
COMS 6998-006 Network Theory Columbia University, Spring 2008Le
ture 12 - Spe
tral Clustering: February 28, 2008Le
turer: Dragomir Radev S
ribe: Wei Liu1 Edge Betweenness Dendrogram

H I D A B E F L C GFigure 1: Example from Caldarelli 2007.1.1 Existing Softwarehttp://www.sandia.gov/ bahendr/
ha
o.html (CHACO)http://glaros.dt
.umn.edu/gkhome/views/metis/index.html (METIS)http://www.
s.utexas.edu/users/dml/Software/gra
lus.html (GRACLUS)2 Minimum Spanning TreeA spanning tree for a 
onne
ted, undire
ted graph G = (V, E) is a subgraph of G that is an undire
tedtree and 
ontains all the verti
es of G.In a weighted graph G = (V, E, W ), the weight of a subgraph is the sum of the weights of the edges inthe subgraph.A minimum spanning tree for a weighted graph is a spanning tree with the minimum weight.2.1 Prim/Jarnik's Minimum Spanning Tree Algorithm
1. Sele
t an arbitrary starting vertex (the root).
2. Bran
h out from the tree 
onstru
ted so far by 
hoosing an edge at ea
h iteration, atta
hing the edgeto the tree (the edge that has minimum weight among all edges that 
an be atta
hed), and adding to thetree the vertex asso
iated with the edge.
3. Verti
es are divided into three disjoint 
ategories: tree verti
es in the tree 
onstru
ted so far, fringeverti
es not in the tree, but adja
ent to some vertex in the tree, and unseen verti
es in
luding all others.
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Figure 2: Dete
ting 
ommunity stru
ture in networks, M. E. J. Newman, Eur. Phys. J. B 38, 321-330(2004).
Figure 3: MST and min
ut slides by Rada Mihal
ea.2.2 Prim's AlgorithmAlgorithm PrimMinSpanningT ree(G)Initialize all nodes as unseenSele
t an arbitrary vertex s to start the treeRe
lassify it as treeRe
lassify all verti
es adja
ent to s as fringeWhile there are fringe verti
esSele
t an edge of minimum weight between a tree vertex t and a fringe vertex vRe
lassify v as tree; add edge t̂v to the treeRe
lassify all unseen verti
es adja
ent to v as fringe2.3 Properties of Minimum Spanning TreesDe�nition: Minimum spanning tree property.Let G be a 
onne
ted, weighted graph G = (V, E, W ), and let T be any spanning tree of G. Supposethat for every edge v̂w of G that is not in T :if ûv is added to T , then it 
reates a 
y
le;

ûv is a maximum-weight edge on that 
y
le.COMS 6998-006 Network Theory-2
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3Figure 4: Prim's Algorithm.
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3Figure 5: Prim's Algorithm.The tree T is said to have the minimum spanning tree property. A graph 
an admit several minimumspanning trees.Lemma: In a 
onne
ted, weighted graph G = (V, E, W ), if T1 and T2 are two spanning trees that havethe MST property, then they have the same total weight.The number of edges in a minimum spanning tree is |V | − 1.3 Flow NetworksWhat if weights in a graph are maximum 
apa
ities of some �ow of material?Examples: Pipe network to transport �uid (e.g., water, oil) where edges denote pipes and verti
esdenote jun
tions of pipes. Data 
ommuni
ation network where edges denote network 
onne
tions of di�erent
apa
ity and verti
es denote routers (do not produ
e or 
onsume data just move it).Con
epts (informally): Sour
e vertex s (where material is produ
ed). Sink vertex t (where material is
onsumed). For all other verti
es - what goes in must go out.Goal: maximum rate of material �ow from sour
e to sink.3.1 FormalizationFlow network - G = (V, E): Dire
ted, ea
h edge has 
apa
ity c(u, v) ≥ 0. Two spe
ial verti
es: sour
e s,and sink t. For any other vertex v, there is a path s → · · · → v → · · · → t.Flow - f : V × V → R: Capa
ity 
onstraint, ∀u, v ∈ V, f(u, v) ≤ c(u, v). Skew symmetry, ∀u, v ∈
V, f(u, v) = −f(v, u). Flow 
onservation, ∀u ∈ V − {s, t},

∑
v∈V f(u, v) = f(u, V ) = 0 or

∑
v∈V f(v, u) =COMS 6998-006 Network Theory-3



f(V, u) = 0.3.2 Can
ellation of FlowsDo we want to have positive �ows going in both dire
tions between two verti
es?No! su
h �ows 
an
el (maybe partially) ea
h other.
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6Figure 6: Can
ellation of �ows.3.3 Maximum FlowWant to maximize the total value of the �ow f : |f | =
∑

v∈V f(s, v) = f(s, V ) = f(V, t).
13

11

54

15

10

14

19

3

s t9

a b

c d

5

13

3

8

6

10

8

2

13

11

54

15

10

14

19

3

s t9

a b

c d

5

13

3

8

6

10

8

2Figure 7: Find a �ow of maximum value.3.4 Augmenting PathIdea for the algorithm: If we have some �ow, and 
an �nd a path p from s to t (augmenting path), su
hthat there is a > 0, and for ea
h edge (u, v) in p we 
an add a units of �ow: f(u, v) + a ≤ c(u, v); then markdown that path, to get a better �ow. Augmenting path in this graph Figure 7?
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3.5 Ford-Fulkerson Method
Ford − Fulkerson(G, s, t)

1. Initialize �ow f to 0 everywhere
2. While there is an augmenting path p doaugment �ow f along p

3. Return fHow do we �nd augmenting path? How mu
h additional �ow 
an we send through that path?COMS 6998-006 Network Theory-4



3.5.1 Residual NetworkHow do we �nd augmenting path?It is any path in residual network: Residual 
apa
ities: cf (u, v) = c(u, v) − f(u, v). Residual network:
Gf = (V, Ef ), where Ef = {(u, v) ∈ V × V : cf (u, v) > 0}3.5.2 Residual Capa
ity of a PathHow mu
h additional �ow 
an we send through an augmenting path?Residual 
apa
ity of a path p in Gf : cf (p) = min{cf (u, v) : (u, v) ∈ p}.Doing augmentation: ∀(u, v) ∈ p, add cf (p) to f(u, v) (and subtra
t from f(v, u)).Resulting �ow is a valid �ow with a larger value. What is the residual 
apa
ity of the path (s, a, b, t) inFigure 7?3.5.3 Ford-Fulkerson Method with Details
Ford − Fulkerson(G, s, t)

1. for ea
h edge (u, v) ∈ G.E do
2. f(u, v) = f(v, u) = 0
3. while ∃ path p from s to t in residual network Gf do
4. cf = min{cf (u, v) : (u, v) ∈ p}
5. for ea
h edge (u, v) in p do
6. f(u, v) = f(u, v) + cf

7. f(v, u) = −f(u, v)
8. return fThe algorithms based on this method di�er in how they 
hoose p in step 3.3.5.4 Ford-Fulkerson Method: Example
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5Figure 8: Ford-fulkerson method: example.4 CutsAn s − t 
ut is a partition (S, T ) su
h that s ∈ S, t ∈ T .The 
apa
ity of an s − t 
ut (S, T ) is:
∑

e out of S

u(e) =
∑

(v,w)∈E,v∈S,w∈T

u(v, w)Min s − t 
ut: �nd an s − t 
ut of minimum 
apa
ity.
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Figure 9: s − t 
ut I-V.4.1 Flows and CutsLemma1. Let f be a �ow, and let (S, T ) be a 
ut. Then, the net �ow sent a
ross the 
ut is equal to theamount rea
hing t.
∑

e out of S

f(e) −
∑

e in to S

f(e) =
∑

e out of S

f(e) = |f |4.2 Max Flow and Min CutCorollary. Let f be a �ow, and let (S, T ) be a 
ut. If |f | = cap(S, T ), then f is a max �ow and (S, T ) is amin 
ut.Max-�ow/min-
ut Theorem (Ford-Fulkerson): In any network, the value of the max �ow is equal to thevalue of the min 
ut.
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