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1 Edge Bet w eenness Dendrogram

H I D A B E F L C G

Figure 1: Example from Caldarelli 2007.

1.1 Existing Soft w are

http://www.sandi a. gov / bahendr/chaco.ht ml (CHA CO)

http://glaros.dt c. umn .e du /gk ho me /vi ew s/ met is /i nde x. htm l (METIS)

http://www.cs.ut ex as. ed u/ use rs /d ml/ So ft war e/ gr acl us .ht ml (GRA CLUS)

2 Minim um Spanning T ree

A spanning tree for a connected, undirected graph G = ( V; E) is a subgraph of G that is an undirected

tree and con tains all the v ertices of G .

In a w eigh ted graph G = ( V; E; W) , the w eigh t of a subgraph is the sum of the w eigh ts of the edges in

the subgraph.

A minim um spanning tree for a w eigh ted graph is a spanning tree with the minim um w eigh t.

2.1 Prim/Jarnik's Minim um Spanning T ree Algorithm

1: Select an arbitrary starting v ertex (the ro ot).

2: Branc h out from the tree constructed so far b y c ho osing an edge at eac h iteration, attac hing the edge

to the tree (the edge that has minim um w eigh t among all edges that can b e attac hed), and adding to the

tree the v ertex asso ciated with the edge.

3: V ertices are divided in to three disjoin t categories: tr e e vertic es in the tree constructed so far, fringe

vertic es not in the tree, but adjacen t to some v ertex in the tree, and unse en vertic es including all others.
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Figure 2: Detecting comm unit y structure in net w orks, M. E. J. Newman, Eur. Ph ys. J. B 38, 321-330

(2004).

Figure 3: MST and mincut slides b y Rada Mihalcea.

2.2 Prim's Algorithm

Algorithm P rimMinSpanningT ree (G)
Initialize all no des as unseen

Select an arbitrary v ertex s to start the tree

Reclassify it as tree

Reclassify all v ertices adjacen t to s as fringe

While there are fringe v ertices

Select an edge of minim um w eigh t b et w een a tree v ertex t and a fringe v ertex v
Reclassify v as tree; add edge

btv to the tree

Reclassify all unseen v ertices adjacen t to v as fringe

2.3 Prop erties of Minim um Spanning T rees

De�nition: Minim um spanning tree prop ert y .

Let G b e a connected, w eigh ted graph G = ( V; E; W) , and let T b e an y spanning tree of G . Supp ose

that for ev ery edge cvw of G that is not in T :

if cuv is added to T , then it creates a cycle;

cuv is a maxim um-w eigh t edge on that cycle.
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Figure 4: Prim's Algorithm.
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Figure 5: Prim's Algorithm.

The tree T is said to ha v e the minim um spanning tree prop ert y . A graph can admit sev eral minim um

spanning trees.

Lemma: In a connected, w eigh ted graph G = ( V; E; W) , if T1 and T2 are t w o spanning trees that ha v e

the MST prop ert y , then they ha v e the same total w eigh t.

The n um b er of edges in a minim um spanning tree is jV j � 1.

3 Flo w Net w orks

What if w eigh ts in a graph are maxim um capacities of some �o w of material?

Examples: Pip e net w ork to transp ort �uid (e.g., w ater, oil) where edges denote pip es and v ertices

denote junctions of pip es. Data comm unication net w ork where edges denote net w ork connections of di�eren t

capacit y and v ertices denote routers (do not pro duce or consume data just mo v e it).

Concepts (informally): Source v ertex s (where material is pro duced). Sink v ertex t (where material is

consumed). F or all other v ertices - what go es in m ust go out.

Goal: maxim um rate of material �o w from source to sink.

3.1 F ormalization

Flo w net w ork - G = ( V; E) : Directed, eac h edge has capacit y c(u; v) � 0. T w o sp ecial v ertices: source s,

and sink t . F or an y other v ertex v , there is a path s ! � � � ! v ! � � � ! t .

Flo w - f : V � V ! R : Capacit y constrain t, 8u; v 2 V; f (u; v) � c(u; v) . Sk ew symmetry , 8u; v 2
V; f (u; v) = � f (v; u) . Flo w conserv ation, 8u 2 V � f s; tg;

P
v2 V f (u; v) = f (u; V ) = 0 or

P
v2 V f (v; u) =
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f (V; u) = 0 .

3.2 Cancellation of Flo ws

Do w e w an t to ha v e p ositiv e �o ws going in b oth directions b et w een t w o v ertices?

No! suc h �o ws cancel (ma yb e partially) eac h other.

13

11

54

15

10

14

19

3

s t9

a b

c d

2 5

3

3

6

6

13

11

54

15

10

14

19

3

s t9

a b

c d

2 5

3

3

6

6

13

11

54

15

10

14

19

3

s t9

a b

c d

3

3

3

6

6

13

11

54

15

10

14

19

3

s t9

a b

c d

3

3

3

6

6

13

11

54

15

10

14

19

3

s t9

a b

c d

3

3

3

6

6

Figure 6: Cancellation of �o ws.

3.3 Maxim um Flo w

W an t to maximize the total v alue of the �o w f : jf j =
P

v2 V f (s; v) = f (s; V) = f (V; t) .
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Figure 7: Find a �o w of maxim um v alue.

3.4 Augmen ting P ath

Idea for the algorithm: If w e ha v e some �o w, and can �nd a path p from s to t (augmen ting path), suc h

that there is a > 0, and for eac h edge (u; v) in p w e can add a units of �o w: f (u; v) + a � c(u; v) ; then mark

do wn that path, to get a b etter �o w. Augmen ting path in this graph Figure 7 ?
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3.5 F ord-F ulk erson Metho d

F ord � F ulkerson(G; s; t)
1: Initialize �o w f to 0 ev erywhere

2: While there is an augmen ting path p do

augmen t �o w f along p
3: Return f

Ho w do w e �nd augmen ting path? Ho w m uc h additional �o w can w e send through that path?
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3.5.1 Residual Net w ork

Ho w do w e �nd augmen ting path?

It is an y path in residual net w ork: Residual capacities: cf (u; v) = c(u; v) � f (u; v) . Residual net w ork:

Gf = ( V; Ef ) , where E f = f (u; v) 2 V � V : cf (u; v) > 0g

3.5.2 Residual Capacit y of a P ath

Ho w m uc h additional �o w can w e send through an augmen ting path?

Residual capacit y of a path p in Gf : cf (p) = min f cf (u; v) : (u; v) 2 pg.

Doing augmen tation: 8(u; v) 2 p, add cf (p) to f (u; v) (and subtract from f (v; u) ).

Resulting �o w is a v alid �o w with a larger v alue. What is the residual capacit y of the path (s; a; b; t) in

Figure 7 ?

3.5.3 F ord-F ulk erson Metho d with Details

F ord � F ulkerson(G; s; t)
1: for eac h edge (u; v) 2 G:E do

2: f (u; v) = f (v; u) = 0
3: while 9 path p from s to t in residual net w ork Gf do

4: cf = min f cf (u; v) : (u; v) 2 pg
5: for eac h edge (u; v) in p do

6: f (u; v) = f (u; v) + cf

7: f (v; u) = � f (u; v)
8: return f

The algorithms based on this metho d di�er in ho w they c ho ose p in step 3.

3.5.4 F ord-F ulk erson Metho d: Example
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Figure 8: F ord-fulk erson metho d: example.

4 Cuts

An s � t cut is a partition (S; T) suc h that s 2 S , t 2 T .

The capacit y of an s � t cut (S; T) is:

X

e out of S

u(e) =
X

(v;w )2 E;v 2 S;w 2 T

u(v; w)

Min s � t cut: �nd an s � t cut of minim um capacit y .
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Figure 9: s � t cut I-V.

4.1 Flo ws and Cuts

Lemma1. Let f b e a �o w, and let (S; T) b e a cut. Then, the net �o w sen t across the cut is equal to the

amoun t reac hing t .

X

e out of S

f (e) �
X

e in to S

f (e) =
X

e out of S

f (e) = jf j

4.2 Max Flo w and Min Cut

Corollary . Let f b e a �o w, and let (S; T) b e a cut. If jf j = cap(S; T) , then f is a max �o w and (S; T) is a

min cut.

Max-�o w/min-cut Theorem (F ord-F ulk erson): In an y net w ork, the v alue of the max �o w is equal to the

v alue of the min cut.
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