe
blurredsothatthelinearapproximatiorbecomewalid for more
severe transformationg21]. A multiresolutionversionof the
linearapproximatioris proposedn [24].

In generalfor signi cant levelsof transformationthenonlin-
earmanifold canbe bettermodeledusinga discreteapproxima-
tion. For example thecurvein Fig. 4 canberepresentety aset
of points( lled discs).In this approacha discretesetof possi-
ble transformationss speci ed beforehandand parametersre
learnedso thatthe modelis invariantto the setof transforma-
tions. Thisapproactasbeenusedin thesupervisedramewnork
to design“‘convolutionalneuralnetworks” thataretrainedusing
labeleddata[25].

We describehow invarianceto a discretesetof transforma-
tions (like translationin images)canbe built into a generatie
densitymodelandwe shav how an EM algorithmfor the orig-
inal densitymodelcanbe extendedto the nev modelby com-
puting expectationoverthe setof transformations.

I1l. TRANSFORMATION AS A DISCRETE LATENT VARIABLE

In this section,we shov how to incorporatethe discreteand
linear approximationsdescribedabove into variousgeneratie
models.Conditioningon the discretevariablesall of the mod-
elspresentedherearejointly Gaussiansoinferences computa-

Fig.4. An -element input vector is represented by a point (un lled disc)
inan -dimensional space. When the input undergoes a continuous
transformation with 1 degree of freedom, a 1-dimensional manifold is
traced. For transformation-invariant data modeling, we want all inputs
on this manifold to be equivalent in some sense. Locally, the curve
is linear, but high levels of transformation may produce a highly non-
linear curve. We approximate the manifold by discrete points ( lled
discs) indexed by .

tionally ef cient. Although mary expressiongnay look com-
plicated, they are “straightforward” linear algebra. We have
postedMIATLAB routinesfor thesealgorithmson ourwebpage,
www.cs.toronto.edu/frey.

For thesale of clarity, we now focusonimagedataandtrans-
formationssuchastranslation.

We representhe th transformatiorby a sparseransforma-
tion matrix  thatoperateson a vectorof imagepixel inten-
sities. For example,integerpixel translationsof animagecan
be representedby permutationmatrices. Although othertypes
of transformatiormatrix may not be accuratelyrepresentedy
permutationrmatrices,mary usefultypesof transformatiorcan
berepresentetly sparsdransformatiormatrices.For example,
rotationandblurring canberepresentetdy matricesghathave a
small numberof nonzeroelementperrow (e.g., at most6 for
rotations). Alternatively, thesetransformationganbe approxi-
matedusingpermutatiormatrices.

Theobseredimage is linkedto the nontransformedatent

image andthe transformationindex asfol-
lows:

1)
where is a diagonalmatrix of sensomoisevariances.lt is

sometimesadwantageouto set , asdescribedelow.

Sincethe probability of a transformatiommay dependon the
latentimage, the joint distribution over the latentimage , the
transformatiorindex andtheobseredimage is

(2)

The correspondingyraphicalmodelis shovnin Fig. 5a.
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Fig.5. (a) A graphical model showing how a discrete transformation vari-
able can be added to a density model for a latentimage to
model the observed image . The Gaussian pdf captures
the th transformation plus a small amount of pixel noise. (We use
a box to represent variables that have Gaussian conditional pdfs.)
We have explored (b) transformed mixtures of Gaussians, where is
a discrete cluster index; (c) transformed component analysis (TCA),
where is a vector of Gaussian factors, some of which may model
locally linear transformation perturbations; and (d) mixtures of trans-
formed component analyzers, or transformed mixtures of factor ana-
lyzers.

A. Transformedsaussians

To model noisy transformedimagesof just one shape,we
choose to bea Gaussiardistribution:

3)

where is the meanof the Gaussiarand is the covariance
matrix. We usuallytake  to be diagonatlto reducethe number
of parametershatneedto beestimated.

For simplicity, we assumeéhat in the absenceof ary obser

vations, is independentf . So, thejoint
distributionis

(4)
where is the probability of transformation .

The two parameters and representwo very different
typesof noise. The noisemodeledby is addedbefoie the
transformations applied,whereaghe noisemodeledby is
addedafter the transformatioris applied. In images largeval-
ueson the diagonalof  indicateregionsin the latentimage
thatarenot accuratelypredictedby . Theseregionsmay cor
respondo backgrounctlutter or partsof an objectthat appear
noisy (e.g., blinking eyes).

Fig. 6a shavs hand-craftedparametersof a transformed
Gaussiarthat modelsa faceappearingat differentpositionsin
the frame. is shawn in rasterscanformat. is diagonal
andthe gure showsthe diagonalelementsof  in rasterscan
format, with large variancegaintedbright andsmall variances
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(a) Parametersf atransformedsaussian

f‘;

various translations

(b) Generatingrom a transformedsaussian

f’:.

shift left andup

Fig. 6. A hand-crafted model illustrates how a discrete transformation
index is incorporated into a Gaussian model. Whereas  models
additive, Gaussian noise that gets transformed, = models additive,
Gaussian noise that is not transformed.

painteddark. Thevariancemapindicateghatthe headregionis
modeledaccuratelypy , whereaghesurroundingegionis not.
Fig. 6b shavs one con guration of the variablesin the model,
drawvn from the above joint distribution. First, is drawvn by
addingindependenGaussiamoiseto , with varianceggiven
by . Next, atransformatiorindex is dravn. Finally, transfor
mation isappliedto andindependenGaussiamoisewith
variances ( in thiscase)s addedo thepixelsto produce .

To computethedensityof theimageundera particulartrans-
formation,we integrateover :

T ()

where“ ™" indicatesmatrix transpose. Eachtransformation
hasa correspondingneanimage and covariancematrix
T

The conditionaldensity lookslike thelikelihoodfor a
mixture of factoranalyzerd26]. However, whereaghe likeli-
hoodcomputatiorfor  latentpixelstakesorder  timein a
mixture of factoranalyzersit takeslinear time,order , in the
modelsconsideredere because T is sparse.

The probabilitydensityof underthe modelis

T (6)

Noticethatif Tisfull rankfor all , we canset if
we wish. We maydo this, for example to reducethe numberof
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is full rank,
isthenumber

parametershatneedto be estimated.Typically,
SO Tisfull rankif ~ hasrank ,where
of pixelsin theobsernedimage .

For a giveninput image,we cancomputethe probability of
eachtransformation:

()

Transformationnormalization (“stabilization”) can be per

formedby computingthe expectedvalue of the latentimage
giventheobsernedimage . Since and arejointly Gaussian

given , we rst compute . After somelinearalgebra,
we obtain

T (8)

where isthecovarianceof given and :

T (9)

Thenormalizedmageis thencomputedrom

(10)

If we set , then and

(11)

B. Transformedmixturesof Gaussian§TMG)

Fig. 5b shavs the graphicalmodelfor a transformednixture
of Gaussian§TMG) [27,28], wheredifferentclusteranayhave
differenttransformatiorprobabilities.Cluster hasmixing pro-
portion ,mean andcovariancematrix . Weusuallytake

to bediagonalto reducethe numberof parametershatneed
to beestimated Thejoint distributionis

12)

where the probability of transformation for cluster is

Marginalizing over the latent image gives the clus-
ter/transformatiorronditionallikelihood,

T (13)

whichcanbeusedto compute

(14)

andthe cluster/transformatioresponsibility ,

(15)

C. Transformedccomponenanalyzer(TCA)

Fig. 5¢ shawvs the graphical model for transformation-
invariantfactoranalysis,or “transformedcomponentanalysis”
(TCA). The latentimage is modeledusing linearly combined
isotropicGaussiarvariables, .

Thejoint distributionis

(16)

where isthemeanof thelatentimage, is amatrix of latent
imagecomponentgthefactorloadingmatrix)and is adiago-
nal noisecovariancematrix for the latentimage. Marginalizing
overthefactorvariablesandthelatentimagegivesthe transfor
mationconditionallik elihood,

T T

17
which canbe usedto compute andthe transformatiorre-
sponsibility

In general, T T cannotbe computedn
timethatis linearin . However, the determinantanbe com-
putedin lineartime if we set(or assume) , in which case

T T T T
T T
T T
(18)

Eachof thesedeterminantsanbecomputedn timethatis linear
in . Intheexperimentgeportedbelow, we set

By settingcolumnsof  equalto the derivativesof  with
respectto continuoustransformationparametersa TCA can
accommodatéoth a local linear approximationand a discrete
approximationto the transformatiormanifold, as describedn
Scn.lll-E.

D. Mixturesoftransformeccomponenanalyzes (MTCA).

A combinationof a TMG anda TCA canbe usedto jointly
modelclusters linear componentandtransformations. Alter-
natively, a mixture of Gaussianghatis invariantto a discrete
setof transformation&nd locally lineartransformationganbe
obtainedby combininga TMG with a TCA whosecomponents
are all setequalto transformationderivatives, as describedn
Scn.llI-E.

Thejoint distribution for the combinedmodelin Fig. 5dis

(19)

Thecluster/transformatiohk elihoodis

T T (20)

whichcanbecomputedn lineartimeif we set(or assume)
, asfor TCA.



E. Incorporating the linear approximationto the transforma-
tion manifold

It turnsoutthereis a simpleway to now incorporateboththe
linearapproximatiorandtheglobal,nonlinearapproximatiorof
thetransformatiormanifold.

Supposewe would like to modelthat dataas a mixture of
Gaussiansvith latentvariablesfor bothlocal andglobal
translations.We cando this by usinga mixture of transformed
componengnalyzer§MTCA), wherethenumberof factorvari-
ablesis 2 andeachof thesevariablescorrespondso either or

translation.

Givenavectorof pixel intensities , we canresamplét ata
higherresolution,apply a small amountof translation,sub-
sampleat the original resolution,andform a differenceimage,

. This is an approximationto the tangentvectorto the
transformatiormanifold. We candothesamefor the -direction
andthenset

(21)

in theMTCA model.
Thejoint distribution for thisMTCA is

(22)

The standardnormal variable will accountfor small -
translationswhile the standarchormalvariable  will account
for small -translations.

Other continuoustransformationscan be accountedor lo-
cally in asimilar way.

F. Selectinghe numberof transformations.

Although the numberof scalaroperationsusedin the like-
lihood computationis linearin , it should be keptin mind
thatattemptingto usean exhaustie setof transformationsvill
cause togrow polynomiallywith . For  horizontaltrans-
lations, vertical translations, rotationsand  scalings,

. If eachof thesecomponentss large, an ap-
proximateinferencealgorithmshouldbe used[29].

IV. ESTIMATING TRANSFORMATION-INVARIANT MODELS
USING THE EXPECTATION MAXIMIZATION
ALGORITHM

We presentan EM algorithmfor the generalMTCA model
describedabore. The EM algorithmfor TMG emegesby set-
ting the numberof factorvariablesto 0. The EM algorithmfor
TCA emepgesby settingthe numberof clustersto 1.

Conditionedon the discretelatent variables(transformation
index, andmixture componentndex for mixturemodels)all re-
mainingvariablesn theabove modelsarejointly GaussianPar
tial maginalsof GaussianarealsoGaussiansothedistribution
of theobsenedvariables, giventhediscretelatentvariables
and is just a Gaussian(with a particularparameterizatiomf
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themeanandcovariancematrix). Aside from the modelthatin-

corporateghe linear approximatiorto the transformatiorman-
ifold, all othermodelsarelinearin the parametersSo,the EM

algorithmfor thesemodelsis essentiallyjustaconstrainedrepa-
rameterizedrersionof the EM algorithmfor a standardmixture
of Gaussian$19]. In a later section,we describehow to esti-
matethemodelthatincorporateshelinearapproximatiorto the
transformatiormanifold.

A. M-Step

We use - to denotea sufcient statisticcom-
putedby averagingover thetrainingset. Thesesufcient statis-
tics are computedas shavn in Scn.IV-B. Using to
denotea vector containingthe diagonalelementsf matrix

to denoteadiagonalmatrixwhosediagonalkontainghe
elementof vector ; to denotethe element-wisgroduct
of vectors and ; and“ " to denotethe updatedparameters,
the M-Stepfor the MTCA updateshe parameterasfollows:

(23)

(24)

(25)

(26)

(27)

To reducethe numberof parameterswe may assumehat
doesnotdependon oreventhat is heldconstantata uni-
form distribution.

In orderto avoid over tting the noisevariancesit is often
usefulto setthe diagonalelementsof and thatarebelov
some equalto .

B. E-Step

Thesufcient statisticfor theM-Steparecomputedn the E-
Stepusingsparsdinearalgebraduringasinglepasshroughthe
trainingset.In whatfollows, it is importantto keepin mind that
thematrix  is very sparsgusually a permutatiormatrix), so
thatmatricedike arealsovery sparse.

Beforemakinga passthroughthetraining setto computethe
sufcient statisticsthefollowing matricesarecomputed:

(28)
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Then,eachcasein thetraining setis processedFor case

is rst computedor eachcombinationof , asde-

scribedin Scn.lll. Then,the following expectationsare com-
puted:

(29)

Theexpectationsieededo accumulatéhesufcient statistics
in (24)-(27)arethencomputedrom

(30)

C. Learningmodelsthat incorporate the linear approximation
to thetransformatiormanifold

A simpleapproachsto treat and asconstants
while updatingthe 'sasdescribedabove. After the 'sare
updatedwe canusethe new valuesof and to
computethesufcient statistics.

@
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Fig. 7. (a) pixel SEM images. (b) The mean and variance of
the image pixels. (c) The mean and variance found by a TMG reveal
more structure and less uncertainty.

V. EXPERIMENTS

A. Filtering images from a scanning electon microscope
(SEM).

SEMimageqe.g., Fig. 7a)canhaveaverylow signalto noise
ratio dueto a high variancein electronemissionrateand mod-
ulation of this varianceby the imagedmaterial[1]. To reduce
noise,multiple imagesare usuallyaveragedandthe pixel vari-
ancescanbe usedto estimatecertaintyin renderedstructures.
Fig. 7b shaws the estimatedneansandvariancef the pixels
from 230 SEM imageslike the onesin Fig. 7a. In
fact,averagingimagesdoesnot take into accountspatialuncer
taintiesand ltering in the imaging processntroducedby the
electrondetectorsaandthe high-speecklectricalcircuits.

We traineda single-clustemMG with 5 horizontalshiftsand
5 vertical shifts on the 230 SEM imagesusing 30 iterationsof
EM. To keepthe numberof parameteralmostequalto thenum-
ber of parameterestimatedusing simple averaging,the trans-
formationprobabilitieswerenotlearnedandthe pixel variances
in the obsened imagewere set equalafter eachM step. So,
TMG hadl1 moreparameterFig. 7c shavs the meanandvari-
ancelearnedby the TMG. Comparedo simple averaging,the
TMG nds sharpermoredetailedstructure. The variancesare
signi cantly lower, indicating thatthe TMG producesa more
con dent estimateof theimage.
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Fig. 8. Extracting transformation invariant structure from synthetic data
using a TMG. (a) Training examples, which include background clutter
and a x ed distraction. (b) Means and variances for a 6-cluster TMG.
(c) Means and variances for a 6-cluster Gaussian mixture model. (d)
18 principal components (eigenimages).

B. Extractingclustes fromsyntheticdata.

Fig. 8ashavs 100 examplesfrom atraining setof 200 cases
of images. Eachimagecontainsone of four shapes:a
largesquarealargecircle,asmall lled squareor asmall“pac-
man”. The backgroundwas producedby randomly selecting
pixel intensitiesindependentlyfrom a uniform distribution. In
addition,thebackgroundncludesa x eddistractionin theform
of two pixelsthatarealwayssetto have maximumintensity
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We traineda TMG containing clustersand
translationtransformationg5 horizontal shifts and 5 vertical
shifts) using 20 iterationsof the EM algorithm. The weights
wereinitialized to small,randomvaluesandthe mixing propor
tionswereinitializedto be equal.Fig. 8b shavs the mixing pro-
portions,clustermeans andthe diagonalelements
of the clustercovariancematrices . Sincethe TMG
had 2 extra clustersthan necessaryit usedthe rst 3 clusters
to modelthe “pac-man”. The remaining3 clustersmodel the
remainingshapesNotice thatfor a givencluster thevariances
indicatewhich pixelsarebackgrounagixels(light, for highvari-
ance)versusforegroundpixels(dark,for low variance).

Fig. 8c shaws the parameterdearnedusing 20 iterationsof
the EM algorithmfor a traditional mixture modelwith 6 clus-
ter. This modelcanbe viewed as a specialtype of TMG that
usesjust the identity transformation. The shapesare severely
blurredandthe model xates on the distraction. If the number
of clusterss increasedthemodelcancapturedifferenttransfor
mationsusingdifferentclusters.However, for 4 shapesand25
transformationghereare100distinctclusterdn thetrainingset
of 200 patterns.Training a mixture modelwith 100 clusterson
200patternswvould resultin severelyover tting thenoise.

Fig. 8d shavsthe rst 18 principalcomponentsor “eigenim-
ages”[17,18], of thetrainingdata.lt is dif cult toimaginehow
thesecomponentgsanbeusedto reconstructhe dataaccurately

C. Clusteringfacesandfacial poses.

Fig. 9ashows examplesfrom a training setof 400 jerky im-
agesof two peoplewalking acrossa clutteredbackground We
traineda TMG with 4 clusters 11 horizontalshiftsand11 verti-
cal shiftsusing15iterationsof EM afterinitializing the weights
to small, randomvalues. The loop-rich MATLAB script exe-
cutedin 40 minuteson a 500MHz Pentiumprocessar Fig. 9b
shaws the clustermeanswhich include two sharprepresenta-
tions of eachpersons face, with the backgroundclutter sup-
pressedFig. 9c shavsthe muchblurriermeandor a mixture of
Gaussiangrainedusing15 iterationsof EM.

Fig. 10ashavs examplesfrom atrainingsetof 400jerky im-
agenf onepersonwith differentposes We traineda TMG with
5 clusters,11 horizontalshifts and 11 vertical shifts using 40
iterationsof EM. Fig. 10b shaws the clustermeanswhich cap-
ture 4 posesand mostly suppresshe backgroundclutter The
meanfor clusterd includespartof thebackgroundbut this clus-
ter alsohasa low mixing proportionof 0.1. A traditional mix-
tureof Gaussiansrainedusing40iterationsof EM nds blurrier
meansasshown in Fig. 10c. The rst 4 principal components
mostly try to accountfor lighting andtranslation,asshavn in
Fig. 10d.

D. Learningshapeand lighting representationgrom noisyun-
alignedimagesof an object.

Fig. 11ashaws a training setof 144 noisy imagesof
a uniformly coloredpyramid (gray) at randomlyselectedoosi-
tions andilluminated by parallellight rayswith randomlyse-
lectedangleandintensity A clutteredbackgroundwas simu-
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Fig.9. (a) Frontal face images of two people. (b) Cluster means learned
by a TMG and (c) a mixture of Gaussians.

lated by randomlyselectingpixel valuesfrom a uniform distri-
bution.

The rst 8 principal component®f the training data,scaled
by the standarddeviation of the projecteddata, are shovn in
Fig. 11h It appearghe componentsmplementa multiresolu-
tion approximatiorto modelshifts of the object.

We traineda TCA with 3 componentsind81transformations
implementing9 horizontaland 9 vertical shifts using 10 iter-
ationsof the EM algorithm. To initialize the parametersthe
meanand varianceof eachpixel was rst computedfrom the
training data. The parametersvere theninitialized to random
values,usingthe meanandvarianceasa 1storderguide. The
transformatiorprobabilities weresetequal.

Fig. 11c shawvs the meanlatentimage , the 3 columnsof

(showvn as3 images) the latentimagenoise  (showvn asan
imagewherethe pixel intensityis equalto 4 timesthe standard
deviation) andthe obsenedimagenoise . The meanclearly
shavsthattheoutlineof theobjecthasbeendeterminedandthat
the uniform coloring hasbeendeterminedexceptat the point

@)

(b)

©

(d)

Fig.10. (a) Images of one person with different poses. (b) Cluster means
learned by a TMG. (c) Less detailed cluster means learned by a
mixture of Gaussians. (d) Mean and rst 4 principal components of
the data, which mostly model lighting and translation.

of the pyramid). Linearcombinationsof the 3 componentgro-
ducedifferentlighting conditions(seethe following paragraph)
whichimpliesthatthe 3-elementowsof  areproportionalto
theobjectsurfacenormalsupto somerotationin 3-dimensional
space. The variancemap for the latentimage shows that the
modelpredictslow variancefor pixelsbelongingto the object,
but high variancefor otherpixels (the backgrouncclutter). Fi-
nally, the variancemapfor the obsenedimageaccountdor the
smallamountof noisethatis presentn theimages.

The TCA can be simulatedin a noise-free transformation-
free fashion,by drawing a subspaceepresentatiofrom ,
computing andthencomputing . Fig.11d
shavs 144 examplessimulatedin this way. These“fantasies”
shav that the TCA can simulatethe differentlighting condi-
tions.

E. Learning a subspacereptesentationof facial expressions
fromimperfectlyalignedimages.

Fig. 12 shows a training setof 100 imagesof auto-
maticallyalignedfaceswith differentexpressionsTheaccurag
of the facedetectionalgorithmusedto align theimagesis +/-2
pixelsin eachdirection.



@)

(b) - i
# s T

©

(d)

Fig. 11. (a) Noisy images of a pyramid at different locations and under
different lighting conditions. (b) The rst 8 scaled principal compo-
nents. A pixel colored gray — halfway between black and white —
corresponds to a component value of 0. (c) The mean, components,
and noise deviation of a TCA with 3 components, after 10 iterations
of EM. Pixels for the mean and the noise deviations are colored us-
ing the same scale as the training images. (d) Examples simulated
from the TCA, without noise and without transformations.

Fig. 13ashaws the meanof the training dataandthe rst 10
principal componentsscaledby the standarddeviation of the
projecteddata. The rst 5 componentbviously accountfor
vertical, horizontaland diagonalshifts in the dataandthe re-
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Fig. 12. Imperfectly aligned images of faces with different expressions.

@

(b)

(©

Fig. 13. (a) The mean and rst 10 scaled principal components of the
face data. (b) The mean, 10 components and noise deviations found
by FA (TCA with only the identity transformation). (c) The mean, 10
components and noise deviations found by TCA.

mainingcomponentsrevery blurred.

Fig. 13b shavs the parametergor a FA model(a TCA with
only the identity transformation}rainedusing 70 iterationsof
EM. The parametersvereinitialized usingthe meanandvari-
anceof eachpixel in the training data. The sum of the two
imageson the far right of Fig. 13b givesthe variancemap for
FA. In contrastto PCA, differentcomponentsepresensimilar
amountsof enegy (variance).Thisis becausd-A doesnot nd
a preferredsetof basisvectors(factors)for the subspacelLike
PCA,FA nds veryblurredcomponents.

We traineda TCA with 10 componentsand 25 transforma-
tions implementing5 horizontaland5 vertical shifts using 70
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Fig.14. Examples of the face data simulated using (a) the PCA subspace
and (b) the factor analyzer.

iterationsof the EM algorithm. The parametersvereinitialized

Fig. 15. Examples of the face data simulated using the TCA model.

usingthe meanandvarianceof eachpixel in the training data.
Thetransformatiorprobabilities weresetequal.

Fig. 13c shavs the mean,componentsand variancemaps.
Unlike PCAandFA, TCA extractsclearcomponentsThe rst
componentappeargso exposesometeeth, the secondcompo-
nentappeardo raisethe eyebrows, raisethe upperlip and ex-
posea“tongue”,andsoon. Thecomponentfoundby TCA are
uniqueup to aunitarytransformationso eachcomponenbften
includesmorethanonefeature. A further processingtepcan
be appliedto nd a unitary transformatiorthat producescom-
ponentswith spatiallylocalizedeneny.

To seehow well the PCA subspaceepresentshe data,we
candraw a subspaceoint from an axis-alignedGaussiarwith
variancesleterminedrom the projectedtraining data,andthen
usethe principal componentso mapthe point to imagespace.
100 examplessimulatedin this mannerare shovn in Fig. 14a.
Although the “faces”do appearto be shifted aroundthe eld
of vision, they are also severely blurred. Fig. 14b shaws ex-
amplessimulatedusing the FA model, without addingsensor
noise. They appearsimilar to the examplessimulatedusingthe
PCA model.

Fig. 15 shavs 100 examplesof imagessimulatedusing the
TCA, without the latentimageand obsened imagenoiseand
without randomly selectedtransformations. The imagesare
muchclearerthanthosesimulatedusingthe PCA subspacand
thefactoranalyzer Theexpressionsn thetrainingsetarerepro-
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Fig. 16. The means (left column of images) and their sheared and translated versions (remaining columns) found by training 10 TCA models
on 10 sets of handwritten digits, containing 200 examples each. The top row of pictures illustrates how a test pattern is deformed by the

translation/shearing transformations. Those translation/shearing transformations that have low probability

ducedandthe modelalsogeneratesiovel realistic expressions
thatarenot presenin thetraining set,suchastheonein the 5th
columnof the 1strow andthe onein the 1stcolumnof the 3rd
row.

F. Modelinghandwrittendigits.

We performedbothsupervisec@ndunsupervisetearningex-
perimentson greyscaleversionsof 2000digits from the
CEDAR CDROM (Hull, 1994). Althoughthe preprocesseiin-
agest snuglyin the window, thereis wide variationin
“writing angle” (e.g., the vertical stroke of the 7 is at different
angles).So,we produceda setof 29 shearing+translatiotrans-
formations(seethe top row of Fig. 16) to usein transformed
densitymodels.

In our supervisedearningexperiments,we trainedone 10-
componenfTCA on eachclassof digit using 30 iterationsof
EM. Fig. 17 shavs the meanand 10 componentdor eachof
the 10 models. The lower 10 rows of imagesin Fig. 16 shov
the shearedand translatedmeans. In caseswherethe trans-
formation probability is below 1%, theimageis dimmed. We
alsotrainedone 10-componentactoranalyzeron eachclassof
digit using30 iterationsof EM. The meansandcomponentsre
shavn in Fig. 18. The meansfound by TCA are sharperand
whereaghe componentfoundby factoranalysisoftenaccount
for writing angle(e.g., seethe componentdor 7) the compo-
nentsfound by TCA tendto accountfor line thicknessandarc
size. Fig. 19 shavs imagesthatwererandomlygeneratedrom
the TCA modelsandFig. 20 shavs imagesthatwererandomly
generatedrom thefactoranalyzemodels.Sincedifferentcom-
ponentsin the factoranalyzersaccountfor differentstroke an-
gles, the simulateddigits often have an extra stroke, whereas
digits simulatedfrom the TCAs containfewer spuriousstrokes.

To testrecognitionperformancewe trained 20-component
factoranalyzersand TCAs on 200 examplesof eachdigit us-

after learning are dimmed.

Fig.17. The means (left column of images) and 10 components (remain-
ing 10 columns) for the model from Fig. 16.

ing 50 iterationsof EM. The noisevariancesverenot allowed
todropbelov to preventover tting a pixel thathappenso
alwaysbeoff in thetrainingdata.Eachsetof modelsusedBayes
ruleto classify1000testpatternsTheresultsaresummarizedn
Tablel andarecomparedvith a standardeedforward method,

-nearesieighbors,where was chosenusing leave-one-out
crossvalidation. TCA hasa lower error ratethanthe othertwo
methods.

Theprobabilityof eachtransformation in TCA waslearned
andwe believe therewassomeover tting. For example,some
of the shearedmagemeansn Fig. 16 thatarefaded(have av-
erageresponsibilitiedessthan 0.01) are good generalizations.
The 'scanberegularizedquite easily by blurring themafter
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Fig.18. The means (left column of images) and 10 components (remain-
ing 10 columns) found by training 10 factor analysis models on the
same 10 sets of data as were used to train the TCA models above.
Factor analysis produces blurrier means than TCA.

Fig. 19. Digits randomly generated from the 10 TCA models.

eachM-Step, using the appropriatetopology For example,if
thetransformationgre 1-D translation,1-D blurringis applied;
if the transformationsre 2-D translations2-D blurring is ap-
plied; etc.

In our unsupervisedearningexperimentswe t 10-cluster
mixturemodelsgto theentiresetof 2000digits to seewhich mod-
elscouldidentify all 10 digits. We tried a mixture of 10 Gaus-
sians,amixtureof 10factoranalyzersanda 10-clustefTMG. In
eachcase,10 modelsweretrainedusing 100 iterationsof EM
andthe modelwith the highestlikelihood was selectedandis
shavnin Fig. 21. Comparedo the TMG, the rst two methods
foundblurredandrepeatedlassesAfter identifying eachclus-

Fig. 20. Digits randomly generated from the 10 factor analysis models.

TABLE |
Handwritten digit recognition rates, for a training set of 2000
images and a test set of 1000 images.

Method Errorrate

-nearesheighbors 7.6%
Factoranalysis 3.2%
Transformedcomponenganalysis 2.7%

ter with its mostprevalentclassof digit, we foundthatthe rst
two methodshaderrorratesof 53% and49%,but the TMG had
amuchlower errorrateof 26%.

VI. SUMMARY

In mary learningapplicationswe know beforehandhatthe
dataincludestransformation®f aneasilyspeci ed nature(e.g.,
shearingin imagesof handwrittendigits). If a densitymodel
is learneddirectly from the data, the model mustaccountfor
both the transformationsn the dataand the more interesting
andpotentiallyusefulstructure.

Weintroduceaway to make standardiensitymodelsfor clus-
teringandlineardimensionalityreductioninvariantto local and
global transformationsn the input. The resultis a latentvari-
ablemodelcontainingcontinuousanddiscretevariables.Given
thediscretevariablesthedistribution overthe othervariabless
jointly Gaussianso inferenceand estimation(via the expecta-
tion maximizationalgorithm)is ef cient.

The algorithmsare able to jointly normalizeinput datafor
transformationge.g., translation,shearingand rotationin im-
ages)ndlearnmodelsof thenormalizeddata.

We illustrate the algorithmson a variety of dif cult tasks.
For example, the transformation-imariant mixture of Gaus-
siansis able to learn differentfacial posesfrom a setof out-
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Fig. 21. Clustering handwritten digits. Three different methods were
used to cluster a training set of 2000 cases containing digits from
all classes. (a) The means found by a mixture of 10 Gaussians. (b)
The means found by a mixture of 10 factor analyzers. (c) The means
found by a transformed mixture of 10 Gaussians. In each case, 9
models were learned and the model with the highest likelihood on
the training set was selected.

doorimagesshaving a persorwalking acrossa clutteredback-
groundwith varying lighting conditions. MATLAB scriptsfor
transformation-imariant clustering and dimensionalityreduc-
tion areavailableon our webpagewww.cs.toronto.edu/frey.

We focus on translationaltransformationsn this paper but
other types of transformationcan be used, such as rotation,
scale,out-of-planerotation andwarpingin images. Otherdo-
mainsmay have quite differenttypesof transformation.

In the caseof time-seriesdata, the transformationsat the
neighboringtime stepsin uence which transformationsare
likely in the currenttime step. In [8-10], we shav how the
techniquepresentedherecanbe extendedo time series.

The number of computationsneededfor exact inference
scalesexponentially with the dimensionalityof the transfor
mation manifold. If thereare  transformationsf the rst
type, transformationsof the secondtype, and so on, ex-
actinferenceandlearningtakestime that scalesas . We
are currently exploring the performanceof a faster variational
inferenceand learning methodthat takes time that scalesas

. This exponentialspeedups achieved by inferring
differenttypesof transformatiorindex separatelyInferenceof
aparticularindex is coupledto inferenceof the otherindicesus-
ing variationalparametershat representveragein uences of
otherindices.

We believe the approactpresentedherewill proveto be use-
ful for applicationghatrequiretransformation-imariantcluster
ing anddimensionalityreduction.
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