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Frequenc y Domain Normal Map Filtering

Abstract

Filteringis critical for representingmage-basedetail, suchastex-

turesor normalmaps acrossavarietyof scales While mipmapping
texturesis commonplaceaccuratenormal map ltering remains
a challengingproblem becauseof nonlinearitiesin shading—we
cannotsimply averagenearbysurfacenormals. In this paper we

shav analytically that normal map ltering canbe formalizedas
a sphericalcorvolution of the normal distribution function (NDF)

andtheBRDF, for alargeclassof commonBRDFssuchasLamber

tian, microfacetandfactoredmeasurements his theoreticakesult
explains mary previous ltering techniquesas specialcasesand
leadsto a generalizatiorto a broaderclassof measuredand ana-
lytic BRDFs. Our practicalalgorithmsleveragea signi cant body
of previouswork that hasstudiedlighting-BRDF corvolution. We

shav how sphericalharmonicscanbe usedto Iter the NDF for

Lambertianand low-frequeny specularBRDFs, while spherical
von Mises-Fishedistributionscanbe usedfor high-frequeng ma-
terials.

1 Introduction

Representingmage-basedurfacedetail at a variety of scalesre-
quires good ltering algorithms. For texture mapping, aliasing
is reducedby mipmapping[Williams 1983] or summed-areaa-
bles[Crow 1984]. Normal mapping(alsoknown as bump map-
ping [Blinn 1978] or normal perturbation)is a simpleandwidely
usedanalogudo texture mapping thatspeci esthe surfacenormal
at eachtexel. Unfortunately normalmap Itering is very dif cult
becauseshadings notlinearin thenormal.

For example,considerthe simpleV-groove lik e structureor sur
facegeometryin Fig. 1a. Initially, this spanstwo pixels, eachof
which hasdistinct normals(b). As we zoomout (c), the average
normal of the two sides(e) correspondsimply to a at surface,
wherethe shadingis likely to be very different. By contrast,our
methodpreseresthe full normaldistribution (d), shaving how to
convolve it with the BRDF (f) to getanaccurateesult.

A morecomple exampleis Fig. 2. Initially (top row), minimal

Itering is required,andall methodsperformidentically However,
aswe zoomout (middle and especiallybottomrows), we quickly
obtainradically differentresults,dependingon if we usestandard
mipmap ltering or our method—whictis closeto groundtruth !

We develop a comprehensi frameawvork for normalmap lter -
ing, in the contt of real-time GPU renderingof normal maps,
signi cantly generalizinghe stateof theart[Tanetal. 2005].

Theory of Filtering as Convolution of BRDF and NDF:  Our
mostimportantcontritution is theoretical.In Sec.4, we derive an
analyticformula,shaving that Itering canbeformally represented
as a sphericalcorvolution of the BRDF of the material,and the
normal distribution functior? or NDF for thattexel. The NDF is
aweightedmappingof surfacenormalsontothe unit spheremore
formally, it is the extendedGaussiarimage[Horn 1984] of thege-
ometrywithin a texel. The theory appliesequallyto the corven-
tional discretenormalmapsshawn in all our examples,aswell as
analytically-speci ednormaldistributions.

This mathematicalform holds for a large class of common
BRDFs (including Lambertian, microfacet models and factored
half-anglemeasurementsgndimmediatelyconnectsgyeometrical
normalmap ltering with the olderlighting-BRDF convolution re-
sultfor appearancfBasriandJacob®2001;RamamoorthandHan-
rahan2001b]. Our resultalsouni es mary previous normalmap

1Groundtruthis obtainedby of ine averagingor antialiasingof multiple
(hundred=f) imagescreatedy jittering the camerawhile renderingwith
normalmapsattheir nest resolution.

20ur normal distribution function is not to be confusedwith the
similarly-namedunctionfrom statistics.

zoomedin
Ee3 :
: o
AT P QN =__
,_ﬁyiq : N
: LN

—t— ;
(a)V-groove (b) PR ,
X
A4 sy Sy @ b=
(d)NDF : NDF B RDF e ffective
— L] : BRDF

(c)V-groove (f)convolution

(e)standard zoomedout

Figure 1: Considera simpleV-groove Initially (a), ead faceis a sin-
gle pixel. Aswe zoomout, and average into a single pixel (c), standad
mipmappingaveragesthenormalto an effectively at surface(e). However,
our methodcomputesa normal distribution functionor NDF (d), that pre-
serveghe original normals. This NDF can be linearly corvolvedwith the
BRDF (right panel(f)) to obtainan effectiveBRDF, accurate for shading

Figure2: Top: Closeupofthebasenormalmap,which hasdifferentcol-
orsin at regionsandbumpsto aid in comparison/visualizationAll other
methodsare identical at this scale and are not shown.Middle: Whenwe
zoomout, differencesemepe betweerour (6-lobe)sphericalvMF method,
theToksvigapproad (rightmost),anda normalizednmipmap.(Usingunnor
malizedmipmapaveraging of normalsproducesinessentiallplack image.)
Bottom: Zoomingout evenfurther, our methodis clearly more accumate
thanToksvigs model(effectivelysingle-lobe) and compaesfavorably with
groundtruth. (Thereadermayzoominto the PDF to compae images.)
Itering approacheghatcanbeviewedasspecialcasesMoreover,
we canimmediatelyapply a hostof mathematicatepresentations
originally developedfor lighting-BRDF cornvolution. In particular
we developthefollowing new practicalalgorithms:

Spherical Harmonics:  Sphericalharmoniccoefcients canbe
usedto Iter the NDF for Lambertianandlow-frequeng specular
BRDFs (Sec.5). We simply linearly averagesphericalharmonic
coefcients at ner texels, asin mipmapping. To our knowledge,
thisis the rst effective linear Itering algorithmfor normalmaps.

Spherical vMF Distributions:  For renderinghigh-frequeng
materials,we use sphericalexpectationmaximization[Banerjee
et al. 2005] to t von Mises-Fisher(vMF) spherical distribu-
tions [Fisher1953]to the NDF, enablinga compactrepresentation
(Sec.7). To our knowlege, this useof vMFs andEM for spherical
distributionsis new in graphicsandmay have broaderelevance.

Complex BRDFs and Lighting: Our framework allows us to
handlecomple« BRDFs,including measurednaterials,aswell as
dynamicallychangingre ectance,lighting andview. We arealso
ableto incorporatedynamiclow-frequeng ervironmentmaps.
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2 Previous Work

Theclosespreviouswork is [Tanetal. 2005],whichusesEM to t
Gaussianobesat eachtexel. We introducea new theoreticakresult
in termsof the analysisof normalmap ltering asconvolution—
it is easyto understandTan et al. 2005] as an importantspecial
casein this framavork. Our formulationalsoallows sphericahar
monic methodsfor low-frequeny materialsand Lambertianob-
jects, which do not even require non-linear tting of lobes. For
high-frequeng materialsby usingvMFs andsphericaEM, we use
the naturalsphericaldomainof surfacenormals—distortegblanar
or Euclidearprojectionsasin theplanarGaussiants of [Tanetal.
2005], have beenshawn to considerablyreduceaccuray, bothin
ourwork (Fig. 7), andin othercontexts [Strehletal. 2000]).

Notethat[Tan et al. 2005] treatthe BRDF itself asa pre-baled
distribution of normalsat ne-scaletexels. We supportanddiscuss
this multi-scaletradeof betweenBRDF and geometry(Sec.6.2).
However, our sphericalrepresentationablesus to derive a for-
mal corvolutionresultof the NDF with theBRDF, andallows usto
separat@r factorthetwo. ThesameNDF canbe usedwith differ-
ent, possiblynon-GaussiaBRDFs,easily We canalsochangehe
BRDF atruntime,andsupportdynamiccomple lighting.

Normal Map Filtering: Earlier techniquesbasedon lobe or
peak- tting includeSchilling [1997] who usesa covariancematrix,
and[OlanoandNorth 1997]who mapnormaldistributionsconsist-
ing of a single 3D Gaussian.A simplerecentGPU methodis by
Toksvig[2004]. In our framework, thesetechniquesanretrospec-
tively be consideredimilar to usinga singlevMF lobe. As seenin
Figs.2 and7, asinglelobeis notsufcient for complex NDFs.

An early inspirationis [Fournier 1992], who usesup to seven
Phongpeaksper texel, but needsup to 56 at the coarsesscales.
As with [Tan et al. 2005], this is a specialcaseof our frame-
work, with somesimilaritiesto our sphericaVMF algorithm.Note
that [Fournier 1992] usesnonlinearleast-squaresptimizationto
t peaks. In our experience this is unstableand slow, especially
consideringhe numberof peaksandtexelsin anormalmap.

Multi-Scale Representations: Theideaof multiple scaleswith
bump or normal maps transitioningto BRDFs, is explored by
[Becker andMax 1993], but they do not focuson normalmap I-
teringasin ourwork. Similarly, appearance-preservisgnpli ca-
tion methodsreplace ne-scale geometrywith normalandtexture
maps[Cohenet al. 1998]. It is likely that our approactcould en-
able continuouslevel of detail and antialiasingin thesemethods.
Separatelyour formulation allows oneto understandhe tradeof
betweera normaldistribution andthe BRDF, sincethe nal image
is givenby a corvolution of the NDF andBRDF.

DisplacementMaps:  The power of modernGPUshasenabled
morecomple representationdik e displacemeninapswith sphere
tracing [Donnelly 2005]. A more data and compute-intense
approachis view-dependentdisplacemenmapping[Wang et al.
2003]. However, thesemethodsare more complicated,and an-
tialiasinghasnot yet receivedsigni cant attention,making ltered
normalmapsstill the methodof choicefor mary applications.

Convolution and Precomputed Radiance Transfer (PRT):
Marny of our mathematicakepresentationslerve from previous
convolutionandPRT methods We utilize sphericaharmonic§Ra-
mamoorthiandHanrahar2001b;Sloanetal. 2002],includingthe9
parametefformula for Lambertianre ectance[Ramamoorthiand
Hanrahan2001a; Basri and Jacobs2001]. Our sphericalvMF
method extendszonal harmonic[Sloan et al. 2005] and spheri-
cal radial basisfunctions[Tsai and Shih 2006]. We also consid-
eredwavelet methods(introducedfor re ectancein [Lalondeand
Fournier1997]), but foundthe numberof termsfor anartifact-free
solutiontoo largefor practicaluse,evenwith smoothemwavelets3
We emphasizéowever, thatoursis nota PRT algorithm,requir
ing minimal precomputatiorand working with corventionalreal-
time renderingtechniques |t is differentfrom normalmappingin

SPRT methodscanusea coarsewavelet approximationof the lighting,
sinceit is notvisualizeddirectly, but we directly visualizeNDF andBRDF,

PRT [Sloan2006],whichpresentasimpleapproximatioranddoes
notaddressltering. Moreover, ourmethodrestsonanexplicit ana-
lytic corvolutionformula,andusegherepresentationabove solely
for normalmap ltering, notPRT.

3 Preliminaries
There ectedlight B atasg)atialpointx is

B(x; Wo) = gL(x; w)r (wlwl) dw;; 1)

wherelL is the lighting and r is the BRDF (actually the transfer
functionincludingthecosineof theincidentangle).L will generally
beassumedo befrom asmallnumberof pointlights (soequationl
canbereplacedoy a summatiorover discretew,). w; andw? are
thelocal directionsin the surfacecoordinateframe. To nd them,
we mustrotateby R, thatcorvertsglobaldirections(w; andwo) to
thelocal frame[RamamoorthandHanrahar2001b],

wP= R(n)w, wg = R(n)wo: 2)

3.1 BRDF Representation and Parameterization

Effective BRDF: Thereforewe canconsideraneffectiveBRDF
or transferfunctionthatdependsn the surfacenormal,
r®f(w;; woin) = 1 (R()W;; RN Wo); (3)
with 7
BOGWo) = LOGW)r ' (wiiwoin()) dwis  (4)

BRDF Parameterizations: Many BRDFscanbewrittenas

ref(w;wo;n) = r(w n); (5)
wheretheBRDFis a1D functionof asinglevariableor parameteri-
zationw. In thispaperwe focusmostof oureffort ontheseypesof
BRDFs,which encompastambertian Blinn-Phongor microfacet
half angle,andfactoredandmeasure@®RDFs.

A very commonexampleis Lambertianre ection, wherethe
transferfunctionis simply the cosineof the incidentangle,sothat
w= w,, andr = maxXw n;0). TheBlinn-Phongspeculamodel
with exponents usesa transferfunctionof theform r = (w,, n)s,
with the half-angleparameterizatiorw = w,,. Measurecr proce-
duralBRDFfunctionsr (w;, n) canalsobeused.

A numberof recentpapershave proposedactoredBRDFsfor
measurede ectance. [Lawrenceet al. 2006] usesa factorization
f(a,)9(ay), in termsof half anddifferenceangles.The f(q;,) term
clearly ts into the framavork of equation5, but the BRDF now
alsoincludesa productwith g(q,). However, g, doesnot depend
onn (andg doesnot needto be ltered), sowe extendequations

r e (w;; wo;n) = r (W n)g(w;; wo); 6)
wheretheg factordoesnotdependiirectly onn.

3.2 Normal Map Representation and Filtering

Normal Map Input Representation: Thereare mary equiv-
alent normal map representationsincluding bump maps|[Blinn
1978]andnormaloffsets. For simplicity, we usenormalmaps pa-
rameterizedn a plane thatdirectly specifythenormal.

For renderingcomplex curved 3D geometrythe normalmapnj
is rotatedontothe surfaceusingthe geometricsurfacenormal,i.e.
ﬁj = R(ﬁ)nj, Whereﬁj is the new normal,andf is the geometric
normal. The actualimplementationis even simpler—we just per
form all computationsn the local frame of the geometricsurface.
Lighting andview are projectedinto this local frame, after which
theplanarmormalmag' is useddirectly, without explicit rotation.

4In practice availablenormalmapsdo not usuallyusemuchhigerreso-
lutionsthan512 5120r 1024 1024for memoryandpracticalityreasons.
To obtaineffectively higheror ner resolutionswe thereforeoftentile the
basenormalmapmultiple timesover the surface. In rarecasesthis intro-
ducesminor artifactsattile boundarieshatareunrelatedo our algorithm.
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For simplicity in the discussiorbelaw, the readercantherefore
assumea planarunderlyingsurface,while understandinghat the
extensionto curved 3D geometryis straightforvard.

Normal Map Filtering:  Understandardinear Iltering, coarser
scalesshouldrepresenthe averageradianceat the corresponding
ner-level texels,

Z
1 N
Boqwo) = & LOGw)r T (wiwoin) dw,
j=1
|
z 1N '
= SzL(x;wi) Nare’(wi;wo;nj) dw;: (7)

j=1
This formulationallows usto de ne anew effective BRDF,

1 N
ref(wiwo) = & & r (R(n))w;;R(n;)wo): ®)
j=1

Oncewe have the effective BRDFsat eachtexel in the mipmap,
we simply look up the effective BRDF at the appropriatescale,
anduseequatiord. However, explicitly takulatingan effective 4D
BRDF ateachtexel involvesverylargestoragecosts.Moreover, the

resultdepend®ntheBRDF r , whichis oftenunknavn a-priori.

This paperis aboutef ciently computingandrepresenting .

Thenext sectionshavs how to explicitly factorr € asacorvolution
of theoriginal BRDF andthe NDF.

4 Theory of Normal Mapping as Convolution

In this section,we introduceour theoreticalframawork for normal
map ltering ascorvolution. Thenext sectiondescribenathemat-
ical representationthatcanbe usedfor practicalimplementation.

4.1 Normal Distrib ution Function (NDF)
Our rst stepisto corvertzequatiorsinto continuoudorm, de ning

r e (w;; wo) = & 9T (RMw;; R(n) wo)dn; (9)

whereg(n) is anormaldistributionfunction,andtheintegralis over

the sphereS? of surfaceorientations. For a discretenormalmap,
g(n) would simply bea sumof (spherical)oleltadistributionsatnj ,

the ne-scale normalscorrespondingo thattexel of the mipmap,
i.e.g(n) = ﬁé'j“ﬂd(n n;), asseenin Fig. 1d. For someproce-
durally generatediormalmaps,g(n) maybeavailableanalytically

4.2 Frequency Domain Analysis in 2D

We now proceedto analyzeequation9 in the frequeng domain.
Mary insightscanbe gainedby startingin the simpler atland or
2D case.In 2D, rotationsimply correspondso addingn,

r M (w; we) = fa o(n)r (w; + m; wo+ n) dn: (10)

We cannow considerxpandingin Fourierserieshy writing out
9= gF(n), andr = &...r .F (W + n)Fm(we + n), whereF, (n)
arethe familiar Fourier basisfunctions(2p) 172 B(p(iln), andF,
arethecomplex conjugates.Becausds (w+ n) = ﬁF,(w)Fl(n),

2,
FET(wWo) = 2D & G o (W) Fn(Wo) Oka(n)H(n)Fm(n)dni
k:l;m

(11)

We have groupedtermsnot dependingon n away from thosethat
do. The integral above involves a triple integral of Fourier se-
ries, and we denotethe correspondingripling coefcients C, ..
Thesetripling coefcients have recently beenstudied[Ng et al.
2004],an(z)fchourierseries,they vanishunlessk = | + m, when
Cym = 1= 2p. Noting that r ¢ above is expressedn termsof
F, (w;) Fm(wo), we canwrite aformulafor its Fouriercoefcients as

p__
= 2pg+ ml 1m (12)

Fm=

Discussionand Analogy with Convolution:  Thisis averysim-
ple productformulafor the frequeng coefcients of the effective
BRDF, very similar to a corvolution of the BRDF with the NDF.
However, the cornvolution analogyis not exact, sinceequationll
involvesa triple integral (andn appearghrice in equationl10). In
3D, the formulaeand sparsityfor triple integalsin the frequeng
domain(especiallythoseinvolving rotations)aremuchmorecom-
plicated[Ng et al. 2004]. Fortunately mary BRDFsare primarily
functionsof a singlevariable,r (w n) asin equation5. In these
caseswewill obtainasphericatonvolutionof theNDF andBRDF

4.3 Frequency Domain Analysis in 3D
Pluggingequations into equzatiorQ, we obtain

ref(w) = Szg(n)r(w n) dn: (13)

Note thatthe initial BRDF r (w n) is symmetricaboutn, but the
nal resultr f(w) is agenerafunctiononthesphere.
Equation13 expresses sphericalconvolution of the NDF g(n)

with theBRDF lter r. It is in factexactly the sameform of equa-
tion asderived for lighting-BRDF cornvolution (in the Lambertian
or radially symmetriccase)by [Basri and Jacobs2001] and [Ra-
mamoorthiandHanrahar2001b]. We simply have the NDF instead
of thelighting. We now expandgandr in sphericaharmonicsy, ..,

¥
gqn) = 8o (i  r(W n)= & rYo(w n) (14)
1=0

¥ |
refwy= 8 & refy,(w:
I=0m= |

Theconvolution productformulain sphericaharmonicss
r

ff_ P .
M= 51019 (15)
q_
Bydening Ay = gl weobtain
rim@ = Agn(a); (16)

wherewe male explicit thatthe NDF andeffective BRDF arefunc-
tions of a texel g in the mipmap. The NDF considersall normals
coveredby thattexel. Also notethatthisformulationworkswith ar
bitrary NDFs, andis not tied to mipmap-basedtering—we shov
anexamplewith anisotropicltering in Fig. 3.

Generality and Supported BRDFs:  The form above is accu-
ratefor all BRDFsdescribedy equation5, including Lambertian,

BIinn-Phongandmeasurednicrofacetdistributions?’ Moreover, it
canbeusedevenwhenthe BRDF hasanadditionalFresnebr g(q,)
factor asperequationg, sinceg neednotbe Itered.

5 Spherical Harmonics

We now discussmathematicatepresentationandalgorithmsthat
can be usedfor normalmap ltering. The simplestapproachis
to work directly in sphericalharmonicsusingequationl6, asdis-
cussedn this section.Later, Sec.7 discussesphericaVMFs.

5.1 Algorithm

At the nest level, thedistribution function g(q) is a deltadistribu-
tion atn(q), with® gl = Y (n(@)) . An importantinsightis that,

5For somespecularBRDFs, we alsoneedto multiply by the cosineof
theincidentanglefor afull transferfunction. For the SphericavMF method
in Sec.7, we simply multiply for eachlobe by the cosineof the anglebe-
tweenlight andlobecenter(or effective normal). For thesphericaharmonic
methodn Sec5, we simply usethemipmappedormalsfor thecosineterm,
sinceit is arelatively low-frequeny effect.

Swe usetherealsphericaharmonics Otherwise g,(d) = Y,,(n(q)).
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Figure 3: Sphericalharmonicanisotiopic ltering for Lambertianre ec-
tion. Notethe behaviorfor far regionsof the plane With standad normal
Itering , theseregionsare averaged to a nearly at surface By contrast,
our methods quiteaccuratein distantregions.

unlike the original normals,thesesphericalharmonicNDF coef-
cientscannow belinearly Itered or averagedHence we cansim-
ply mipmapthe sphericaharmoniccoefcients g, in thestandard
way. Unlike previousapproachesjo non-linear tting is required
At the time of rendering,we know the BRDF coefcients A,.
For mary analytic modelslike Blinn-Phong,formulaefor A are
known [Ramamoorthiand Hanrahan2001b]. For measuredre-
ectance, A is obtaineddirectly by asphericaharmonictransform

of r (w n). Theeffective BRDFis thengivenby equationl6 as

| |
refw,g) =3 a lAiqm(q)\ﬁm(W): 17)

I=0m=

For shading,assumea single point light sourcefor now. At each
surfacelocation,we know the incidentandoutgoingdirections,so
it is easyto nd thehalf-anglew,, or otherparameterizatiow, and
thensimply usethe BRDF formulaabove directly for rendering.

We implementequationl? in a pixel shaderusing GLSL. The
sphericaharmonicsy, ,, arestoredin oating pointtexturesfor ta-
ble lookup,asarethe mipmapped\DF coefcients g,(d). At run-
time, we simply sumthe coefcients, directly asperequationl?.
Real-timeframeratesareachieved comfortablyfor up to 64 spher
ical harmonicterms(l 7, correspondingo a Blinn-Phongexpo-
nents 12orasurfaceroughness  0:2).

5.2 Results

Lambertian Re ection:  In theLambertiarcaseusingonly nine
sphericalharmoniccoefcients (I 2) sufces. An exampleis
shovn in Fig. 3, where (for this gure only) we also use GPU-
basedanisotropic ltering, insteadof mipmapping,to shov gen-
erality. Note the moreaccurateresultsfor far awvay regionsof the
tile, wherestandaragwveragingof thenormalproducesnalmost at
surfacethatis muchdarkerthantheactual(asillustratedin Fig. 1e).

Low-FrequencySpecularitiesand Measured Re ectance: For
speculamaterialswith BRDF r (w,, n), the sameapproachcan
be applied. The BRDF canalsobe ghangedat run-time,sincethe
NDF is independenbf it. We have factoredall of the materialsin
the databasef [Matusik etal. 2003], usingthe f(q,)9(q,) factor
izationin [Lawrenceetal. 2006]. Figure4 shavs two examplesof
differentmaterialswhich we canswitch betweerat runtime.

Figure 5 shaws closeupviews from an animationsequencef
cloth draping over a sphere,using the blue fabric material from
the Matusik databaseNote the accurag of our method(compare
(b) with the groundtruth in (c)). Also notethe smoothtransition
betweerclose(un Itered) anddistant(fully ltered) regionsin (a)
and(b), aswell asthe Itered zoomedoutview in (d).

“Leather” “VioletRubber”
Figure 4: Thesphericalharmonicmethodfor normalmapping with two of
the materialsin the Matusik database—wean supportgenerl measued
BRDFsand change re ectanceor material in real time Notice also the
correct ltering of thezoomedut view, shownat the bottomright.

Discussionand Limitations:  The sphericalharmonicmethod
is a simplepracticalapproactor low-frequeng materials.Unlike
previoustechniquesall operationsarelinear—no nonlinear tting
is required,andwe canhandlearbitrarylobe shapegor functions
r(w,, n)). Moreover, the BRDF is decoupledrom the NDF, en-
ablingsimultaneoushange®f BRDF, lighting andviewpoint.

As with all low-frequeng approachesthe sphericalharmonic
methodrequiresmary termsfor high-frequeng specularities(a
Blinn-Phongexponentof s= 50 needsabout300coefcients). The
following sectiongprovide morepracticalsolutionsin thesecases.

6 Sphericall y Symmetric Distrib utions

Sphericaharmonicsaregenerafunctions.To compactlyrepresent
high frequencieswe will insteadusesphericaldistributions sym-
metric abouta centraldirection(the averagenormal). Thesefunc-
tions dependonly on the radial distancefrom that center andare
notgeneralD NDFs. However, by summingfour to six suchlobes,
we canapproximategenerahigh-frequeng NDFs(seeFig. 7). We
now introducea basicframework, followedin Sec.7 by the algo-
rithm with von Mises-FisheXvMF) distributions[Fisher1953].

6.1 Basic Theoretical Framework for using SRBFs

Considera single basisfunction g for the NDF, symmetricabout
someorientationor “normal” m For now, g is ageneralSpherical
Radial BasisFunction(SRBF),of which vMFs area specialform
(to beintroducedaterin Se%Y). Equation13 now becomes

réf(w m= Szg(n mr (w n)dn: (18)

It canbe shavn (for example,see[Tsai and Shih 2006]) that r €ff

is itself radially symmetricabout m (hencethe form r &f(w m
above), andits sphericaharmoniccoefcients aregivenby

re"= Ag: (19)

Comparedo equationl6, thisis essentiallya simpler1D corvo-
lution, sinceall functionsareradially symmetric.

For renderingwe needto expandthe effective BRDF in sphef
ical harmonics,analogoudo equationl7, but usingonly the Y|,
terms.Consideringhe summatiorof multiple lobesj, we obtain

J ¥
ref(w;q) = a a Ag;@%e(w m); (20)
J: =
wherewe again make clearthatthe NDF g is a function of the
texel g. This equationcan be useddirectly for shading,after we
nd w for thelight sourceandview direction. Our actualimple-
mentatioris givenin Sec.7, in termsof thevMF distributions.
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(a) Our method, frame 1 (b) Our method, frame 2

(c) Ground truth, frame 2 (d) Our method, zoomed out

Figure 5: Stills froma sequencef cloth draping over a sphee, with closeupsndicatingcorrectnormal Itering (thefull movie is shownin thevideo). Note
thesmoothtransitionfromthe center(almostno Itering) to thecorners (fully Iter ed)in (b)—compae alsowith groundtruth in (c). (d) is a zoomedut view
thatalso lter s correctly We usea bluefabric materialfromthe Matusikdatabaseasthe BRDFE

Figure 6: lllustration of multiscale Itering of the BRDF/NDF (a) shows
a zoominto the sphee, whee we seethe individual facetsand a sharp
NDF/efectiveBRDF (spheein inset).(b) zoomoutto showthefull sphee.

Thegeometrynowappeas smootheralthoughroughnesss still clearly vis-

ible. TheeffectiveBRDF, or corvolutionof NDF andBRDEF is nowblurred,
incorporatingno-longer visible ne-scalegeometry Aswezoomfurtherout
in (c) and (d), the geometryappeas even smoother(with a smoothhigh-

light), while the BRDFis further Iter ed (notewider lobesin (c) and(d)).

6.2 Discussion: Unifying Framework and Multiscale

Our theoreticafframenork above uni es mary normal Itering al-
gorithms. Previous “peak or lobe- tting” methodscanbe seenas
specialcases.For instance [Schilling 1997; Toksvig 2004] effec-
tively useasinglelobe(J = 1), while [Fournier1992]usesmultiple
Phonglobesfor g. Thesemethodshave generallyadoptedsimple
heuristicsin termsof the BRDF. By developinga generakonvolu-
tion framavork, we shav how to separatéghe NDF from theBRDF,
and properly accountfor generalBRDFs A, which can even be
changednthe y—in contrasteven[Tanetal. 2005]is limited to
Gaussiamorrance-Spartw BRDFsthatarepredetermined.
Equationl9 alsohasaninterestingmulti-scaleinterpretationas
depictedn Fig. 6 for zoomingoutof aroughsurface(usingasingle
VMF lobe). At the nest scale(a), the geometrymis the original
highest-resolutiomormalmapn. TheNDF gis a deltadistribution
at eachtexel, andthe effective BRDF rle']r = r, (sharpeshighlight
onspherdn bottomright). At coarseiscalesthegeometrymis ef-
fectively a Itered or averageversionof the ne-scalenormalmap,
with the geometrybecomingsmootherfrom (b)-(d). Note that(c)

and(d) evenhave smoothhighlights,withoutsigni cant roughness.

Theeffective BRDFis Itered by theNDF, essentiallyeplacingthe
ne-scalegeometrywith ablurring of the BRDFE

Also notethe symmetrybetweenthe BRDF and NDF in equa-
tion 19. While the common ne-scale interpretationis for a delta
functionNDF andthe original BRDF, we canalsoview it asadelta
function BRDF and an NDF given by A . Theseinterpretations
areconsistentvith mostmicrofacetBRDF models thatstartby as-
suminga mirror-like BRDF (deltafunction) anda complex micro-
geometryor NDF (microscopicV-grooves),andderive anetglossy
BRDF on asmoothmacrosurface(deltafunctionNDF).

7 Spherical vMF Algorithm

We now describeour algorithmto determinethe centraldirections
m, andcomputea sumof lobesto representhne NDF. A numberof

approachebave beenproposedor PRT, but arenot suitablehere.

Onemethodis to usezonalharmonicgSloanetal. 2005]. How-
ever, our NDFsarenot low-frequeng, making tting dif cult, and
storagdnef cient sincel is large. An alternatve is to useGaussian
RBFsfor g [Tanetal. 2005],with parameterghoserusingexpec-
tationmaximization(EM) [Dempsteretal. 1977;Bilmes1997].In
this case we simply needto store3 parametersior theamplitude,
width andcentraldirection.WhereagTanetal. 2005]pursuedhis
approachusingEuclidean(andthereforedistorted)RBFs,we con-
sider NDFs representean their naturalsphericaldomain, which
alsoenablesusto derive a simplecornvolution formula.

Indeed, spherical GaussianRBFs, such as in [Tsai and Shih
2006] are mostappropriate.However, nonlinearminimization for
tting is inefcient, giventhatwe needto do so at eachtexel. In-
steadwe useasphericalvariant[Banerjeeetal. 2005]of EM, with
the von Mises-Fishef (vMF) distribution [Fisher 1953]. We also
extendthebasicsphericaEM algorithmto handlecolor anddiffer-
entmaterials createcoherentobesfor hardwareinterpolation,and
enablefastsphericaharmonicconvolution for rendering.

7.1 Estimation of Mixture of vMFs

First, we must estimatethe mixture of vMF lobesfor eachtexel
usingEM. ThevMF probability distribution functionis

gin mq) = W@(p[k(n my; (21)

wherethe parameterg = f k; my aretheinversewidth k andcen-
tral directionm A mixture of vYMFs(movMF) is de ned asanaf ne

combinatiorof vMF Iobesqj, with amplitudeaj,whereéj a;= 1,

J
gn;Q) = 4 a;g(n m;q): (22)
=1

We usesphericalEM (algorithm1) to t a movMF to the nor-
mals coveredat eachtexel in the mipmap. Line 5 of algorithm1
shaws the E-step. For all normalsn; in a giventexel, we compute
theexpectedikelihoodhziji thatn; correspondso lobe j. Lines9-
14 executethe M-step,which computesmaximumlik elihood esti-
matesof the parameters.In practice,we seldomneedmorethan

“For the unit 3D spherethis functionis alsoknown asthe Fisherdistri-
bution, while for the unit 2D sphere(circle), it is known asthe von Mises
distribution. We usethe moregeneratermvon Mises-Fishedistribution or
VMF, thatalsoappliesto arbitrarydimensiorhyperspheres.
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Figure 7: Fitting of a sphericalNDF from one of the texelsin the mipmapwith increasingnumbes of vMF lobes(middlerow). With 3-4 lobes,we already
get excellentagreementn therendeedimage. Notethat each vMF lobeis symmetricaboutsomecential direction,andis t onthenatural sphericaldomain
(which is why we showboth a top and sideview in the middlerow). By contrast, a planar Gaussiant (top row), asin Tan etal., mustremainsymmetrian

the distortedplanar space and therefore hasconsideable errors at the boundariesof the hemisphes Becauseno explicit corvolution formulaexistsin the
planar case we only showrenderingswith our method(bottomrow), which accurately matc groundtruth for a smallnumberof vMF lobes.

10iterations,sothefull EM algorithmfor a512 512normalmap
corvergesin under2 minutes.Notethatthisis anof ine computa-
tion thatneedgo be doneonly oncepernormalmap—unlile most
previouswork, it is alsoindependenof the BRDF (andlighting).
Notetheuseof auxiliaryvariablerj in line 11, whichrepresents
Z—"j', where h<ji is the expectedvalue of a randomvector gener

atedaccordingto the scaledvMF distribution g(x; qj). Thecentral
normalmj andtheconcentratiorparameteki arerelatedto r by

A(k)m
coth(k) %: (23)

r
whereA(k) =

The direction mis found simply by normalizingr (line 13), while
k is givenby A 1(krk); sinceno closed-formexpressiorexistsfor
A 1 line 12 usesthe approximatiorin [Banerjeeetal. 2005].

SinceEM is aniterative method goodinitializationis important.
For normalmap ltering, we canproceedrom the nest texelsto
coarsellevels. At the nest level, we have only a singlenormalat
eachtexel®, sowe needonly a singlelobe anddirectly seta = 1,
m= n, andk to alargeinitial value.Assumewe t Jlobes.At each
coarselevel of themipmap,we will be combiningnormalsfrom 4
ner level texels (atotal of 4 lobes)to obtainJ new lobes.A good
initialization would be to choosethe furthestJ lobesof the ner
level 43 vMFs. This is achieved usingHochbaum-Shmys cluster
ing [Hochbaumand Shmaqs 1985; Agarwal et al. 2003] which is
simpleandnearlyoptimal. Note thatthe ner level lobesareused
only for initialization—theactual tting usesall normalscovered
by thattexel in themipmap.

The accurag of our methodis shavn in Fig. 7, wherewe see
that aboutfour lobessufces in mostcaseswith excellentagree-
mentwith six lobes.We alsocomparewith theplanarGaussiafEM
ts of [Tanetal. 2005]. Becausehey work on a distortedplanar
projectionof the hemispherégtop row), they have a signi cant loss
of accurag nearthe boundaries. Our method(middle row) works
on the naturalsphericaldomain(hencethe sideview shavn), and
is ableto correctlycreateundistortedsymmetridobesanywhereon
the sphere.Also notethat[Tanetal. 2005]do not have an explicit

80ur framawvork alsosupportsanalyticfunctions,in which casea ne-
scaletexel would have acontinuoushormaldistributioninsteadof adiscrete
normal. This distribution canbe sampledanduseddirectly for EM.

Algorithm 1 The SphericaEM algorithm
1: repeat

2:  {The E-step}

3:  for all samplesy, do

4: for j= 1toJdo

5: i ;Jk% { Expectedikelihoodof n, in lobe j}

6: endfor

7:  endfor

8: {The M-step}

9: forj=1toJdo
aN ki

0 a; el

. éi,\ilhzijin\ - . o )

11: I W {Auxiliary variablefor k; min equation23}
3kr kk rikd

12: k; ﬁ’z—

13: m normalizc{rj)

14: endfor

15: until corvergence

convolution formula, while our methodcanbe combinedwith ary
BRDF to produceaccurateenderedmages(bottomrow).

7.2 Spherical Harmonic Coef cients for Rendering

For renderingwe will needthe sphericalharmoniccoefcients g
of a normalizedvMF lobe. Thesecoefcients do not appeareasy
to nd in theliterature,sowe derive themherebasednreasonable
approximationsFirst, for large k, sinh(k)  exp[k]=2. In practice,
this approximationis accurateaslong ask > 2, which is almost
alwaysthe case Hence thevMF in equation21 becomes

k
— k(1 : 24
op &Pl KL 0 m] (24)
Let b betheanglebetweem andm Then,1 n m=1 cosb.
For moderatek, b mustbesmallfor theexponentialto benonzero.
In thesecases]l cosb b2:2,andwegetaGaussiariorm,
k k -
— —b“] 2
oan mq) 5 el 5b7 (25)
In [RamamoorthandHanrahar2001b],the sphericalharmonic
coefcients of aTorrance-Sparmw modelof asimilarform arecom-

g(n mq)
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puted.For notationalsimplicity, letL, = P 4p=(2| + 1). Then,

b?=(4s2
_ W ) Lig=edl (sh:  (26)

Comparingwith equation25, we obtain
1
2 _
s = JR—
2k
|2

2171 = exp[ Tl (27)

expl s

Lig

SinceeachvMF lobeis treatedndependentlyandthe constants
a; and BRDF coefcients canbe multiplied separatelywe focus
onconvolving thenormalizedBRDF with asinglenormalizedvMF
lobe. It is possibleto directly useequation27 for the vMF coef-
cientsandequation20 for renderingwith generaBRDFs.

However, a muchsimplermethodis availablefor theimportant
specialforms of Blinn-Phongand Torrance-Sparnw like BRDFs.
First, considera normalizecBIinn-Phoné’ modelof theform,

r(w, n)= %Dl(wh n)s: (28)

wheres s thespeculaexponentor shininesslt canbeshavn [Ra-
mamoorthandHanrahar2001b]thatthesphericaharmoniccoef-
cientsareA,  exp[ 12=2g]. Thereforetheresultaftercorvolution
with thevMF is still approximatelya Blinn-Phongshapewith

11,1 g ks
297 25 2k T k+s
refw, m = SOszl(wh ms (29)

For a Torrance-Sparm like BRDF of the form of equation26,
we obtaina similar form for r €%, only with

0= P 575 (2k) T (30)

The simplicity of theseresultsmeanit is trivial to changeBRDF
parametersnthe y , andto considewery high-frequeng BRDFs.

7.3 Extensions

Differ ent Materials/Colors: It is oftenthe casethatonewould
like to associateadditional spatially varying properties(such as
color, materialblendingweights,etc.) to anormalmap. For exam-
ple, the normalmapin Fig. 2 containsregionsof differentcolors.
We representhesepropertiesn afeaturevectory; associateavith
eachnormaln;, andalsoextendthe EM algorithmaccordingly
For eachvMF lobe, we would now like to nd ay; that best
describeghe y; of all its underlyingtexels. In the appendix,we
augmenthe EM likelihood function with an additionalterm, that
canbemaximizedto yield anextraline in the M-step,

s N .
_ ai= 1hg;ly;
b el
Note that sinceyj doesnot affect the E-step,the precedingcan
simply berun asapostprocesto thevanilla EM algorithm.

(1)

Coherent Lobesfor HardwarelInter polation:  Oneapproacho
trilinear mipmap ltering is simplyto considerall 8 relevanttexels,
averagingthe shadingfor each. Greaterefciency (usuallya 2

to 4 speedup)s obtainedif we rst usehardware mipmapping
to interpolatethe parameter®f eachvMF lobe from all K neigh-
bors. We canthensimply run our GPU pixel shaderonceon the
interpolatecharametersThis requiresthat correspondindobesof
adjacentexels be similarly aligned,andthata new parameteriza-
tion bechoserfor accuratdinearinterpolation.

9Note thatthe diffuse componentanalsobe handledin a very similar
way, simply settings= 1andw = w;.

For alignment,we introducea new termin our EM likelihood
function,andmaximize(the detailsarein the appendix).The nal
resultreplacedine 13in the M-stepof algorithmll with

K
m  normalize r;+C g ajm : (32)
k=1
C is aparametethatmodulateshe strengthof the alignmentterm
(which seekgo move m; closerto the centraldirectionsm, of the

K neighborspreferringneighborswith Iargeamplitudesajk.).

As in the planarGaussiarEM methodof [Tan et al. 2005], we
build our alignedmovMFs startingat the topmost(thatis, most I-
tered)mipmaplevel andproceeddownward, following scanlineor-
deringwithin eachindividual level. In theinterestof performance,
we useonly previously computedexelsasneighbors.

We next considertrilinear interpolationof the variables.Unfor-
tunately the customarywMF parameter$ k; my controlnon-linear
aspectof the vMF lobe, anddo not interpolatelinearly. To solve
this problem,we recallfrom Sec.7.1that mandk canbeinferred

from the scaledEuclideanmeanr = % of a given vMF distribu-
tion. By linearity of expectationwe caninterpolatear = hxi lin-
early aswell astheamplitudea,

éj = T(a)

fj = T(ajr)=T(a); (33)
whereT() denoteshardware interpolation(or trilinear ltering),

and{k;, r"nj} canbeeasilyfoundin afragmenshadeusinglines12
and 13 of algorithm1. For implementationwe storethe jth lobe
g; of eachmovMF in a standardexture mipmapusingonechan-

nel for a; andonechanneleachfor the threecomponent®f ajrj.
Color/materiabropertiesyj arestoredin correspondingextures.

7.4 Results

Figure2 shavstheaccurag of ourmethod andmakescomparisons
to groundtruth andalternatve techniqueslt alsoshavs ourability
to usedifferentmaterialsfor differentpartsof the normalmap.
Ourformulationallowsfor generabndevendynamicallychang-
ing BRDFs.Figure8 shavs acomplex scenewherethere ectance
changesover time, decreasingn shininess(intendedto simulate
drying usingthe modelin [Gu et al. 2006]). Although not shavn,
the lighting andview canalsovary—thebottomrow shaws close-
upswith differentillumination. Note the correct Itering for di-
nosaursn the backgroundandfor furtherregionsalongthe neck
andbodyof theforegrounddinosaur Evenwhereindividual bumps
arenotvisible, the overall changein appearancasthere ectance
changess clear This complex scenehas14,898trianglesfor the
dinosaurs 139,392trianglesfor the terrainand 6 texturesfor the
normalmapsanddinosaurskins. It rendersat 75 framespersecond
at a resolutionof 800x6000n an NVIDIA 8800graphicscard. In
this example,we usedsix unalignedvMF lobes,with bothdiffuse
andspeculashadingmplementedasa simplefragmentshader

8 Comple x Lighting

Our vMF-basednormal map ltering techniquecan also be ex-
tendedto complex environmentmap lighting.1® Equation4 is a
convolutionthatbecomessimpledotproductin sphericaharmon-
ics

' z

B(m = _L(w)r='(w mdw; (34)
wherethe effective BRDF r ©f is the convolution of the vMF lobe

with the BRDF, and mis the centraldirectionof the vMF lobe (ef-
fective “normal”) asusual. For the diffuse componentw = w;,

19Thedirectsphericaharmonicmethodin Sec.5 is moredif cult to ap-
ply, sincegenerabphericaharmonicannotberotatedaseasilyasradially
symmetricfunctionsbetweerocal andglobalframes.
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Figure 8: Our framevork canhandlecomplex scenesallowing for geneal
re ectance which can evenbe changed at run-time Here, the BRDF be-
comedessshinyover time Notethe correct Itering and overall changes
in appeanncefor further regionsof the foregrounddinosauy and thosein
badkground. The bottomrow showscloseupgwhenthe materialis shiny)
with a different lighting condition. This examplealso showsthat we can
combinenormalmapswith standad texture mapping

and the sphericalharmoniccoefcients cansimply be multiplied
accordinghe convolutionformula,B,, = L, r £L, . sothat

|
B=4& a L;rfM,, Y, (m: (35)

I=0m= |
For the speculacomponentowever, the BRDF is expressedn
termsof w= w,, andwe needto changehevariableof integration
in equation34to w, (whichleadsto afactord(w; w,)),
z

B(m =

Qo

o L(w, (W, wo)) 4w, w,) ref(w, mdw,
A
S!Lo(wh)reﬂ(wh mdw,: (36)

Thus, we simply needto considera new reparameterizetighting
Lo(wh) = L(w;(w,;wo)) 4w; w,). Asthehalfangledependsn

Figure 9: Armadillo modelwith 350,000polygonsrendeed in real time
with normal mapsin dynamicervironmentlighting. We use6 vMF lobes,
andsphericalharmonicsup to order 8 for the specularcomponent.

both viewing andlighting angles(w, and w;), the above integra-
tion implicitly limits usto a x edview with respecto thelighting.
To interactiely rotatethe lighting, we precomputea sparsesetof
rotatedlighting coefcients andinterpolatethe shading.
Finally, in analogywith equation35,
[
B=38 & Lirf LinYim(m: (37)
I=0m= |
Figure 9 shavs animageof an armadillo, with approximately
350,000polygonsanda normalmap,renderedt real-timeratesin
dynamicervironmentlighting. We areableto renderinteractvely
with upto 6 vMF lobesandl = 8in equation37.

9 Conclusions and Future Work

We have developeda comprehensie theoreticaframenork for nor
mal map Itering with mary commontypesof re ectancemodels.
Our methodis basedn a new analyticformulationof normalmap
Itering asaconvolution of theNDF andBRDF. Thisleadsto prac-
tical algorithmsusingsphericaharmonicsandsphericavMFs, that
enablegenerate ectancefunctions.Themethodsareimplemented
in real-timeratesin graphicshardwareassimpleGPUshaders.
We believe this paperalsomakesbroadercontributionsto mary
areasof rendering,andbeyond. The corvolution resultuni es a
geometricproblem(normalmapping)with understandingf light-
ing andBRDF interactionin appearanceThe connectiorbetween
sphericalharmonicsand sphericalvMFs may also allow a better
understandingf, andnew practicalalgorithmsevenfor PRT.
Moreover, weintroducesphericaEM andvMF distributionsinto
computergraphicswherethey will likely nd mary otherapplica-
tions. For instanceyMF lobesareradially symmetricfunctionsthat
are well suitedfor BRDF importancesampling[Lawrenceet al.
2004] for globalillumination of normal mappedobjects—ourex-
perimentsndicatethey producesharperndhigherquality results
thanstandardnipmap ltering evenfor of ine rendering.
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In summarynormalmappingis anold techniqueput correct I-
teringhasbeenachallengingoroblem becausshadings nonlinear
in the surfacenormal. In this paper we have shov how advanced
mathematicahnalysiscan shedimportantnew insight, andtake a
signi cant steptowardsaddressinghis long-standingproblem.
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Appendix: Spherical EM Extensions

In this appendix,we brie y describethe likelihood function for spherical
EM, andhow we augmentt for colors/material&nd coherentobes. The
netlikelihoodfunctionis a productof 3 terms,

P(X;ZjQ)P(Y; ZjQ)) P(QIN(Q));

whereX arethesamplegin this caseinputnormals),Z arethe hiddenvari-
ables(in this casewhich vMF lobe a sampleX is dravn from), Q arepa-
rameterdor all vYMF lobesandN(Q) areparameterfor neighborsThe rst
factorcorrespondso standardsphericaEM, the secondactorcorresponds
to thecolors/materialy,

N
P(Y;ZiQ) = O explk v, ik, (38)
i=1
andthe nal factorto coherentobesfor interpolation,
. 3 K o
PIN(QJQ) = O O explCa (m m,)]: (39)
j=1k=1

In EM, we seekto maximizethelog likelihood,
In[P(X; ZiQ)P(Y; ZjQ)) P(QIN(Q))]

N N J K
angnig)+ & ky; y.k*+ a a Coay(m my): (40)
i=1 i=1 j=1k=1

Consideringall J lobesandhiddenvariablest;;i, we seekto maximize
" #

N K
Ing(nijgpte;i+ a ky, yAkthJ'i +a Coajk(’nj my)
=1 i=1 i=1 k=1

T Qo
Qoz

with respecto all parametersMaximizing with respecto yj, we directly
obtainequation31. The maximizationwith respecto m is morecomple,
|
N ox '
m; = normalize k; 'alnihzijl +C kalajkmjk : (41)
i= =

Finally, rede ningC = C°=kj, we obtainequation32.



