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Abstract that uses factorization assumptions and incorporates prio
distributions over node degrees. We perfamaximum a
We describe a generative model for graph edges underposteriori(MAP) estimation under this distribution by con-
specific degree distributions which admits an exact and effi- verting the problem into a maximum weightnatching.
cient inference method for recovering the most likely struc ~ This conversion method generalizes maximum weight
ture. This binary graph structure is obtained by refor- b-matching, which is applied to various classical applica-
mulating the inference problem as a generalization of the tions such as advertisement allocation in search engines
polynomial time combinatorial optimization known &s [11], as well as machine learning applications such as semi-
matching. Standaré-matching recovers a constant-degree supervised learning [7], and embedding of data and graphs
constrained maximum weight subgraph from an original [17, 18]. Our method also generalizesmatching (which
graphinstead of a distribution over degrees. After this map itself is a generalization d¢matching) and-nearest neigh-
ping, the most likely graph structure can be found in cubic bors.
time with respect to the number of nodes using max flow Previous efforts that exploit degree distribution informa
methods. Furthermore, in some instances, the combina-ion to denoise edge observations have reliedapprox-
torial optimization problem can be solved exactly in near imate loopy belief propagation, which suffered from lo-
quadratic time by loopy belief propagation and max prod- cal minima [12]. This article indicates that, in some set-
uct updates even if the original input graph is dense. We tings, MAP estimation over subgraphs with degree priors
show an example application to post-processing of recom-can be solvedxactlyin polynomial time. Given our pro-
mender system predictions. posed conversion method, which formulates the problem as
a b-matching, we can efficiently solve for the the optimal
graph structure estimate even with degree distribution in-
1 Introduction formation.
Applications of our proposed method include situations
An important task in graph analysis is estimating graph in_which degr_ee information_ i§ inferred from stati_sticatrsa
structure given only partial information about nodes and Pling properties, from empirical methods in which degree
edges. This article will consider finding subgraphs from an distributions are learned from data, or from more classi-
original (possibly fully connected and dense) graph, stibje cal problems in which the degree probabilities are given.

to information about edges in terms of their weight as well AN example of the latter case is in protein interaction pre-
as degree distribution information for each node. diction, where 3D shape analysis can bound the number of

Consider a grapt = (V, £). Such a graph contains an mutually accessible binding sites of a protein [8]. Sinjlar

exponential number of subgraphs (graphs that can be ob-if‘ some social network applications, the number of connec-
tained from the original by performing edge deletion). In tions for each user may be known even though the explicit
fact, the number of subgraph<i€!, and since<| can be up identities of the users who are connected to them are hidden

to |V|(|V| - 1)/2, search or probabilistic inference in sucha (€9, Linkedin.com).

space may often be intractable. Working with a probability

distribution over such a large set of possibilities is ndyon 1.1 Outline

computationally difficult but may also be misleading since

some graph structures are known to be unlik&lpriori. The remainder of the paper is organized as follows. In
This article proposes a particular distribution over gmaph Section 2, we derive the main algorithm for MAP graph es-



timation with degree priors, prove its correctness, and dis ing between integral degrees. Formally,

cuss its computational cost and the methods it generalizes.

In Section 3, we demonstrate one application of the method ovi(k) = i(k) — (k- 1),

to post-processing graph predictions. Finally, we conelud 62pi(k) = oi(k) — opi(k —1)

in Section 4 with a brief summary and discuss some possi- Vi(k) —¢i(k—1) -

ble alternative applications and future work. (s — 1) — i (k — 2)) < 0.

; : When degree potentials are concave, we can exactly mimic
2 MAP Edge Estimation the probability functiorPr(£|G) by building a larger graph
with corresponding probabilit?r(€|Gs).
In this section, we provide the derivation and prove the  Our construction proceeds as follows. First create a new
correctness of a method for maximizing a probability func- graphg, which contains a copy of the original graghas
tion defined over subgraphs. Using this method, we find well as additional dummy nodes denot®d These dummy
the optimum of a distribution defined by a concave poten- nodes mimic the role of the soft degree potential functions
tial function over node degrees in addition to the basiclloca ;. For each node; in our original setV, we introduce
edge potentials. If we consider the degree potentials priora set of dummy nodes. We add one dummy node for each
probabilities over node degrees, the operation can be deedge in€ that is adjacent to each. In other words, for

scribed as anaximum a posterioptimization. each node/;, we add dummy node$; 1, ...,d; n, where
Formally, we are interested in finding a subgraph of an Vi = deg(v;, £) is the size of the neighborhood of node
original graphG = (V, ). First, consider a distribution ~ Each of the dummy nodes i 1,...,d; ~, is connected

over all possible subgraphs that involves terms that fazgor  t0 ;i in the new grapl@,. This construction creates graph
across (a) edges (to encode independent edge weight) anély = {Vs, &} defined as follows:
(b) degree distribution terms that tie edges together, pro-

ducing dependencies betweenAedges. We assume the prob- D = {diy,--ydingsosdns e dnn, b
ability of any candidate edge s€tC £ is expressed as W = VUD,
& = EU{(vi,dij)1 <j<Ni,1<i<n}

Pr(£]G) o H exp Wi H exp i (deg (V“ 5)) - D e next specify the weights of the edgesjin The weight

(ig)eé e of each edgéi, j) is copied from¢ to its original potential
Wi;. We set the edge weights between the original nodes
and dummy nodes according to the following formula. The
potential betweem; and each dummy nodg ; is

The singleton edge potentials are represented by a ma;
trix W e R™*™ whereW;; is the gain in log-likelihood
when edg€(i, j) is changed from off to on. The functions
¥; : {1,...,n} — Rwherej € {1,...n} are poteptials w(vi,dij) = Ui(j—1) —i(h). (2)
over the degrees of each node with respect to edgds

other words, the probability of an edge structure depends onWhile the functions have outputs fap(0), there are no
local edge weight as well as a prior degree bias. Unfortu- dummy nodes labeled} o associated with that setting (0)
nately, due to the many dependencies implicated in each deis only used when defining the weight df ). By con-
gree distribution term);, the probability model above has struction, the weightso(;, d; ;) are monotonically non-
large tree-width. Therefore, exact inference and naive MAP decreasing with respect to the indgxlue to the concavity
estimation procedures (for instance, using the junctiee tr  Of the ¢ functions. This characteristic leads to the guaran-
algorithm) can scale exponentially withi|. However, with  teed correctness of our method.

clever construction, exact MAP estimation is possible when

the degree potentials are concave. Vi(§) —i(G—1) < (G —1) =i —2)
—w(vi,dij) < —w(vi,dij1)
2.1 Encoding as &-matching wlvidij) = wlvi dij-1). (3

We emulate the probabilit?r(€|g) (Eq. 1), which is over
If we make the mild assumption that tlje functions in edges ing, with a probabilityPr(€b|Qb), which is over
Eq. 1 are concave, the probability of interest can be maxi- edges ofG,. We set the degree constraints such that each
mized by solving &-matching. By concavity, we mean that (original) nodev; must have exactlyV; neighbors (includ-
the change induced by increasing the input degree must béng any connected dummy nodes to which it might con-
monotonically non-increasing. This is the standard notion nect). Dummy nodes have no degree constraints. The pro-
of concavity ify); is made continuous by linearly interpolat- posed approach recovers the most likely subgr@ph=
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Figure 1. Example of mapping a degree dependent problem to a h ard-constrained b-matching. Left:
Original weight matrix and row/column degree distribution s. Upper Middle: Weight matrix of ex-

panded graph, whose solution is now constrained to have exac tly 6 neighbors per node. Lower

Middle: Resulting b-matching, whose upper left quadrant is the final output. Rig ht: MAP solution
and final node degrees.

Wy 1 Wy o o Wi n $1(0) — (1) ... Pi(n —1) —Pi(n)
Wi - Wa.n Gn(0) — n (D) ... wn(n—1) - wa(n)
w1<0> w1<1> P2(0) — o (1) o Yn(0) — P (1) 0 o 0
P1n—1) — b1(n)  Pa(n —1) — Pa(n) ... Bp(n —1) — Pn(n) 0 . 0
Figure 2. The new weight matrix constructed by the procedure in Section 2. The upper left quadrant
is the original weight matrix, and the extra rows and columns are the weights for dummy edges.

argmaxg, Pr(£b|gb) by solving the followingh-matching potentials, the total weight of these edges is exactly tke fir

problem: termin (1), the local edge weights.
. What remains is to confirm that the degree potentials
& = arg maxg cg Z w(vi, d; ; Z Wi agree with the weights of the remaining edges (£, N €)
(vi,di ;) €Ep (3,5) €& between original nodes and dummy nodes. Recall that our

4) degree constraints require each nod&jrno have degree
N;. By construction, each; has2N; available edges from

This construction can be conceptualized in the following Which to chooseN; edges from the original graph ang

way: we are free to choose any graph structure in the orig-€dges to dummy nodes. Moreoveryjfselectsk original

inal graph, but pay a penalty based on node degrees due t§dges, it must maximally seledt; — & dummy edges. Since
selecting dummy edges maximally. The following theorem the dummy edges are constructed such that their weights

proves that this penalty is equivalent to that created by the@re non-decreasing, the maximun— k& dummy edges are
degree priors. to the lastV; — £ dummy nodes, or dummy nodésy1

throughd; n,. Thus, we must verify the following:

subjectto  deg(v;, &) = N; forv; € V.

Theorem 1. The total edge weight ofv-matchings

& = argmaxg, log Pr(5b|gb) from graphg, differs from N; N;
log Pr(&, N €|G) by a fixed additive constant. S wlvidig) = > wvidig) = di(k) — (k).
j=k+1 j=k'+1

Proof. Consider the edges, N &. These are the estimated
connectivity £ after we remove dummy edges frofj. Terms in the summations cancel out to show this equiva-
Since we set the weight of the original edges to Wig lence. After substituting the definition @f(v;, d; ;), the



desired equality is revealed. 3 Experiments

N; N; We apply the MAP estimation algorithm as a post-
Z (i(j — 1) —i(y)) — Z (i(j — 1) —i(3)) processing step in a graph prediction problem. Consider
j=k+1 j=k'+1 the task of predicting a graph defined by the preferences of
N; N; N; N; users to items in a slight variation of the standard collabo-
= Zwi(j) — Z ¥i(4) — Z »i(f) + Z »i(J) rative filtering setting. We define a preference graph as a
j=k j=k+1 j=k j=k'+1 bipartite graph between a set of uséfs= {u,...,u,}

and a set of item% = {v,...,v,,} that the users have
rated with binary recommendations. We assume a rating

. . . matrix Y’ {0,1}™*™ representing the preferences of
;r;;?(?ﬁgﬁgtgi;gg;gﬁgazuguﬂzda;hsvévﬂgh;i?f';:z(stnsel:’g users (rows) for items (columns). The rating matrixis
graphs ofg. Hence, for any-matchingé,. the quantities equivalent to the adjacency matrix of the preference graph,

4 A , andY;; = 1 indicates that userapproves of itery while
f%f;éf;nrgﬂg) andmaxg, , ¢ log Pr(&;|Gs) differ only %’ Yi; = 0 indicates that the user disapproves. The train-

ing data is a set of user-item pairs and whether an edge is
present between their nodes in the preference graph. The
testing data is another set of user-item pairs, and the sask i
to predict which of the testing pairs will have a preference
edge present.

Since the dummy nodes have no degree constraints, we First, we provide motivation for using degree priors in
only need to instantiateax;(V;) dummy nodes and reuse POst-processing. The degrees of nodes in the predicted
them for each node;. The process described in this sec- 9raph represent the number of items liked by a user or the
tion is illustrated in Figures 2 and 1. This results in at most Number of users that like an item. Under certain assump-
a twofold increase of total nodes in the constructed graphtions, we can prove that the rate of liking or being liked will
(i.e.,|Vs| < 2|V]). In practice, we can find the maximum concentrate around its empirical estimate, and the deviati
weight b-matching to maximizér(&,|G,) using classical probability between training and testing rates i_s bounded b
maximum flow algorithms [2], which requir@®(|V,|&|) a log-concave upper bound. Therefore, we will use the de-
computation time. However, in the special case of bipar- Viation bound as a degree prior to post-process predictions
tite graphs, we can use belief propagation [1, 5, 16], which Output by a state of the artinference method. This, in effect
yields not only a rather large constant factor speedup, butforces our predictions to obey the bounds.
has been theoretically proven to find the solutior|in,|?) _
or (/&) time under certain mild assumptions [15]. Further- 3.1 Concentration bound
more, the algorithm can be shown to obtain exact solutions
in the unipartite case when linear programming integrality =~ We assume that uset5and itemsl” are drawriid from
can be established [16, 6]. arbitrary population distribution®,, andD,. We also as-

The class of log-concave degree priors generalizes many>UMe that the probability of an edge between any nedes
maximum weight constrained-subgraph problems. These@ndv; is determlngd by afunf:tlon tha_t.maps the features of
include simple thresholding of the weight matrix, which is (€ nodes to a valid Bernoulli probability.
implemented by placing an exponential distribution on the
degree; setting the degree priordg(k) = —60k causes

Yi(k) — (k')

2.2 Computational cost and generalized methods

Pr(Yij = 1|Ui,1}j) = f(ui,vj) S [O, 1] (5)

the maximum to have edges on whin; is greater than
thresholdd. We can mimich-matching by setting the de-
gree priors to be delta-functions at degbe&Ve can mimic

These assumptions yield a natural dependency structure for
rating probabilities. The joint probability of users, item
and ratings is defined as follows:

bd-matching, which enforces lower and upper bounds on the
degrees, by setting the degree priors to be uniform between
the bounds and to have zero probability elsewhere. We can
mimic k-nearest neighbors by duplicating the nodes of the
graph to form a bipartite graph, where edges between nodes
in the original graph are represented by edges between bi-The structure of this generative model implies dependen-
partitions, and by setting the degrees of one bipartition to cies between the unobserved ratings and even dependencies
exactlyk while having no constraints on the other biparti- between the users and movies. This is because the query
tion. rating variables and all user and item variables are latent.

Pr(Y, U, V|Dy, D) o
Hp(Yij lui, vj) HP(UZ|Du) HP(UJ' IDy). (6)
ij i ]



EachMovie Jester MovieLens BookCrossing Epinions

v fe=== 0.278 0.2705
< 0 0276 = = = = -——— :
n 0.272 )
0.36 0.275 0.2685
. 0 50 0 5 10 0 5 10 0 1 2 3
m 037 = = = = 0278 _ _ _ _ _ 0.273
ol 0.276 0282 02725\ _ _ _/.
55 0365 0.974 : 0.272
% - 0.278 0.2715
5% 036 0.272 0.276 '
S 0 50 0o 5 10 0 5 10 0 1 2 3
w 037F==-=- A Ppp— 0.2695f = = =
= 0.365 \@/ 0.28 ' v 0.269
@ =< - - 0.2685
0.36 0.275 0.275
0 50 0 5 10 0 5 10 0 1 2 3

Regularization Parameter A

Figure 3. Testing errors of MAP solution across different da ta sets and random splits. The x-axis of
each plot represents the scaling parameter A and the y-axis represents the error rate. The solid blue
line is the MAP solution with degree priors, the dotted black line is the logistic-fIMMMF baseline. The
red circle marks the setting of A that performed best on the cross-validation set. See Table 1 for the
numerical scores.

Due to the independent sampling procedure on users andverages:

items, this is known as a hierarchical model [3] and induces

a coupling, or interdependence, between the test predgctio 1 1

that are to be estimated by the algorithm. Since the rating A Yieuren) = Cir ZYU T e Z Yij,

variables exist in a lattice of common parents, this depen- =1 g=cutl

dency s_tructure an.d the h!erarchical model are difficu_lt 0 \which will obey the following theorem.

handle in a Bayesian setting unless strong parametric as-

sumptions are imposed. Instead, we next derive a boundTheorem 2. Given that useré/ = {uy,...,u,} and rated

that captures the interdependence of the structured outpuitemsV = {vy,...,v,} are drawniid from arbitrary dis-

variablesY” without parametric assumptions. tributions D,, andD,, and that the probability of positive
We assume that both the training and testing user-itemrating by a user for an item is determined by a function

sets are completely randomly revealed from a set of volun- f (ui,v;) — [0, 1], the average of query ratings by each

teered ratingsi which allows proof of an upper bound for the user is concentrated around the average of his or her train-

probability that the empirical edge rate of a particular@od ing ratings. Formally,

deviates between training and testing data. In other words,

Ctr Cer+Cte

we estimate the probability that an empirical row or col- Pr(A(Y;)>¢) < 2exp (_266#%) L@

umn average in the adjacency matrix deviates from its true (cor + Cte)

mean. Without loss of generality, let the training ratings _ €2CirCro

for useri be at indiceg(1, ..., ¢} and the testing ratings Pr(A(Y) < —¢) < 2exp T2 +ew) )

be at indiceq ¢ + 1, ..., ¢t + ce} Such that the training _ _

and testing sets are respectively of sizeandc...> Let The proof of Theorem 2 is deferred to Appendix A.

Y; = [Yi1,.--,Yie.+e.) represent the row of ratings by Using a standard learning method, we learn the estimates

useri. Let functionA(Y;) represent the difference between of each edge. However, predicting the most likely setting of
the training and query averages. The following theorem each edge independently is equivalent to using a uniform
bounds the difference between training and testing ratingprior over the rating averages. However, a uniform prior vi-

olates the bound at a large enough deviation from the train-

1we omit a subscript for the training and testing countsandcy. for ing averages. Specifically, this occurs for users or items

notational clarity only. Since these counts vary for difarnodes, precise With alarge number of training and t_eSting examples. Thus,
notation would involve terms such a§, cte. it may be advantageous to use a prior that obeys the bound.




Since the bound decays quadratically in the exponent, pri-2,811,983 integer ratings by 72,916 users for 1,628 movies
ors that will never violate the bound must decay at a fasterranging from 1 to 6, which we threshold at 4 or greater to

rate. These exclude uniform and Laplace distributions andrepresent a positive rating. The portion of the Jester data
include Gaussian, sub-Gaussian and delta distributioles. W set [4] we used contains 1,810,455 ratings by 24,983 users

propose simply using the normalized bound as a prior. for 100 jokes ranging from -10 to 10, which we threshold
at 0 or greater. The MovieLens-Million data set contains
3.2 Edge weights 1,000,209 integer ratings by 6,040 users for 3,952 movies

ranging from 1 to 5, which we threshold at 4 or greater. The

To learn reasonable values for the independent edgeBook Crossing data set [19] contains 433,669 explicit in-
weights, we employ Fast Max-Margin Matrix Factorization teger ratingd by 77,805 users for 185,854 books ranging
(fMMMF) [14] using a logistic loss function, which has from 1 to 10, which we threshold at 7 or greater. Lastly, the
a natural probabilistic interpretation [13]. In the binary Epinions data set [9] contains 841,372 trust/distrushggti
ratings setting, the gradient optimization for logistic-fM by 84,601 users for 95,318 authors.
MMF, which uses a logistic loss as a differential approxi- Each data set is split randomly three times into half train-
mation of hinge-loss, can be interpreted as maximizing theing and half testing ratings. We randomly set asid& of
conditional likelihood of a generative model that is very the training set for cross-validation, and train logisti¢-f

similar to one discussed above. The objective is MMF on the remainder using a range of regularization pa-
rameters. The output of fIMMMF serves as both our base-
. 1 i i i i
min J(U,V) = ~(|[U]2e+ [|V]|Ze) + 8) Ilne“as WeII”as_ th_e W(_elght matrix of our algorithm. We set
UV 2 the “degree” distribution for each row/column to be propor-
CZ log (1 + e_yj(ujvj_ei)) _ tional to the deviqtion bound from Theorem 2. Specifi_cally,
> we use the following formula to set the degree potentjal
2
The probability function for positive ratings is the logést (Ci ‘;zl Yij — k/cte) CirCie
function, which yields the exact loss term above. Vi(k) = — 9

2 (Ctr + Cte)

1 We introduce a regularization parametethat scales the
1+ e (ulv=0:) potentials. When\ is zero, the degree prior becomes uni-
form and the MAP solution is to threshold the weight matrix
at 0 (the default IMMMF predictions). At greater values, we
move from a uniform degree prior (default rounding) toward
strict b-matching, following the shape of the concentration
bound at intermediary settings. We explore increasing val-
ues of) starting at O until either the priors are too restrictive
max H P(Yij|us, v;,0:) H Pr(u;) H Pr(v;). and we observg overfi_tting or untillthe v_alue)oi‘s So great
uv.e ; ; that we are solving a simptematching with degrees locked
to an integer value instead of a distribution of integers. In
Once we find the MAPU and V matrices using fM-  creasing\ thereafter will not change the result. We cross-
MMF, we use the logistic probabilities to set the single- validate at this stage by including the testing and held-out
ton functions over edges (i.e., edge weights). Specifi- cross-validation ratings in the query set of ratings.
cally, the weight of an edge is the change in log-likelihood = The running time of the post-processing procedure is
caused by switching the edge from inactive to active, short compared to the time spent learning edge weights via

Pr(Yijui, vj,0:) = f(ui, v5) =

Minimization of squared Frobenius norm corresponds to
placing zero-mean, spherical Gaussian priors onihe
andu; vectors,Pr(u;) o< exp(—&||us||?) andPr(v;) o
exp(—|lv;|[?). This yields the interpretation of fMMMF
as MAP estimation [13]:

Wij = ujv; — 6. fMMMF. This is due to the fast belief propagation matching
code and the sparsity of the graphs. Each graph estimation
3.3 Results takes a few minutes (no more than five), while the gradient

fMMMF takes hours on these large-scale data sets.

Our experiments tested five data sets. Four are stan- e compare the zero-one error of prediction on the data.
dard collaborative filtering datasets that we thresholded a In particular, we are interested in comparing the fMMMF
reasonable levels. The last is trust/distrust data gathere output that performed best on cross-validation data to the
from Epinions.com which represents whether users trust™ s1.c gook Crossing data set contains many more “implicitorae

other users’ opinions. The EachMovie data set containsmendations, which occur when users purchase books but daxplititly
rate them. Presumably, these indicate positive opiniorisedbooks; how-

ZHeeri]i- represents the signdd-1, +1} representation of the binary  ever, it is difficult to define a negative implicit rating, s@wnly experi-
rating, whereas previously, we use #@& 1} representation. ment on the explicit ratings.




Table 1. Average zero-one error rates and
standard deviations of best MAP with de-
gree priors and fMMMF chosen via cross-
validation. Average taken over three random
splits of the data sets into testing and train-
ing data. Degree priors improve accuracy on
all data sets, but statistically significant im-
provements according to a two-sample t-test

with a rejection level of  0.01 are bold.
Data set fMMMF Degree
EachMovie 0.315@: 0.0002 0.29764+ 0.0001
Jester 0.276% 0.0008 0.2744+ 0.0021
MovieLens 0.2813+ 0.0004 0.2770=+ 0.0005
BookCrossing 0.2704 0.0016 0.2697 0.0016
Epinions 0.111A4 0.0005 0.0932+ 0.0003

MAP solution of the same output with additional degree pri-

limitation of the approach is that the degree distributions
that can be modeled in this way must be log-concave, thus
exact inference with more general degree distributionsis a
open problem.
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Appendix A

Proof of Theorem 2McDiarmid’s Inequality bounds the
deviation probability of a function over independent (but
not necessarily identical) random variables from its expec
tation in terms of its Lipschitz constants [10], which are th
maximum change in the function value induced by chang-
ing any input variable. The Lipschitz constants for funiatio
Aarel; = 1/cyy for 1 < j < ¢, andl; = 1/cqe Oth-
erwise. Although the rating random variables are not iden-

tically distributed, they are independently sampled, so we

can apply McDiarmid’s Inequality (and simplify) to obtain

)ao)

The left-hand side quantity inside the probability congain
E[A], which should be close to zero, but not exactly zero (if
it were zero, Eq. 10 would be the bound). Since our model
defines the probability of;; as a function of;; andv;, the
expectation is

2t20trcte

Ctr + Cte

Pr(A) -BA]Z0) < e~

Cir Ctrt+Cte

_ 1 1
E[AW)] = B|—=YYy—— > Yy
Ctr j=1 Cte j=cotl
1 Ctr 1 Ctr+Cte
= o Jlwe) == D f(wiy)
Jj=1 j=ctr+1

gi(V)

We define the quantity above as a function over the itemsMcDiarmid’s Inequality is also symmetric.

V = {v1,..., Ve te 1» Which we will refer to asy; (V)

for brevity. Because this analysis is of one user’s ratings,
we can treat the user input to f(u,,v;) as a constant.
Since the range of the probability functigiu;, v;) is [0, 1],

the Lipschitz constants fay;(V) arel; = 1/¢, for 1 <

J < ¢y, @and?; = 1/¢;. otherwise. We apply McDiarmid’s
Inequality again.

The expectation of; (V') can be written as the integral

2T20trcte

Ctr + Cte

Pr(g:(V) = E[gi(V)] > 1) < exp (—

Elg:(V)] = / Pr(u,.. . vy e )0i(V)AV.

Since thev’s areiid, the integral decomposes into

Ctr

Pr(vy) f(ui, vj)dv;
>/

1

Ct,

1

Ctr

Elg:(V)]

Ctr+Cte

>

¢ j=cutl

Pr(v;) f(ui, vj)dv,.

Since eaclPr(v;) = Pr(v) for all j, by a change of vari-
ables all integrals above are identical. The expected value
E[g:(V)] is therefore zero . This leaves a bound on the value

of g;(V).
)

To combine the bounds, we define a quantity to represent
the probability of each deviation. First, let the probabili
of g;(V) exceeding some constanbe g

0 €
I
2 p
Second, let the probability ak(Y;) exceeding its expecta-
tion by more than a constahtlso beg,

-en (L)

— = exp
We can write both andr in terms ofd:

2
Ctr + Cte
t=17=,|——.
2¢yecre log 5

Definee as the concatenation of deviatianandr,

e=t+T7=2 LQCQ
2Ctrcte10g3

By construction, the total deviatianoccurs with probabil-
ity greater thard. Solving ford provides the final bound in
Eq. 7. The bound in the other direction follows easily since
O

272CtrCre

P 1V > € -
(V) 2 7)exp - 2

2T20trcte

Ctr + Cte

2t20trcte

Ctr + Cte

Although the above analysis refers only to the ratings
of the user, the generative model we describe is symmetric
between users and items. Similar analysis therefore applie
directly to item ratings as well.

Corollary 1. Under the same assumptions as Theorem 2,
the average of query ratings for each item is concentrated
around the average of its training ratings.

Additionally, even though Theorem 2 specifically con-
cerns preference graphs, it can be easily extended to show
the concentration of edge connectivity in general uniparti
and bipartite graphs as follows.

Corollary 2. The concentration bound in Theorem 2 ap-
plies to general graphs; assuming that edges and non-edges
are revealed randomly, nodes are generaiiddrom some
distribution and the probability of an edge is determined by
a function of its vertices, the average connectivity of unob
served (testing) node-pairs is concentrated around the av-
erage connectivity of observable (training) node-paifseT
probability of deviation is bounded by the same formula as
in Theorem 2.



