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Prefix Adders (Tree Adders) 

! More general form of carry lookahead tree 
"  Built using different organizations of the same 

set of basic PG cells (PA cells) 
"  All based on the fact that ci corresponds to the 

generate signal spanning bit positions (-1) to i-1 
"  Prefix adder is an interconnection of cells that 

produce g(i-1,-1) for all i 
"  Cells connected to produce g signals that span an 

increasing number of bits 
NOTE:  Throughout this handout, assume “A” is the same as “P” (propagate).  
(But… we will cover the real details later.) 
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PG (PA) cell 
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Overlapping Ranges 

! Starting with g,a of each bit, first level 
generates g,a for two bits, then 4, etc.  
"  If right input spans bits [right2,right1] , and left 

spans [left2,left1], with right2+1 >= left1 

"  Then output spans bits [left2,right1] 

"  For example right[5,2] and left[8,4] means 
output spans bits [8,2] 
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PG (PA) Cells 
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8-bit prefix adder 

Max fanout 2 
Min levels 

Kogge-Stone adder 
(includes carryin  
c0! [also called g-1]) 
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Another View of Prefix Adders 
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David Harris, Harvey Mudd 
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Brent-Kung  

1:03:25:47:69:811:1013:1215:14

3:07:411:815:12

7:015:8

11:0

5:09:013:0

0123456789101112131415

15:014:013:012:011:010:0 9:0 8:0 7:0 6:0 5:0 4:0 3:0 2:0 1:0 0:0

David Harris, Harvey Mudd 

NOTE:  these slides 
from David Harris now 
assume no carryin c0! 
(but can modify to add c0) 
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Sklansky Adder 

1:0

2:03:0

3:25:47:69:811:1013:1215:14

6:47:410:811:814:1215:12

12:813:814:815:8

0123456789101112131415

15:014:013:012:011:010:0 9:0 8:0 7:0 6:0 5:0 4:0 3:0 2:0 1:0 0:0

David Harris, Harvey Mudd 
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Kogge-Stone Adder 

1:02:13:24:35:46:57:68:79:810:911:1012:1113:1214:1315:14

3:04:15:26:37:48:59:610:711:812:913:1014:1115:12

4:05:06:07:08:19:210:311:412:513:614:715:8

2:0

0123456789101112131415

15:014:013:012:011:010:0 9:0 8:0 7:0 6:0 5:0 4:0 3:0 2:0 1:0 0:0

David Harris, Harvey Mudd 
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Tree Adder Taxonomy 
!  Ideal N-bit tree adder would have 

"  L = log N   logic levels 
"  Fanout never exceeding 2 
"  No more than one wiring track between levels 

! Describe adder with 3-D taxonomy (l, f, t) 
"  Logic levels:   L + l 
"  Fanout:   2f + 1 
"  Wiring tracks:  2t 

! Known tree adders sit on plane defined by 
     l + f + t = L-1 
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Tree Adder Taxonomy 

f (Fanout)

t (Wire Tracks)

l (Logic Levels)
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3 (7)

David Harris, Harvey Mudd 
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Tree Adder Taxonomy 

f (Fanout)

t (Wire Tracks)

l (Logic Levels)
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Sklansky 

Kogge-Stone 

Brent-Kung 

David Harris, Harvey Mudd 
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Han-Carlson 

1:03:25:47:69:811:1013:1215:14

3:05:27:49:611:813:1015:12

5:07:09:211:413:615:8

0123456789101112131415

15:014:013:012:011:010:0 9:0 8:0 7:0 6:0 5:0 4:0 3:0 2:0 1:0 0:0

David Harris, Harvey Mudd 
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Knowles [2, 1, 1, 1] 

1:02:13:24:35:46:57:68:79:810:911:1012:1113:1214:1315:14

3:04:15:26:37:48:59:610:711:812:913:1014:1115:12

4:05:06:07:08:19:210:311:412:513:614:715:8

2:0

0123456789101112131415

15:014:013:012:011:010:0 9:0 8:0 7:0 6:0 5:0 4:0 3:0 2:0 1:0 0:0

David Harris, Harvey Mudd 
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Ladner-Fischer 

1:03:25:47:69:811:1013:12

3:07:411:815:12

5:07:013:815:8

15:14

15:8 13:0 11:0 9:0

0123456789101112131415

15:014:013:012:011:010:0 9:0 8:0 7:0 6:0 5:0 4:0 3:0 2:0 1:0 0:0

David Harris, Harvey Mudd 
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Taxonomy Revisited 

f (Fanout)

t (Wire Tracks)

l (Logic Levels)

0 (2)
1 (3)

2 (5)

3 (9)

0 (4)

1 (5)

2 (6)

3 (8)

2 (4)

1 (2)

0 (1)

3 (7)

Kogge-
Stone

Sklansky

Brent-
Kung

Han-
Carlson

Knowles
[2,1,1,1]

Knowles
[4,2,1,1]

Ladner-
Fischer

Han-
Carlson

Ladner-
Fischer

New
(1,1,1)

(c) Kogge-Stone

1:02:13:24:35:46:57:68:79:810:911:1012:1113:1214:1315:14

3:04:15:26:37:48:59:610:711:812:913:1014:1115:12

4:05:06:07:08:19:210:311:412:513:614:715:8

2:0

0123456789101112131415

15:014:013:012:011:010:0 9:0 8:0 7:0 6:0 5:0 4:0 3:0 2:0 1:0 0:0

(e) Knowles [2,1,1,1]

1:02:13:24:35:46:57:68:79:810:911:1012:1113:1214:1315:14

3:04:15:26:37:48:59:610:711:812:913:1014:1115:12

4:05:06:07:08:19:210:311:412:513:614:715:8

2:0

0123456789101112131415

15:014:013:012:011:010:0 9:0 8:0 7:0 6:0 5:0 4:0 3:0 2:0 1:0 0:0

(b) Sklansky

1:0

2:03:0

3:25:47:69:811:1013:1215:14

6:47:410:811:814:1215:12

12:813:814:815:8

0123456789101112131415

15:014:013:012:011:010:0 9:0 8:0 7:0 6:0 5:0 4:0 3:0 2:0 1:0 0:0

1:03:25:47:69:811:1013:12

3:07:411:815:12

5:07:013:815:8

15:14

15:8 13:0 11:0 9:0

0123456789101112131415

15:0 14:0 13:0 12:0 11:0 10:0 9:0 8:0 7:0 6:0 5:0 4:0 3:0 2:0 1:0 0:0

(f) Ladner-Fischer

(a) Brent-Kung

1:03:25:47:69:811:1013:1215:14

3:07:411:815:12

7:015:8

11:0

5:09:013:0

0123456789101112131415

15:014:013:012:011:010:0 9:0 8:0 7:0 6:0 5:0 4:0 3:0 2:0 1:0 0:0

1:03:25:47:69:811:1013:1215:14

3:05:27:49:611:813:1015:12

5:07:09:211:413:615:8

0123456789101112131415

15:014:013:012:011:010:0 9:0 8:0 7:0 6:0 5:0 4:0 3:0 2:0 1:0 0:0

(d) Han-Carlson

Knowles 

Han-Carlson Kogge-Stone 

Sklansky 

Brent-Kung 

Ladner-Fischer 

David Harris, Harvey Mudd 
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Carry Skip Adder 

! The idea is to reduce the number of cells the 
worst-case carry must propagate through 
"  Divide n-bit adder into groups of m-bits 
"  Determine group propagate for each m-bits 
"  If the entire group p is true, skip around it 
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Carry Skip Adder 
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Carry Skip example 

=p 
=k 
=g 
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Carry Skip worst case 

Carry travels through 
at most two groups:  
the initiating group 
and the terminating 
group.  
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Carry Skip delay 

! Worst case is when a carry is generated in the 
first bit of the adder 
"  Then propagated through all bits up to but not 

including the high order bit 
"  That is, skip all groups but the first and last 
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Problem with clearing carries 

! Watch out – some books show an AND/OR 
version that doesn’t really work!  
"  Problem is that carries might be left over from 

previous addition and have to dribble out… 
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Group Size 

! Previous delay analysis assumes all groups 
are the same size 
"  This isn’t the best for speed…  
"  Carries generated in the first group have to skip 

more groups!  
"  For fixed size:  
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Carry Skip with different m 
!  If you vary the group size with the groups at the 

ends shorter than the groups in the middle, you can 
speed things up 

"  N=60, tc=ts=tmux=! 
"  M=6, TCSK=21 ! 
"  M=4,5,6,7,8,8,7,6,5,4, TCSK=17 ! 
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Summary 
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Case Study 

! Dec Alpha 21064 64-bit adder 
"  5ns cycle time in a 0.75u CMOS process 
"  Very high performance for the day! 
"  A mix of multiple techniques!  
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Alpha 21064 

!  In 8-bit chunks – Manchester carry chain 
"  Chain was also tapered to reduce the load caused 

by the remainder of the chain 
"  Chain was pre-discharged at start of cycle 
"  Three signals used: P, G, and K 
"  Two Manchester chains:  

# One assuming Cin=0 
# One assuming Cin=1 
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Alpha 21064 

! Carry Lookahead used on  
least significant 32 bits 
"  Implemented as distributed differential circuits 
"  Provide carry that controls most significant 32 

! Conditional Sum used for  
most significant 32 
"  Six 8-bit select switches used to implement 

conditional sum on the 8-bit level 
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Alpha 21064 

! Finally, Carry Select used to produce the 
most significant 32 bits.  
"  Final selection done using NMOS carry-select 

byte-wide muxes  
! Also apparently pipelined with a row of 

latches after the lookahead…  
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Alpha 21064 
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72-bit Pentium II Adder 

Slide from Mark Horowitz, Stanford 
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Adder from Imagine 

Slide from Mark Horowitz, Stanford 



33 

Adder from Imagine 

Slide from Mark Horowitz, Stanford 
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Adder from Imagine 

Slide from Mark Horowitz, Stanford 
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Adder from Imagine 

Slide from Mark Horowitz, Stanford 
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Local PGK Logic (Imagine) 

Slide from Mark Horowitz, Stanford 
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Group PKG (Imagine) 
Manchester Carry Chains.  

Slide from Mark Horowitz, Stanford 
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Arithmetic for Media Processing 
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Segmented Add Operation 

Slide from Mark Horowitz, Stanford 
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Modify for Segmentation 

Slide from Mark Horowitz, Stanford 
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Saturation 

Slide from Mark Horowitz, Stanford 
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Hardware Support for Saturation 

Slide from Mark Horowitz, Stanford 
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Summary (from Harris/Weste) 

!  If they’re fast enough, use ripple-carry 
"  Compact, simple 

! Carry skip and carry select work well for 
small bit sizes (8-16) 
"  Hybrids combining techniques are popular 

! At 32, 64, and beyond, tree adders are much 
faster 
"  Again, hybrids are common 
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Adder Summary 
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Synthesized Adders (Harris/Weste) 

! Similar to my experiment 
"  But with 0.18u library, Synopsys DesignWare 
"  Synopsys can map “+” to carry-ripple, carry-

select, carry-lookahead, and some prefix adders 
"  Fastest are tree adders with (prelayout) speeds of 

7.0 and 8.5 FO4 delays for 32 and 64 bit adders 
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Area vs. Delay,  Synthesized Adders 


