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Frequenc y Domain Normal Map Filtering

Abstract
Filtering is critical for representingimage-baseddetail,suchastex-
turesor normalmaps,acrossavarietyof scales.While mipmapping
textures is commonplace,accuratenormal map �ltering remains
a challengingproblembecauseof nonlinearitiesin shading—we
cannotsimply averagenearbysurfacenormals. In this paper, we
show analytically that normal map �ltering can be formalizedas
a sphericalconvolution of the normaldistribution function(NDF)
andtheBRDF, for alargeclassof commonBRDFssuchasLamber-
tian,microfacetandfactoredmeasurements.This theoreticalresult
explains many previous �ltering techniquesas specialcases,and
leadsto a generalizationto a broaderclassof measuredandana-
lytic BRDFs. Our practicalalgorithmsleveragea signi�cant body
of previouswork thathasstudiedlighting-BRDFconvolution. We
show how sphericalharmonicscanbe usedto �lter the NDF for
Lambertianand low-frequency specularBRDFs, while spherical
von Mises-Fisherdistributionscanbeusedfor high-frequency ma-
terials.

1 Intr oduction
Representingimage-basedsurfacedetail at a variety of scalesre-
quires good �ltering algorithms. For texture mapping,aliasing
is reducedby mipmapping[Williams 1983] or summed-areata-
bles [Crow 1984]. Normal mapping(also known as bump map-
ping [Blinn 1978] or normalperturbation)is a simpleandwidely
usedanalogueto texturemapping,thatspeci�esthesurfacenormal
at eachtexel. Unfortunately, normalmap�ltering is very dif�cult
becauseshadingis not linearin thenormal.

For example,considerthesimpleV-groove like structureor sur-
facegeometryin Fig. 1a. Initially, this spanstwo pixels, eachof
which hasdistinct normals(b). As we zoomout (c), the average
normal of the two sides(e) correspondssimply to a �at surface,
wherethe shadingis likely to be very different. By contrast,our
methodpreservesthe full normaldistribution (d), showing how to
convolve it with theBRDF(f) to getanaccurateresult.

A morecomplex exampleis Fig. 2. Initially (top row), minimal
�ltering is required,andall methodsperformidentically. However,
aswe zoomout (middle andespeciallybottomrows), we quickly
obtainradically differentresults,dependingon if we usestandard
mipmap�ltering or ourmethod—whichis closeto groundtruth.1

We develop a comprehensive framework for normalmap�lter -
ing, in the context of real-timeGPU renderingof normal maps,
signi�cantly generalizingthestateof theart [Tanetal. 2005].
Theory of Filtering as Convolution of BRDF and NDF: Our
mostimportantcontribution is theoretical.In Sec.4, we derive an
analyticformula,showing that�ltering canbeformally represented
as a sphericalconvolution of the BRDF of the material,and the
normal distribution function2 or NDF for that texel. The NDF is
a weightedmappingof surfacenormalsontotheunit sphere;more
formally, it is theextendedGaussianImage[Horn 1984]of thege-
ometrywithin a texel. The theoryappliesequally to the conven-
tional discretenormalmapsshown in all our examples,aswell as
analytically-speci�ednormaldistributions.

This mathematicalform holds for a large class of common
BRDFs (including Lambertian,microfacet models and factored
half-anglemeasurements),and immediatelyconnectsgeometrical
normalmap�ltering with theolderlighting-BRDFconvolution re-
sult for appearance[BasriandJacobs2001;RamamoorthiandHan-
rahan2001b]. Our resultalsouni�es many previous normalmap

1Groundtruthis obtainedby of�ine averagingor antialiasingof multiple
(hundredsof) imagescreatedby jittering thecamera,while renderingwith
normalmapsat their �nest resolution.

2Our normal distribution function is not to be confusedwith the
similarly-namedfunctionfrom statistics.
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Figure 1: Considera simpleV-groove. Initially (a), each face is a sin-
gle pixel. As we zoomout, and average into a singlepixel (c), standard
mipmappingaveragesthenormalto aneffectively�at surface(e). However,
our methodcomputesa normaldistribution functionor NDF (d), that pre-
servestheoriginal normals. ThisNDF canbe linearly convolvedwith the
BRDF(right panel(f)) to obtainaneffectiveBRDF, accuratefor shading.

Figure 2: Top: Closeupsof thebasenormalmap,which hasdifferentcol-
ors in �at regionsandbumpsto aid in comparison/visualization.All other
methodsare identicalat this scale, andare not shown.Middle: Whenwe
zoomout, differencesemerge betweenour (6-lobe)sphericalvMF method,
theToksvigapproach (rightmost),anda normalizedmipmap.(Usingunnor-
malizedmipmapaveragingofnormalsproducesanessentiallyblack image.)
Bottom: Zoomingout evenfurther, our methodis clearly more accurate
thanToksvig'smodel(effectivelysingle-lobe),andcomparesfavorablywith
groundtruth. (Thereadermayzoominto thePDF to compare images.)
�ltering approaches,thatcanbeviewedasspecialcases.Moreover,
we canimmediatelyapply a hostof mathematicalrepresentations
originally developedfor lighting-BRDFconvolution. In particular,
wedevelopthefollowing new practicalalgorithms:

Spherical Harmonics: Sphericalharmoniccoef�cients canbe
usedto �lter theNDF for Lambertianandlow-frequency specular
BRDFs(Sec.5). We simply linearly averagesphericalharmonic
coef�cients at �ner texels, asin mipmapping.To our knowledge,
this is the�rst effective linear �ltering algorithmfor normalmaps.

Spherical vMF Distrib utions: For renderinghigh-frequency
materials,we use sphericalexpectationmaximization[Banerjee
et al. 2005] to �t von Mises-Fisher(vMF) spherical distribu-
tions[Fisher1953] to theNDF, enablinga compactrepresentation
(Sec.7). To our knowlege,this useof vMFs andEM for spherical
distributionsis new in graphics,andmayhavebroaderrelevance.

Complex BRDFs and Lighting: Our framework allows us to
handlecomplex BRDFs,includingmeasuredmaterials,aswell as
dynamicallychangingre�ectance,lighting andview. We arealso
ableto incorporatedynamiclow-frequency environmentmaps.
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2 Previous Work
Theclosestpreviouswork is [Tanetal. 2005],whichusesEM to �t
Gaussianlobesat eachtexel. We introducea new theoreticalresult
in termsof the analysisof normalmap�ltering asconvolution—
it is easyto understand[Tan et al. 2005] asan importantspecial
casein this framework. Our formulationalsoallows sphericalhar-
monic methodsfor low-frequency materialsand Lambertianob-
jects, which do not even requirenon-linear�tting of lobes. For
high-frequency materials,by usingvMFsandsphericalEM, weuse
the naturalsphericaldomainof surfacenormals—distortedplanar
or Euclideanprojections,asin theplanarGaussian�ts of [Tanetal.
2005], have beenshown to considerablyreduceaccuracy, both in
ourwork (Fig. 7), andin othercontexts [Strehletal. 2000]).

Note that [Tanet al. 2005] treattheBRDF itself asa pre-baked
distribution of normalsat �ne-scaletexels.We supportanddiscuss
this multi-scaletradeoff betweenBRDF andgeometry(Sec.6.2).
However, our sphericalrepresentationenablesus to derive a for-
malconvolutionresultof theNDF with theBRDF, andallowsusto
separateor factorthetwo. ThesameNDF canbeusedwith differ-
ent,possiblynon-GaussianBRDFs,easily. We canalsochangethe
BRDFat runtime,andsupportdynamiccomplex lighting.
Normal Map Filtering: Earlier techniquesbasedon lobe or
peak-�tting includeSchilling [1997]whousesacovariancematrix,
and[OlanoandNorth1997]whomapnormaldistributionsconsist-
ing of a single3D Gaussian.A simplerecentGPU methodis by
Toksvig[2004]. In our framework, thesetechniquescanretrospec-
tively beconsideredsimilar to usinga singlevMF lobe.As seenin
Figs.2 and7, asinglelobeis not suf�cient for complex NDFs.

An early inspirationis [Fournier1992], who usesup to seven
Phongpeaksper texel, but needsup to 56 at the coarsestscales.
As with [Tan et al. 2005], this is a specialcaseof our frame-
work, with somesimilaritiesto our sphericalvMF algorithm.Note
that [Fournier 1992] usesnonlinearleast-squaresoptimizationto
�t peaks. In our experience,this is unstableandslow, especially
consideringthenumberof peaksandtexelsin anormalmap.
Multi-Scale Representations: Theideaof multiplescales,with
bump or normal maps transitioning to BRDFs, is explored by
[Becker andMax 1993],but they do not focuson normalmap�l-
teringasin our work. Similarly, appearance-preservingsimpli�ca-
tion methodsreplace�ne-scalegeometrywith normalandtexture
maps[Cohenet al. 1998]. It is likely that our approachcoulden-
ablecontinuouslevel of detail andantialiasingin thesemethods.
Separately, our formulationallows oneto understandthe tradeoff
betweena normaldistribution andtheBRDF, sincethe�nal image
is givenby aconvolutionof theNDF andBRDF.
DisplacementMaps: Thepower of modernGPUshasenabled
morecomplex representations,likedisplacementmapswith sphere
tracing [Donnelly 2005]. A more data and compute-intensive
approachis view-dependentdisplacementmapping[Wang et al.
2003]. However, thesemethodsare more complicated,and an-
tialiasinghasnot yet receivedsigni�cant attention,making�ltered
normalmapsstill themethodof choicefor many applications.
Convolution and Precomputed Radiance Transfer (PRT):
Many of our mathematicalrepresentationsderive from previous
convolutionandPRT methods.Weutilize sphericalharmonics[Ra-
mamoorthiandHanrahan2001b;Sloanetal. 2002],includingthe9
parameterformula for Lambertianre�ectance[Ramamoorthiand
Hanrahan2001a; Basri and Jacobs2001]. Our sphericalvMF
methodextendszonal harmonic[Sloan et al. 2005] and spheri-
cal radial basisfunctions[Tsai andShih 2006]. We alsoconsid-
eredwavelet methods(introducedfor re�ectancein [Lalondeand
Fournier1997]),but foundthenumberof termsfor anartifact-free
solutiontoo largefor practicaluse,evenwith smootherwavelets.3

Weemphasizehowever, thatoursis notaPRT algorithm,requir-
ing minimal precomputationandworking with conventionalreal-
time renderingtechniques.It is differentfrom normalmappingin

3PRT methodscanusea coarsewavelet approximationof the lighting,
sinceit is not visualizeddirectly, but wedirectlyvisualizeNDF andBRDF.

PRT [Sloan2006],whichpresentsasimpleapproximationanddoes
notaddress�ltering. Moreover, ourmethodrestsonanexplicit ana-
lytic convolutionformula,andusestherepresentationsabovesolely
for normalmap�ltering, notPRT.

3 Preliminaries

There�ectedlight B ataspatialpoint x is

B(x;wwwo) =
Z

S2
L(x;wwwi)r (www0

i ;www
0
o) dwwwi ; (1)

whereL is the lighting andr is the BRDF (actually, the transfer
functionincludingthecosineof theincidentangle).L will generally
beassumedto befrom asmallnumberof point lights(soequation1
canbereplacedby a summationover discretewwwi). www0

i andwww0
o are

the local directionsin thesurfacecoordinateframe. To �nd them,
wemustrotateby R, thatconvertsglobaldirections(wwwi andwwwo) to
thelocal frame[RamamoorthiandHanrahan2001b],

www0
i = R(n)wwwi www0

o = R(n)wwwo: (2)

3.1 BRDF Representation and Parameterization

EffectiveBRDF: Therefore,wecanconsideraneffectiveBRDF
or transferfunctionthatdependson thesurfacenormal,

r eff(wwwi ;wwwo;n) = r (R(n)wwwi ;R(n)wwwo); (3)

with

B(x;wwwo) =
Z

S2
L(x;wwwi)r

eff(wwwi ;wwwo;n(x)) dwwwi : (4)

BRDF Parameterizations: Many BRDFscanbewrittenas

r eff(wwwi ;wwwo;n) = r (www � n); (5)

wheretheBRDFis a1D functionof asinglevariableor parameteri-
zationwww. In thispaper, wefocusmostof oureffort onthesetypesof
BRDFs,which encompassLambertian,Blinn-Phongor microfacet
half angle,andfactoredandmeasuredBRDFs.

A very commonexample is Lambertianre�ection, where the
transferfunction is simply thecosineof the incidentangle,sothat
www = wwwi , andr = max(www � n;0). TheBlinn-Phongspecularmodel
with exponents usesa transferfunctionof theform r = (wwwh � n)s,
with thehalf-angleparameterization,www = wwwh. Measuredor proce-
duralBRDF functionsr (wwwh � n) canalsobeused.

A numberof recentpapershave proposedfactoredBRDFsfor
measuredre�ectance. [Lawrenceet al. 2006] usesa factorization
f (qh)g(qd), in termsof half anddifferenceangles.The f (qh) term
clearly �ts into the framework of equation5, but the BRDF now
alsoincludesa productwith g(qd). However, qd doesnot depend
onn (andg doesnotneedto be�ltered), soweextendequation5

r eff(wwwi ;wwwo;n) = r (www � n)g(wwwi ;wwwo); (6)

wheretheg factordoesnotdependdirectlyonn.

3.2 Normal Map Representation and Filtering
Normal Map Input Representation: Thereare many equiv-
alent normal map representations,including bump maps[Blinn
1978]andnormaloffsets.For simplicity, we usenormalmaps,pa-
rameterizedonaplane,thatdirectly specifythenormal.

For renderingcomplex curved3D geometry, thenormalmapn j
is rotatedonto thesurfaceusingthegeometricsurfacenormal,i.e.
n̂ j = R(n̂)n j , wheren̂ j is the new normal,andn̂ is the geometric
normal. The actualimplementationis even simpler—we just per-
form all computationsin the local frameof thegeometricsurface.
Lighting andview areprojectedinto this local frame,after which
theplanarnormalmap4 is useddirectly, withoutexplicit rotation.

4In practice,availablenormalmapsdo not usuallyusemuchhigerreso-
lutionsthan512� 512or 1024� 1024for memoryandpracticalityreasons.
To obtaineffectively higheror �ner resolutions,we thereforeoften tile the
basenormalmapmultiple timesover thesurface. In rarecases,this intro-
ducesminorartifactsat tile boundariesthatareunrelatedto ouralgorithm.
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For simplicity in the discussionbelow, the readercantherefore
assumea planarunderlyingsurface,while understandingthat the
extensionto curved3D geometryis straightforward.
Normal Map Filtering: Understandardlinear�ltering, coarser
scalesshouldrepresentthe averageradianceat the corresponding
�ner -level texels,

B(x;wwwo) =
1
N

N

å
j= 1

Z

S2
L(x;wwwi)r

eff(wwwi ;wwwo;n j ) dwwwi

=
Z

S2
L(x;wwwi)

 
1
N

N

å
j= 1

r eff(wwwi ;wwwo;n j )

!

dwwwi : (7)

This formulationallowsusto de�ne anew effectiveBRDF,

r eff(wwwi ;wwwo) =
1
N

N

å
j= 1

r (R(n j )wwwi ;R(n j )wwwo): (8)

Oncewe have theeffective BRDFsat eachtexel in themipmap,
we simply look up the effective BRDF at the appropriatescale,
anduseequation4. However, explicitly tabulatinganeffective 4D
BRDFateachtexel involvesverylargestoragecosts.Moreover, the
resultdependson theBRDFr , which is oftenunknown a-priori.

This paperis aboutef�ciently computingandrepresentingr eff .
Thenext sectionshowshow toexplicitly factorr eff asaconvolution
of theoriginalBRDFandtheNDF.

4 Theor y of Normal Mapping as Convolution
In this section,we introduceour theoreticalframework for normal
map�ltering asconvolution. Thenext sectionsdescribemathemat-
ical representationsthatcanbeusedfor practicalimplementation.

4.1 Normal Distrib ution Function (NDF)

Our�rst stepis to convertequation8 into continuousform,de�ning

r eff(wwwi ;wwwo) =
Z

S2
g(n)r (R(n)wwwi ;R(n)wwwo)dn; (9)

whereg(n) is anormaldistributionfunction,andtheintegral is over
the sphereS2 of surfaceorientations.For a discretenormalmap,
g(n) wouldsimplybeasumof (spherical)deltadistributionsatn j ,
the �ne-scalenormalscorrespondingto that texel of the mipmap,
i.e. g(n) = 1

N å N
j= 1 d(n � n j ), asseenin Fig. 1d. For someproce-

durallygeneratednormalmaps,g(n) maybeavailableanalytically.

4.2 Frequenc y Domain Anal ysis in 2D

We now proceedto analyzeequation9 in the frequency domain.
Many insightscanbe gainedby startingin the simpler�atland or
2D case.In 2D, rotationsimplycorrespondsto addingn,

r eff(wi ;wo) =
Z 2p

0
g(n)r (wi + n;wo + n) dn: (10)

Wecannow considerexpandingin Fourierseries,by writing out
g = gkF �

k (n), andr = å l ;mr lmFl (wi + n)Fm(wo + n), whereFl (n)

arethe familiar Fourier basisfunctions(2p) � 1=2exp(iln), andF �
k

arethecomplex conjugates.BecauseFl (w + n) =
p

2pFl (w)Fl (n),

r eff(wi ;wo) = 2p å
k;l ;m

gkr lmFl (wi)Fm(wo)
Z 2p

0
F �

k (n)Fl (n)Fm(n)dn:

(11)
We have groupedtermsnot dependingon n away from thosethat
do. The integral above involves a triple integral of Fourier se-
ries, and we denotethe correspondingtripling coef�cients Cklm.
Thesetripling coef�cients have recentlybeenstudied[Ng et al.
2004], andfor Fourier series,they vanishunlessk = l + m, when
Cklm = 1=

p
2p. Noting that r eff above is expressedin termsof

Fl (wi)Fm(wo), wecanwrite aformulafor its Fouriercoef�cients as

r eff
lm =

p
2pgl+ mr lm: (12)

Discussionand Analogy with Convolution: This is averysim-
ple productformula for the frequency coef�cients of the effective
BRDF, very similar to a convolution of the BRDF with the NDF.
However, the convolution analogyis not exact, sinceequation11
involvesa triple integral (andn appearsthrice in equation10). In
3D, the formulaeandsparsityfor triple integals in the frequency
domain(especiallythoseinvolving rotations)aremuchmorecom-
plicated[Ng et al. 2004]. Fortunately, many BRDFsareprimarily
functionsof a singlevariable,r (www � n) asin equation5. In these
cases,wewill obtainasphericalconvolutionof theNDFandBRDF.

4.3 Frequenc y Domain Anal ysis in 3D

Pluggingequation5 into equation9, weobtain

r eff(www) =
Z

S2
g(n)r (www � n) dn: (13)

Note that the initial BRDF r (www � n) is symmetricaboutn, but the
�nal resultr eff(www) is ageneralfunctionon thesphere.

Equation13 expressesa sphericalconvolution of theNDF g(n)
with theBRDF �lter r . It is in factexactly thesameform of equa-
tion asderived for lighting-BRDF convolution (in the Lambertian
or radially symmetriccase)by [Basri andJacobs2001] and [Ra-
mamoorthiandHanrahan2001b].WesimplyhavetheNDF instead
of thelighting. Wenow expandg andr in sphericalharmonicsYlm,

g(n) = å ¥
l= 0å l

m= � l glmYlm(n) r (www � n) =
¥

å
l= 0

r lYl0(www � n) (14)

r eff(www) =
¥

å
l= 0

l

å
m= � l

r eff
lmYlm(www):

Theconvolutionproductformulain sphericalharmonicsis

r eff
lm =

r
4p

2l + 1
r l glm: (15)

By de�ning Al =
q

4p
2l+ 1r l , weobtain

r eff
lm(q) = Al glm(q); (16)

wherewemakeexplicit thattheNDF andeffectiveBRDFarefunc-
tions of a texel q in the mipmap. The NDF considersall normals
coveredby thattexel. Also notethatthisformulationworkswith ar-
bitrary NDFs,andis not tied to mipmap-based�ltering—we show
anexamplewith anisotropic�ltering in Fig. 3.

Generality and Supported BRDFs: The form above is accu-
ratefor all BRDFsdescribedby equation5, includingLambertian,
Blinn-Phongandmeasuredmicrofacetdistributions.5 Moreover, it
canbeusedevenwhentheBRDFhasanadditionalFresnelor g(qd)
factor, asperequation6, sinceg neednotbe�ltered.

5 Spherical Harmonics

We now discussmathematicalrepresentationsandalgorithmsthat
can be usedfor normal map �ltering. The simplestapproachis
to work directly in sphericalharmonics,usingequation16, asdis-
cussedin thissection.Later, Sec.7 discussessphericalvMFs.

5.1 Algorithm

At the�nest level, thedistribution functiong(q) is a deltadistribu-
tion atn(q), with6 glm(q) = Ylm(n(q)) . An importantinsightis that,

5For somespecularBRDFs,we alsoneedto multiply by the cosineof
theincidentanglefor afull transferfunction.For theSphericalvMF method
in Sec.7, we simply multiply for eachlobeby thecosineof theanglebe-
tweenlight andlobecenter(or effectivenormal).For thesphericalharmonic
methodin Sec.5,wesimplyusethemipmappednormalsfor thecosineterm,
sinceit is a relatively low-frequency effect.

6Weusetherealsphericalharmonics.Otherwise,glm(q) = Y�
lm(n(q)) .
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Figure 3: Sphericalharmonicanisotropic �ltering for Lambertianre�ec-
tion. Notethebehaviorfor far regionsof theplane. With standard normal
�ltering , theseregionsare averaged to a nearly �at surface. By contrast,
our methodis quiteaccuratein distantregions.

unlike theoriginal normals,thesesphericalharmonicNDF coef�-
cientscannow belinearly �ltered or averaged.Hence,wecansim-
ply mipmapthesphericalharmoniccoef�cients glm in thestandard
way. Unlikepreviousapproaches,nonon-linear�tting is required.

At the time of rendering,we know the BRDF coef�cients Al .
For many analytic modelslike Blinn-Phong,formulaefor Al are
known [Ramamoorthiand Hanrahan2001b]. For measuredre-
�ectance,Al is obtaineddirectlyby asphericalharmonictransform
of r (www � n). TheeffectiveBRDF is thengivenby equation16as

r eff(www;q) =
l �

å
l= 0

l

å
m= � l

Al glm(q)Ylm(www): (17)

For shading,assumea singlepoint light sourcefor now. At each
surfacelocation,we know theincidentandoutgoingdirections,so
it is easyto �nd thehalf-anglewwwh or otherparameterizationwww, and
thensimplyusetheBRDFformulaabovedirectly for rendering.

We implementequation17 in a pixel shaderusingGLSL. The
sphericalharmonicsYlm arestoredin �oating point texturesfor ta-
ble lookup,asarethemipmappedNDF coef�cients glm(q). At run-
time, we simply sumthe coef�cients, directly asper equation17.
Real-timeframeratesareachievedcomfortablyfor up to 64 spher-
ical harmonicterms(l � � 7, correspondingto aBlinn-Phongexpo-
nents � 12or asurfaceroughnesss � 0:2).

5.2 Results

Lambertian Re�ection: In theLambertiancase,usingonly nine
sphericalharmoniccoef�cients (l � 2) suf�ces. An example is
shown in Fig. 3, where(for this �gure only) we also useGPU-
basedanisotropic�ltering, insteadof mipmapping,to show gen-
erality. Note themoreaccurateresultsfor far away regionsof the
tile, wherestandardaveragingof thenormalproducesanalmost�at
surfacethatis muchdarkerthantheactual(asillustratedin Fig.1e).

Low-FrequencySpecularitiesandMeasuredRe�ectance: For
specularmaterialswith BRDF r (wwwh � n), the sameapproachcan
beapplied. TheBRDF canalsobechangedat run-time,sincethe
NDF is independentof it. We have factoredall of thematerialsin
thedatabaseof [Matusik et al. 2003],usingthe f (qh)g(qd) factor-
izationin [Lawrenceet al. 2006]. Figure4 shows two examplesof
differentmaterials,whichwecanswitchbetweenat runtime.

Figure 5 shows closeupviews from an animationsequenceof
cloth drapingover a sphere,using the blue fabric material from
theMatusikdatabase.Note theaccuracy of our method(compare
(b) with the groundtruth in (c)). Also notethe smoothtransition
betweenclose(un�ltered) anddistant(fully �ltered) regionsin (a)
and(b), aswell asthe�ltered zoomedoutview in (d).

“ Leat h er ” “ Vio le t R u bber ”

Figure 4: Thesphericalharmonicmethodfor normalmapping, with twoof
the materialsin the Matusikdatabase—wecan supportgeneral measured
BRDFsand change re�ectanceor material in real time. Notice also the
correct�ltering of thezoomedoutview, shownat thebottomright.

Discussionand Limitations: The sphericalharmonicmethod
is a simplepracticalapproachfor low-frequency materials.Unlike
previoustechniques,all operationsarelinear—no nonlinear�tting
is required,andwe canhandlearbitrarylobe shapes(or functions
r (wwwh � n)). Moreover, the BRDF is decoupledfrom the NDF, en-
ablingsimultaneouschangesof BRDF, lighting andviewpoint.

As with all low-frequency approaches,the sphericalharmonic
methodrequiresmany terms for high-frequency specularities(a
Blinn-Phongexponentof s= 50needsabout300coef�cients). The
following sectionsprovidemorepracticalsolutionsin thesecases.

6 Sphericall y Symmetric Distrib utions
Sphericalharmonicsaregeneralfunctions.To compactlyrepresent
high frequencies,we will insteadusesphericaldistributionssym-
metricabouta centraldirection(theaveragenormal). Thesefunc-
tions dependonly on the radial distancefrom that center, andare
notgeneral2D NDFs.However, by summingfour to six suchlobes,
wecanapproximategeneralhigh-frequency NDFs(seeFig. 7). We
now introducea basicframework, followed in Sec.7 by the algo-
rithm with vonMises-Fisher(vMF) distributions[Fisher1953].

6.1 Basic Theoretical Framework for using SRBFs

Considera singlebasisfunction g for the NDF, symmetricabout
someorientationor “normal” mmm. For now, g is a generalSpherical
RadialBasisFunction(SRBF),of which vMFs area specialform
(to beintroducedlaterin Sec.7). Equation13now becomes

r eff(www � mmm) =
Z

S2
g(n � mmm)r (www � n) dn: (18)

It canbe shown (for example,see[Tsai andShih 2006]) that r eff

is itself radially symmetricaboutmmm (hencethe form r eff(www � mmm)
above),andits sphericalharmoniccoef�cients aregivenby

r eff
l = Al gl : (19)

Comparedto equation16,this is essentiallyasimpler1D convo-
lution, sinceall functionsareradially symmetric.

For rendering,we needto expandtheeffective BRDF in spher-
ical harmonics,analogousto equation17, but using only the Yl0
terms.Consideringthesummationof multiple lobes j, weobtain

r eff(www;q) =
J

å
j= 1

¥

å
l= 0

Al gl ; j (q)Yl0(www � mmmj ); (20)

wherewe again make clear that the NDF gl ; j is a function of the
texel q. This equationcanbe useddirectly for shading,after we
�nd www for the light sourceandview direction. Our actualimple-
mentationis givenin Sec.7, in termsof thevMF distributions.

4



OnlineSubmissionID: 0046

( a ) Ou r m e t h o d , f r a m e 1 ( b ) Ou r m e t h o d , f r a m e 2 ( c ) Gr o u n d t r u t h , f r a m e 2 ( d) Our m et hod, zoom ed ou t

Figure 5: Stills froma sequenceof cloth drapingover a sphere, with closeupsindicatingcorrectnormal �ltering (thefull movie is shownin thevideo).Note
thesmoothtransitionfromthecenter(almostno �ltering) to thecorners (fully �lter ed)in (b)—comparealsowith groundtruth in (c). (d) is a zoomedoutview
thatalso�lter s correctly. Weusea bluefabric materialfromtheMatusikdatabaseastheBRDF.

Figure 6: Illustration of multiscale�ltering of the BRDF/NDF. (a) shows
a zoominto the sphere, where we seethe individual facetsand a sharp
NDF/effectiveBRDF(spherein inset).(b) zoomsoutto showthefull sphere.
Thegeometrynowappearssmoother, althoughroughnessis still clearlyvis-
ible. TheeffectiveBRDF, or convolutionof NDF andBRDF, is nowblurred,
incorporatingno-longer visible�ne-scalegeometry. Aswezoomfurtherout
in (c) and (d), the geometryappears evensmoother(with a smoothhigh-
light), while theBRDFis further �lter ed(notewider lobesin (c) and(d)).

6.2 Discussion: Unifying Framework and Multiscale

Our theoreticalframework above uni�es many normal�ltering al-
gorithms. Previous “peak or lobe-�tting” methodscanbe seenas
specialcases.For instance,[Schilling 1997;Toksvig2004]effec-
tively useasinglelobe(J = 1), while [Fournier1992]usesmultiple
Phonglobesfor g. Thesemethodshave generallyadoptedsimple
heuristicsin termsof theBRDF. By developinga generalconvolu-
tion framework, weshow how to separatetheNDF from theBRDF,
and properly accountfor generalBRDFs Al , which can even be
changedon the�y—in contrast,even[Tanetal. 2005]is limited to
GaussianTorrance-Sparrow BRDFsthatarepredetermined.

Equation19alsohasaninterestingmulti-scaleinterpretation,as
depictedin Fig.6 for zoomingoutof aroughsurface(usingasingle
vMF lobe). At the �nest scale(a), the geometrymmm is the original
highest-resolutionnormalmapn. TheNDF g is adeltadistribution
at eachtexel, andtheeffective BRDF r eff

l = r l (sharpesthighlight
onspherein bottomright). At coarserscales,thegeometrymmmis ef-
fectively a �ltered or averageversionof the�ne-scalenormalmap,
with thegeometrybecomingsmootherfrom (b)-(d). Note that (c)
and(d) evenhavesmoothhighlights,withoutsigni�cant roughness.
TheeffectiveBRDFis �ltered by theNDF, essentiallyreplacingthe
�ne-scalegeometrywith ablurringof theBRDF.

Also notethe symmetrybetweenthe BRDF andNDF in equa-
tion 19. While the common�ne-scale interpretationis for a delta
functionNDF andtheoriginalBRDF, wecanalsoview it asadelta
function BRDF and an NDF given by Al . Theseinterpretations
areconsistentwith mostmicrofacetBRDFmodels,thatstartby as-
suminga mirror-like BRDF (deltafunction)anda complex micro-
geometryor NDF (microscopicV-grooves),andderiveanetglossy
BRDFonasmoothmacrosurface(deltafunctionNDF).

7 Spherical vMF Algorithm
We now describeour algorithmto determinethecentraldirections
mmmj , andcomputeasumof lobesto representtheNDF. A numberof
approacheshavebeenproposedfor PRT, but arenot suitablehere.

Onemethodis to usezonalharmonics[Sloanetal. 2005].How-
ever, our NDFsarenot low-frequency, making�tting dif�cult, and
storageinef�cient sincel is large.An alternative is to useGaussian
RBFsfor g [Tanet al. 2005],with parameterschosenusingexpec-
tationmaximization(EM) [Dempsteret al. 1977;Bilmes1997]. In
this case,we simply needto store3 parameters,for theamplitude,
width andcentraldirection.Whereas[Tanetal. 2005]pursuedthis
approachusingEuclidean(andthereforedistorted)RBFs,we con-
siderNDFs representedon their naturalsphericaldomain,which
alsoenablesusto deriveasimpleconvolution formula.

Indeed,spherical GaussianRBFs, such as in [Tsai and Shih
2006] aremostappropriate.However, nonlinearminimizationfor
�tting is inef�cient, given thatwe needto do soat eachtexel. In-
stead,weuseasphericalvariant[Banerjeeetal. 2005]of EM, with
the von Mises-Fisher7 (vMF) distribution [Fisher1953]. We also
extendthebasicsphericalEM algorithmto handlecoloranddiffer-
entmaterials,createcoherentlobesfor hardwareinterpolation,and
enablefastsphericalharmonicconvolution for rendering.

7.1 Estimation of Mixture of vMFs

First, we must estimatethe mixture of vMF lobesfor eachtexel
usingEM. ThevMF probabilitydistribution functionis

g(n � mmm;q) =
k

4p sinh(k )
exp[k (n � mmm)]; (21)

wheretheparametersq = f k ;mmmg aretheinversewidth k andcen-
tral directionmmm. A mixtureof vMFs(movMF) is de�nedasanaf�ne
combinationof vMF lobesq j , with amplitudea j , whereå j a j = 1,

g(n;Q) =
J

å
j= 1

a jgj (n � mmmj ;q j ): (22)

We usesphericalEM (algorithm1) to �t a movMF to the nor-
malscoveredat eachtexel in the mipmap. Line 5 of algorithm1
shows theE-step.For all normalsni in a given texel, we compute
theexpectedlikelihoodhzi j i thatni correspondsto lobe j. Lines9-
14 executetheM-step,which computesmaximumlikelihoodesti-
matesof the parameters.In practice,we seldomneedmore than

7For theunit 3D sphere,this functionis alsoknown astheFisherdistri-
bution, while for the unit 2D sphere(circle), it is known asthevon Mises
distribution. WeusethemoregeneraltermvonMises-Fisherdistributionor
vMF, thatalsoappliesto arbitrarydimensionhyperspheres.
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Figure 7: Fitting of a sphericalNDF fromoneof the texelsin themipmapwith increasingnumbers of vMF lobes(middlerow). With 3-4 lobes,wealready
get excellentagreementin therenderedimage. Notethat each vMF lobeis symmetricaboutsomecentral direction,andis �t on thenatural sphericaldomain
(which is whyweshowbotha top andsideview in themiddlerow). By contrast,a planar Gaussian�t (top row), as in Tan et al., mustremainsymmetricin
thedistortedplanar space, and therefore hasconsiderableerrors at theboundariesof thehemisphere. Becauseno explicit convolution formulaexistsin the
planarcase, weonlyshowrenderingswith our method(bottomrow),which accuratelymatch groundtruth for a smallnumberof vMF lobes.

10 iterations,sothefull EM algorithmfor a512� 512normalmap
convergesin under2 minutes.Notethatthis is anof�ine computa-
tion thatneedsto bedoneonly oncepernormalmap—unlike most
previouswork, it is alsoindependentof theBRDF(andlighting).

Notetheuseof auxiliaryvariabler j in line 11,which represents
hx j i
a j

, wherehx j i is the expectedvalueof a randomvectorgener-

atedaccordingto thescaledvMF distribution g(x;q j ). Thecentral
normalmmmj andtheconcentrationparameterk j arerelatedto r j by

r = A(k )mmm;

whereA(k ) = coth(k ) �
1
k

: (23)

Thedirectionmmmis foundsimply by normalizingr (line 13), while
k is givenby A� 1(krk); sinceno closed-formexpressionexistsfor
A� 1, line 12usestheapproximationin [Banerjeeetal. 2005].

SinceEM is aniterativemethod,goodinitializationis important.
For normalmap�ltering, we canproceedfrom the �nest texels to
coarserlevels. At the �nest level, we have only a singlenormalat
eachtexel8, so we needonly a singlelobeanddirectly seta = 1,
mmm= n, andk to alargeinitial value.Assumewe�t J lobes.At each
coarserlevel of themipmap,we will becombiningnormalsfrom 4
�ner level texels(a totalof 4J lobes)to obtainJ new lobes.A good
initialization would be to choosethe furthestJ lobesof the �ner
level 4J vMFs. This is achievedusingHochbaum-Shmoys cluster-
ing [HochbaumandShmoys 1985;Agarwal et al. 2003] which is
simpleandnearlyoptimal. Note that the �ner level lobesareused
only for initialization—theactual�tting usesall normalscovered
by thattexel in themipmap.

The accuracy of our methodis shown in Fig. 7, wherewe see
that aboutfour lobessuf�ces in mostcases,with excellentagree-
mentwith six lobes.Wealsocomparewith theplanarGaussianEM
�ts of [Tan et al. 2005]. Becausethey work on a distortedplanar
projectionof thehemisphere(top row), they have a signi�cant loss
of accuracy neartheboundaries.Our method(middle row) works
on the naturalsphericaldomain(hencethe sideview shown), and
is ableto correctlycreateundistortedsymmetriclobesanywhereon
thesphere.Also notethat [Tanet al. 2005]do not have anexplicit

8Our framework alsosupportsanalyticfunctions,in which casea �ne-
scaletexel wouldhaveacontinuousnormaldistributioninsteadof adiscrete
normal.Thisdistributioncanbesampledanduseddirectly for EM.

Algorithm 1 TheSphericalEM algorithm
1: repeat
2: {The E-step}
3: for all samplesni do
4: for j = 1 to J do

5: hzi j i  
gj (ni ;q j )

å J
k= 1 gk(ni ;qk)

{ Expectedlikelihoodof ni in lobe j}

6: end for
7: end for
8: {The M-step}
9: for j = 1 to J do

10: a j  
å N

i= 1hzi j i
N

11: r j  
å N

i= 1hzi j i ni

å N
i= 1hzi j i

{ Auxiliary variablefor k ;mmmin equation23}

12: k j  
3kr j k�k r j k

3

1�k r j k
2

13: mmmj  normalize(r j )
14: end for
15: until convergence

convolution formula,while our methodcanbecombinedwith any
BRDFto produceaccuraterenderedimages(bottomrow).

7.2 Spherical Harmonic Coef�cients for Rendering

For rendering,we will needthe sphericalharmoniccoef�cients gl
of a normalizedvMF lobe. Thesecoef�cients do not appeareasy
to �nd in theliterature,sowederive themherebasedonreasonable
approximations.First, for largek , sinh(k ) � exp[k ]=2. In practice,
this approximationis accurateas long ask > 2, which is almost
alwaysthecase.Hence,thevMF in equation21becomes

g(n � mmm;q) �
k
2p

exp[� k (1� n � mmm)]: (24)

Let b betheanglebetweenn andmmm. Then,1� n � mmm= 1� cosb.
For moderatek , b mustbesmallfor theexponentialto benonzero.
In thesecases,1� cosb � b 2=2, andwegetaGaussianform,

g(n � mmm;q) �
k
2p

exp[�
k
2

b2]: (25)

In [RamamoorthiandHanrahan2001b],thesphericalharmonic
coef�cients of aTorrance-Sparrow modelof asimilarformarecom-
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puted.For notationalsimplicity, let L l =
p

4p=(2l + 1). Then,

g =
exp[� b2=(4s 2)]

4ps 2 ) L l gl = exp[� (s l )2]: (26)

Comparingwith equation25,weobtain

s 2 =
1

2k

L l gl = exp[� s 2l2] = exp[�
l2

2k
]: (27)

SinceeachvMF lobeis treatedindependently, andtheconstants
a j andBRDF coef�cients canbe multiplied separately, we focus
onconvolving thenormalizedBRDFwith asinglenormalizedvMF
lobe. It is possibleto directly useequation27 for thevMF coef�-
cientsandequation20 for renderingwith generalBRDFs.

However, a muchsimplermethodis availablefor the important
specialforms of Blinn-PhongandTorrance-Sparrow like BRDFs.
First,consideranormalizedBlinn-Phong9 modelof theform,

r (wwwh � n) =
s+ 1
2p

(wwwh � n)s; (28)

wheres is thespecularexponentor shininess.It canbeshown [Ra-
mamoorthiandHanrahan2001b]thatthesphericalharmoniccoef�-
cientsareAl � exp[� l2=2s]. Therefore,theresultafterconvolution
with thevMF is still approximatelyaBlinn-Phongshape,with

1
2s0 =

1
2s

+
1

2k
=) s0=

ks
k + s

r eff(wwwh � mmm) =
s0+ 1
2p

(wwwh � mmm)s0
: (29)

For a Torrance-Sparrow like BRDF of the form of equation26,
weobtainasimilar form for r eff , only with

s 0=
p

s 2 + (2k )� 1: (30)

The simplicity of theseresultsmeanit is trivial to changeBRDF
parameterson the�y , andto considerveryhigh-frequency BRDFs.

7.3 Extensions
Differ ent Materials/Colors: It is oftenthecasethatonewould
like to associateadditional spatially varying properties(such as
color, materialblendingweights,etc.) to a normalmap.For exam-
ple, the normalmapin Fig. 2 containsregionsof differentcolors.
We representthesepropertiesin a featurevectoryi associatedwith
eachnormalni , andalsoextendtheEM algorithmaccordingly.

For eachvMF lobe, we would now like to �nd a y j that best
describesthe yi of all its underlyingtexels. In the appendix,we
augmentthe EM likelihoodfunction with an additionalterm, that
canbemaximizedto yield anextra line in theM-step,

y j  
å N

i= 1hzi j i yi

å N
i= 1hzi j i

(31)

Note that sincey j doesnot affect the E-step,the precedingcan
simplyberunasapostprocessto thevanillaEM algorithm.

Coherent Lobesfor HardwareInter polation: Oneapproachto
trilinearmipmap�ltering is simply to considerall 8 relevanttexels,
averagingthe shadingfor each. Greateref�ciency (usuallya 2�
to 4� speedup)is obtainedif we �rst usehardwaremipmapping
to interpolatethe parametersof eachvMF lobe from all K neigh-
bors. We canthensimply run our GPU pixel shaderonceon the
interpolatedparameters.This requiresthatcorrespondinglobesof
adjacenttexels be similarly aligned,andthat a new parameteriza-
tion bechosenfor accuratelinearinterpolation.

9Note that thediffusecomponentcanalsobehandledin a very similar
way, simplysettings= 1 andwww = wwwi .

For alignment,we introducea new term in our EM likelihood
function,andmaximize(thedetailsarein theappendix).The�nal
resultreplacesline 13 in theM-stepof algorithm1 with

mmmj  normalize

 

r j + C
K

å
k= 1

a jkmmmjk

!

: (32)

C is a parameterthatmodulatesthestrengthof thealignmentterm
(which seeksto move mmmj closerto thecentraldirectionsmmmjk of the
K neighbors,preferringneighborswith largeamplitudesa jk.).

As in the planarGaussianEM methodof [Tan et al. 2005],we
build our alignedmovMFs startingat thetopmost(thatis, most�l-
tered)mipmaplevel andproceeddownward,following scanlineor-
deringwithin eachindividual level. In theinterestof performance,
weuseonly previouslycomputedtexelsasneighbors.

We next considertrilinear interpolationof thevariables.Unfor-
tunately, thecustomaryvMF parametersf k ;mmmg controlnon-linear
aspectsof thevMF lobe,anddo not interpolatelinearly. To solve
this problem,we recall from Sec.7.1 thatmmmandk canbeinferred
from the scaledEuclideanmeanr = hxi

a of a given vMF distribu-
tion. By linearity of expectation,we caninterpolatea r = hxi lin-
early, aswell astheamplitudea ,

ã j = T(a )

r̃ j = T(a j r j )=T(a ); (33)

whereT(�) denoteshardware interpolation(or trilinear �ltering),
and{ k̃ j , m̃mmj } canbeeasilyfoundin afragmentshaderusinglines12
and13 of algorithm1. For implementation,we storethe jth lobe
q j of eachmovMF in a standardtexture mipmapusingonechan-
nel for a j andonechanneleachfor thethreecomponentsof a j r j .
Color/materialpropertiesy j arestoredin correspondingtextures.

7.4 Results

Figure2showstheaccuracy of ourmethod,andmakescomparisons
to groundtruthandalternativetechniques.It alsoshows ourability
to usedifferentmaterialsfor differentpartsof thenormalmap.

Ourformulationallowsfor generalandevendynamicallychang-
ing BRDFs.Figure8 showsacomplex scene,wherethere�ectance
changesover time, decreasingin shininess(intendedto simulate
drying usingthemodelin [Gu et al. 2006]). Althoughnot shown,
the lighting andview canalsovary—thebottomrow shows close-
ups with different illumination. Note the correct�ltering for di-
nosaursin the background,andfor further regionsalongthe neck
andbodyof theforegrounddinosaur. Evenwhereindividualbumps
arenot visible, theoverall changein appearanceasthere�ectance
changesis clear. This complex scenehas14,898trianglesfor the
dinosaurs,139,392trianglesfor the terrainand6 texturesfor the
normalmapsanddinosaurskins.It rendersat75framespersecond
at a resolutionof 800x600on an NVIDIA 8800graphicscard. In
this example,we usedsix unalignedvMF lobes,with bothdiffuse
andspecularshadingimplementedasasimplefragmentshader.

8 Comple x Lighting

Our vMF-basednormal map �ltering techniquecan also be ex-
tendedto complex environmentmap lighting.10 Equation4 is a
convolutionthatbecomesasimpledotproductin sphericalharmon-
ics,

B(mmm) =
Z

S2
L(wwwi)r

eff(www � mmm) dwwwi ; (34)

wheretheeffective BRDF r eff is theconvolution of thevMF lobe
with theBRDF, andmmmis thecentraldirectionof thevMF lobe(ef-
fective “normal”) as usual. For the diffuse componentwww = wwwi ,

10Thedirectsphericalharmonicmethodin Sec.5 is moredif�cult to ap-
ply, sincegeneralsphericalharmonicscannotberotatedaseasilyasradially
symmetricfunctionsbetweenlocalandglobalframes.
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Figure 8: Our frameworkcanhandlecomplex scenes,allowing for general
re�ectance, which can evenbe changed at run-time. Here, the BRDF be-
comeslessshinyover time. Notethe correct �ltering and overall changes
in appearancefor further regionsof the foregrounddinosaur, and thosein
background. Thebottomrow showscloseups(whenthe material is shiny)
with a different lighting condition. This examplealso showsthat we can
combinenormalmapswith standard texturemapping.

and the sphericalharmoniccoef�cients can simply be multiplied
accordingtheconvolution formula,Blm = L l r

eff
l Llm, sothat

B =
l �

å
l= 0

l

å
m= � l

L l r
eff
l LlmYlm(mmm): (35)

For thespecularcomponenthowever, theBRDF is expressedin
termsof www = wwwh, andweneedto changethevariableof integration
in equation34 to wwwh (which leadsto a factor4(wwwi � wwwh)),

B(mmm) =
Z

S2

�
L(wwwi(wwwh;wwwo)) � 4(wwwi � wwwh)

�
r eff(wwwh � mmm) dwwwh

=
Z

S2
L0(wwwh)r eff(wwwh � mmm) dwwwh: (36)

Thus,we simply needto considera new reparameterizedlighting
L0(wwwh) = L(wwwi(wwwh;wwwo)) � 4(wwwi � wwwh). As thehalf angledependson

Figure 9: Armadillo modelwith 350,000polygonsrendered in real time
with normal mapsin dynamicenvironmentlighting. We use6 vMF lobes,
andsphericalharmonicsup to order8 for thespecularcomponent.

both viewing andlighting angles(wwwo andwwwi), the above integra-
tion implicitly limits usto a �x edview with respectto thelighting.
To interactively rotatethe lighting, we precomputea sparsesetof
rotatedlighting coef�cients andinterpolatetheshading.

Finally, in analogywith equation35,

B =
l �

å
l= 0

l

å
m= � l

L l r
eff
l L0

lmYlm(mmm): (37)

Figure9 shows an imageof an armadillo,with approximately
350,000polygonsanda normalmap,renderedat real-timeratesin
dynamicenvironmentlighting. We areableto renderinteractively
with up to 6 vMF lobesandl � = 8 in equation37.

9 Conc lusions and Future Work
Wehavedevelopedacomprehensivetheoreticalframework for nor-
mal map�ltering with many commontypesof re�ectancemodels.
Our methodis basedon a new analyticformulationof normalmap
�ltering asaconvolutionof theNDF andBRDF. This leadsto prac-
tical algorithmsusingsphericalharmonicsandsphericalvMFs,that
enablegeneralre�ectancefunctions.Themethodsareimplemented
in real-timeratesin graphicshardwareassimpleGPUshaders.

We believe this paperalsomakesbroadercontributionsto many
areasof rendering,andbeyond. The convolution result uni�es a
geometricproblem(normalmapping)with understandingof light-
ing andBRDF interactionin appearance.Theconnectionbetween
sphericalharmonicsand sphericalvMFs may also allow a better
understandingof, andnew practicalalgorithmsevenfor PRT.

Moreover, weintroducesphericalEM andvMF distributionsinto
computergraphics,wherethey will likely �nd many otherapplica-
tions.For instance,vMF lobesareradiallysymmetricfunctionsthat
are well suitedfor BRDF importancesampling[Lawrenceet al.
2004] for global illumination of normalmappedobjects—ourex-
perimentsindicatethey producesharperandhigher-quality results
thanstandardmipmap�ltering evenfor of�ine rendering.

8
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In summary, normalmappingis anold technique,but correct�l-
teringhasbeenachallengingproblem,becauseshadingis nonlinear
in thesurfacenormal. In this paper, we have show how advanced
mathematicalanalysiscanshedimportantnew insight, andtake a
signi�cant steptowardsaddressingthis long-standingproblem.
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Appendix: Spherical EM Extensions
In this appendix,we brie�y describethe likelihoodfunction for spherical
EM, andhow we augmentit for colors/materialsandcoherentlobes. The
netlikelihoodfunctionis aproductof 3 terms,

P(X;ZjQ)P(Y;ZjQ))P(QjN(Q)) ;

whereX arethesamples(in this caseinputnormals),Z arethehiddenvari-
ables(in this casewhich vMF lobe a sampleX is drawn from), Q arepa-
rametersfor all vMF lobesandN(Q) areparametersfor neighbors.The�rst
factorcorrespondsto standardsphericalEM, thesecondfactorcorresponds
to thecolors/materialsY,

P(Y;ZjQ) =
N

Õ
i= 1

exp[�k yzi
� yik

2]; (38)

andthe�nal factorto coherentlobesfor interpolation,

P(N(Q)jQ) =
J

Õ
j= 1

K

Õ
k= 1

exp[C0a jk(mmmj � mmmjk)]: (39)

In EM, weseekto maximizethelog likelihood,

ln [P(X;ZjQ)P(Y;ZjQ))P(QjN(Q))] =
N

å
i= 1

lng(ni jqzi
) +

N

å
i= 1

�k yi � yzi
k2 +

J

å
j= 1

K

å
k= 1

C0a jk(mmmj � mmmjk): (40)

Consideringall J lobesandhiddenvariableshzi j i , weseekto maximize

J

å
j= 1

"
N

å
i= 1

lng(ni jq j )hzi j i +
N

å
i= 1

�k yi � yzi
k2hzi j i +

K

å
k= 1

C0a jk(mmmj � mmmjk)

#

with respectto all parameters.Maximizing with respectto y j , we directly
obtainequation31. Themaximizationwith respectto mmmj is morecomplex,

mmmj = normalize

 

k j

N

å
i= 1

nihzi j i + C0
K

å
k= 1

a jkmmmjk

!

: (41)

Finally, rede�ningC = C0=k j , weobtainequation32.
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