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t. We des
ribe how 3D aÆne measurements may be 
omputed from a single perspe
tive view ofa s
ene given only minimal geometri
 information determined from the image. This minimal informationis typi
ally the vanishing line of a referen
e plane, and a vanishing point for a dire
tion not parallel to theplane. It is shown that aÆne s
ene stru
ture may then be determined from the image, without knowledgeof the 
amera's internal 
alibration (e.g. fo
al length), nor of the expli
it relation between 
amera andworld (pose).In parti
ular, we show how to (i) 
ompute the distan
e between planes parallel to the referen
e plane(up to a 
ommon s
ale fa
tor); (ii) 
ompute area and length ratios on any plane parallel to the referen
eplane; (iii) determine the 
amera's lo
ation. Simple geometri
 derivations are given for these results. Wealso develop an algebrai
 representation whi
h uni�es the three types of measurement and, amongst otheradvantages, permits a �rst order error propagation analysis to be performed, asso
iating an un
ertaintywith ea
h measurement.We demonstrate the te
hnique for a variety of appli
ations, in
luding height measurements in forensi
images and 3D graphi
al modelling from single images.Keywords: 3D re
onstru
tion, video metrology, photogrammetry.1. Introdu
tionIn this paper we des
ribe how aspe
ts of theaÆne 3D geometry of a s
ene may be measuredfrom a single perspe
tive image. We will 
on-
entrate on s
enes 
ontaining planes and paral-lel lines, although the methods are not so re-stri
ted. The methods we develop extend andgeneralize previous results on single view metrol-ogy [RZ96, HAA97, KSH98, PTVG98℄.�The authors would like to thank Andrew Fitzgibbon forassistan
e with the TargetJr libraries and David Liebowitzand Lu
 van Gool for dis
ussions. This work was supportedby the EU Esprit Proje
t IMPROOFS. IDR a
knowledgesthe support of an EPSRC Advan
ed Resear
h Fellowship.

It is assumed that images are obtained by per-spe
tive proje
tion. In addition, we assume thatthe vanishing line of a referen
e plane in the s
enemay be determined from the image, together witha vanishing point for another referen
e dire
tion(not parallel to the plane). We are then 
on
ernedwith three 
anoni
al types of measurement: (i)measurements of the distan
e between any of theplanes whi
h are parallel to the referen
e plane;(ii) measurements on these planes (and 
ompar-ison of these measurements to those obtained onany parallel plane); and (iii) determining the 
am-era's position in terms of the referen
e plane anddire
tion.The measurement methods developed here areindependent of the 
amera's internal parameters:
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al length, aspe
t ratio, prin
ipal point, skew.The 
amera is always assumed to be un
alibrated,its internal parameters unknown. We analyse sit-uations where the 
amera (the proje
tion matrix)
an only be partially determined from s
ene land-marks. This is an intermediate situation between
alibrated re
onstru
tion (where metri
 entitieslike angles between rays 
an be 
omputed) and
ompletely un
alibrated 
ameras (where a re
on-stru
tion 
an be obtained only up to a proje
tivetransformation).The ideas in this paper 
an be seen as revers-ing the rules for drawing perspe
tive images givenby Leon Battista Alberti [Alb35℄ in his treatise onperspe
tive (1435). These are the rules followedby the Italian Renaissan
e painters of the 15th
entury, and indeed we demonstrate the 
orre
t-ness of their mastery of perspe
tive by analysinga painting by Piero della Fran
es
a.This paper extends the work in [CRZ99b℄. Hereparti
ular attention is paid to: 
omputing Maxi-mum Likelihood estimates of measurements whenmore than the minimum number of referen
es areavailable; transferring measurements from one ref-eren
e plane to another by making use of planarhomologies; analysing in detail the un
ertainty ofthe 
omputed distan
es; validating the analyti
alun
ertainty predi
tions by using statisti
al tests.A number of worked examples are presented to ex-plain the algorithms step by step and demonstratetheir validity.We begin in se
tion 2 by giving simple geomet-ri
 derivations of how, in prin
iple, three dimen-sional aÆne information may be extra
ted fromthe image (�g. 1). In se
tion 3 we introdu
e analgebrai
 representation of the problem and showthat this representation uni�es the three 
anoni
almeasurement types, leading to simple formulae inea
h 
ase. In se
tion 4 we des
ribe how errors inimage measurements propagate to errors in the 3Dmeasurements, and hen
e we are able to 
ompute
on�den
e intervals on the 3D measurements, i.e.a quantitative assessment of a

ura
y. The workhas a variety of appli
ations, and we demonstratethree important ones: forensi
 measurement, vir-tual modelling and furniture measurements in se
-tion 5.
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ma bFig. 1. Measuring distan
es of points from a ref-eren
e plane (the ground) in a single image: (a)The four pillars have the same height in the world, al-though their images 
learly are not of the same length dueto perspe
tive e�e
ts. (b) As shown, however, all pillarsare 
orre
tly measured to have the same height.2. GeometryThe 
amera model employed here is 
entral pro-je
tion. We assume that the vanishing line of areferen
e plane in the s
ene may be 
omputedfrom image measurements, together with a van-ishing point for another dire
tion (not parallelto the plane). This information is generally eas-ily obtainable from images of stru
tured s
enes[CW90, MK95, LZ98, Shu99℄. E�e
ts su
h as ra-dial distortion (often arising in slightly wide-anglelenses typi
ally used in se
urity 
ameras) whi
h
orrupt the 
entral proje
tion model 
an generallybe removed [DF95℄, and are therefore not detri-mental to our methods. Implementation detailsfor 
omputation of vanishing points and lines, andline dete
tion are given in Appendix A.Although the s
hemati
 �gures show the 
am-era 
entre at a �nite lo
ation, the results we deriveapply also to the 
ase of a 
amera 
entre at in�n-ity, i.e. where the images are obtained by parallelproje
tion.The basi
 geometry of the plane's vanishing lineand the vanishing point are illustrated in �gure 2.The vanishing line l of the referen
e plane is theproje
tion of the line at in�nity of the referen
eplane into the image. The vanishing point v isthe image of the point at in�nity in the referen
edire
tion. Note that the referen
e dire
tion neednot be verti
al, although for 
larity we will of-ten refer to the vanishing point as the \verti
al"vanishing point. The vanishing point is then theimage of the verti
al \footprint" of the 
amera
entre on the referen
e plane. Likewise, the refer-en
e plane will often, but not ne
essarily, be the
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Fig. 2. Basi
 geometry: The plane's vanishing line l isthe interse
tion of the image plane with a plane parallel tothe referen
e plane and passing through the 
amera 
entreC. The vanishing point v is the interse
tion of the imageplane with a line parallel to the referen
e dire
tion throughthe 
amera 
entre.ground plane, in whi
h 
ase the vanishing line ismore 
ommonly known as the \horizon".It 
an be seen (for example, by inspe
tion of �g-ure 2) that the vanishing line partitions all pointsin s
ene spa
e. Any s
ene point whi
h proje
tsonto the vanishing line is at the same distan
efrom the plane as the 
amera 
entre; if it lies\above" the line it is farther from the plane, andif \below" the vanishing line, then it is 
loser tothe plane than the 
amera 
entre.2.1. Measurements between parallel planesWe wish to measure the distan
e (in the referen
edire
tion) between two parallel planes, spe
i�edby the image points x and x0. Figure 3 shows thegeometry, with points x and x0 in 
orresponden
e.We use upper 
ase letters (X) to indi
ate quanti-ties in spa
e and lower 
ase letters (x) to indi
ateimage quantities.De�nition 1. Two points X;X0 on separateplanes (parallel to the referen
e plane) 
orrespondif the line joining them is parallel to the referen
edire
tion.Hen
e the images of 
orresponding points andthe vanishing point are 
ollinear. For example, ifthe dire
tion is verti
al, then the top of an up-right person's head and the sole of his/her foot
orrespond. If the world distan
e between the twopoints is known, we term this a referen
e distan
e.We show that:
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bFig. 3. Distan
e between two planes relative to thedistan
e of the 
amera 
entre from one of the twoplanes: (a) in the world; (b) in the image. The point xon the plane � 
orresponds to the point x0 on the plane�0. The four aligned points v, x, x0 and the interse
tion
 of the line joining them with the vanishing line de�ne a
ross-ratio. The value of the 
ross-ratio determines a ratioof distan
es between planes in the world, see text.Theorem 1. Given the vanishing line of a ref-eren
e plane and the vanishing point for a ref-eren
e dire
tion, then distan
es from the refer-en
e plane parallel to the referen
e dire
tion 
anbe 
omputed from their imaged end points up toa 
ommon s
ale fa
tor. The s
ale fa
tor 
an bedetermined from one known referen
e length.Proof: The four points x, x0, 
, v marked on�gure 3b de�ne a 
ross-ratio [Spr64℄. The vanish-ing point is the image of a point at in�nity in thes
ene and the point 
, sin
e it lies on the vanishing
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bFig. 4. Distan
e between two planes relative to thedistan
e between two other planes: (a) in the world;(b) in the image. The point x on the plane � 
orrespondsto the point x0 on the plane �0. The point s1 
orrespondsto the point s2. The point r1 
orresponds to the point r2.The distan
e Zr in the world between R1 andR2 is knownand used as referen
e to 
ompute the distan
e Z, see text.line, is the image of a point at distan
e Z
 from theplane �, where Z
 is the distan
e of the 
amera
entre from �. In the world the value of the 
ross-ratio provides an aÆne length ratio whi
h deter-mines the distan
e Z between the planes 
ontain-ing X0 and X (in �g. 3a) relative to the 
amera'sdistan
e Z
 from the plane � (or �0 dependingon the ordering of the 
ross-ratio). Note that thedistan
e Z 
an alternatively be 
omputed usinga line-to-line homography avoiding the orderingambiguity of the 
ross-ratio.For the 
ase in �gure 3b we 
an writed(x; 
) d(x0;v)d(x0; 
) d(x;v) = d(X;C) d(X0;V)d(X0;C) d(X;V) (1)where d(x1;x2) is distan
e between two generi
points x1 and x2. Sin
e the ba
k proje
tion of thepoint v is a point at in�nity d(X0;V)d(X;V) = 1 and there-

fore the right hand side of (1) redu
es to Z
Z
�Z .Simple algebrai
 manipulation on (1) yieldsZZ
 = 1� d(x0; 
) d(x;v)d(x; 
) d(x0;v) (2)The absolute distan
e Z 
an be obtained from thisdistan
e ratio on
e the 
amera's distan
e Z
 isspe
i�ed.However it is usually more pra
ti
al to deter-mine the distan
e Z via a se
ond measurement inthe image, that of a known referen
e length. Infa
t, given a known referen
e distan
e Zr, from (2)we 
an 
ompute the distan
e of the 
amera Z
 andthen apply (2) to a new pair of end points and
ompute the distan
e Z.We now generalize Theorem 1 to the following.De�nition 2. A set of parallel planes are linkedif it is possible to go from one plane to any otherplane in the set through a 
hain of pairs of 
orre-sponding points (see also de�nition 1).For example in �g. 4a the planes �0, �, �rand �0r are linked by the 
hain of 
orresponden
esX0 $ X, S1 $ S2, R1 $ R2.Theorem 2. Given a set of linked parallelplanes, the distan
e between any pair of planes issuÆ
ient to determine the absolute distan
e be-tween any other pair, the link being provided by a
hain of point 
orresponden
es between the set ofplanes.Proof: Figure 4 shows a diagram where fourparallel planes are imaged. Note that they allshare the same vanishing line whi
h is the imageof the axis of the pen
il. The distan
e Zr betweentwo of them 
an be used as referen
e to 
omputethe distan
e Z between the other two as follows:� From the 
ross-ratio de�ned by the fouraligned points v, 
r, r2, r1 and the knowndistan
e Zr between the points R1 and R2 we
an 
ompute the distan
e of the 
amera fromthe plane �r.� That 
amera distan
e and the 
ross-ratio de-�ned by the four aligned points v, 
s, s2, s1,determine the distan
e between the planes �rand �. The distan
e Z
 of the 
amera fromthe plane � is, therefore, determined too.
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1sbFig. 5. Measuring the height of a person from sin-gle view: (a) original image; (b) the height of the personis 
omputed from the image as 178.8
m; the true height is180
m, but note that the person is leaning down a bit onhis right foot. The vanishing line is shown in white; theverti
al vanishing point is not shown sin
e it lies well belowthe image. The referen
e distan
e is in white (the heightof the window frame on the right). Compare the markedpoints with the ones in �g. 4.� The distan
e Z
 
an now be used in (2)to 
ompute the distan
e Z between the twoplanes � and �0.In se
tion 3.1 we give an algebrai
 derivationof these results whi
h avoids the need to 
omputethe distan
e of the 
amera expli
itly and simpli�esthe measurement pro
edure.Example. Figure 5 shows that a person's heightmay be 
omputed from an image given a verti-
al referen
e distan
e elsewhere in the s
ene. Theground plane is referen
e. The height of the frameof the window has been measured on site and usedas the referen
e distan
e (it 
orresponds to the dis-

tan
e between R1 and R2 in the world in �g. 4a).This situation 
orresponds to the one in �gure 4where the two points S2 and R1 (and therefore s2and r1) 
oin
ide. The height of the person is 
om-puted from the 
ross ratio de�ned by the pointsx0, 
, x and the vanishing point (
.f. �gure 4b) asdes
ribed in the proof above. Sin
e the points S2and R1 
oin
ide the derivation is simpler.2.2. Measurements on parallel planesIf the referen
e plane � is aÆne 
alibrated (weknow its vanishing line) then from image measure-ments we 
an 
ompute:1. ratios of lengths of parallel line segments onthe plane;2. ratios of areas on the plane.Moreover the vanishing line is shared by the pen-
il of planes parallel to the referen
e plane, hen
eaÆne measurements may be obtained for anyother plane in the pen
il. However, althoughaÆne measurements, su
h as an area ratio, maybe made on a parti
ular plane, the areas of regionslying on two parallel planes 
annot be 
ompareddire
tly. If the region is parallel proje
ted in thes
ene from one plane onto the other, aÆne mea-surements 
an then be made from the image sin
eboth regions are now on the same plane, and par-allel proje
tion between parallel planes does notalter aÆne properties.A map in the world between parallel planes in-du
es a proje
tive map in the image between im-ages of points on the two planes. This image mapis a planar homology [Spr64℄, whi
h is a plane pro-je
tive transformation with �ve degrees of free-dom, having a line of �xed points 
alled the axis,and a distin
t �xed point not on the axis known asthe vertex. Planar homologies arise naturally in animage when two planes related by a perspe
tivityin three-dimensional spa
e are imaged [VGPZ98℄.The geometry is illustrated in �gure 7.In our 
ase the vanishing line of the plane, andthe verti
al vanishing point, are, respe
tively, theaxis and vertex of the homology whi
h relates apair of planes in the pen
il.
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Fig. 6. Homology mapping of points from one plane to a parallel one: (a) original image, the 
oor and thetop of the �ling 
abinet are parallel planes. (b) Their 
ommon vanishing line (axis of the homology, shown in white) hasbeen 
omputed by interse
ting two sets of horizontal edges. The verti
al vanishing point (vertex of the homology) hasbeen 
omputed by interse
ting verti
al edges. Two 
orresponding points r and r0 are sele
ted and the homology 
omputed.Three 
orners of the top plane of the 
abinet have been sele
ted and their 
orresponding points on the 
oor 
omputed bythe homology. Note that o

luded 
orners have been retrieved too. (
) The wire frame model shows the stru
ture of the
abinet; o

luded sides are dashed.The homology 
an then be parametrizedas [VL99℄ ~H = I+ �vl>v � l (3)where v is the vanishing point, l is the plane van-ishing line and � is a s
ale fa
tor. Thus v and lspe
ify four of the �ve degrees of freedom of thehomology. The remaining degree of freedom ofthe homology, �, is uniquely determined from anypair of image points whi
h 
orrespond between theplanes (points r and r0 in �gure 7).On
e the matrix ~H is 
omputed ea
h point ona plane 
an be transferred into the 
orrespondingpoint on a parallel plane as x0 = ~Hx. An exampleof this homology mapping is shown in �gure 6.Consequently we 
an 
ompare measurementsmade on two separate planes. In parti
ular wemay 
ompute:1. the ratio between two lengths measured alongparallel lines, one length on ea
h plane;2. the ratio between two areas, one area on ea
hplane.In fa
t we 
an simply transfer all points from oneplane to the referen
e plane using the homologyand then, sin
e the referen
e plane's vanishing lineis known we may make aÆne measurements in theplane, e.g. ratios of lengths on parallel lines orratios of areas.Example. Figure 8 shows an example. The van-ishing line of the two front fa
ing walls and thevanishing point are known as is the point 
orre-

sponden
e r, r0 in the referen
e dire
tion. Theratio of lengths of parallel line segments is 
om-puted by using formulae given in se
tion 3.2.Noti
e that errors in the sele
tion of point po-sitions a�e
t the 
omputations; the veridi
al val-ues of the ratios in �gure 8 are exa
t integers. Aproper error analysis is ne
essary to estimate theun
ertainty of these aÆne measurements.2.3. Determining the 
amera positionIn se
tion 2.1, we 
omputed distan
es betweenplanes as a ratio relative to the 
amera's distan
efrom the referen
e plane. Conversely, we may
ompute the 
amera's distan
e Z
 from a parti
-ular plane knowing a single referen
e distan
e Zr.Furthermore, by 
onsidering �gure 2 it is seenthat the lo
ation of the 
amera relative to the ref-eren
e plane is the ba
k-proje
tion of the verti-
al vanishing point onto the referen
e plane. Thisba
k-proje
tion is a

omplished by a homographywhi
h maps the image to the referen
e plane (andvi
e-versa). Although the 
hoi
e of 
oordinateframe in the world is somewhat arbitrary, �xingthis frame immediately de�nes the homographyuniquely and hen
e the 
amera position.3. Algebrai
 RepresentationThe measurements des
ribed in the previous se
-tion are 
omputed in terms of 
ross-ratios. In thisse
tion we develop a uniform algebrai
 approa
h
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bFig. 7. Homology mapping between imaged paral-lel planes: (a) A point X on plane � is mapped into thepoint X0 on �0 by a parallel proje
tion. (b) In the im-age the mapping between the images of the two planes isa homology, where v is the vertex and l the axis. The 
or-responden
e r ! r0 �xes the remaining degree of freedomof the homology from the 
ross-ratio of the four points: v,i, r0 and r.to the problem whi
h has a number of advantagesover dire
t geometri
 
onstru
tion: �rst, it avoidspotential problems with ordering for the 
ross-ratio; se
ond, it enables us to deal with both mini-mal or over-
onstrained 
on�gurations uniformly;third, we unify the di�erent types of measurementwithin one representation; and fourth, in se
tion 4we use this algebrai
 representation to develop anun
ertainty analysis for measurements.To begin we de�ne an aÆne 
oordinate systemXY Z in spa
e [KvD91, QM92℄. Let the origin ofthe 
oordinate frame lie on the referen
e plane,

Fig. 8. Measuring ratio of lengths of parallel linesegments lying on two parallel s
ene planes: Thepoints r and r0 (together with the plane vanishing line andthe vanishing point) de�ne the homology between the twoplanes on the fa
ade of the building.with the X and Y -axes spanning the plane. TheZ-axis is the referen
e dire
tion, whi
h is thus anydire
tion not parallel to the plane. The image 
o-ordinate system is the usual xy aÆne image frame,and a point X in spa
e is proje
ted to the imagepoint x via a 3� 4 proje
tion matrix P as:x = PX = �p1 p2 p3 p4�Xwhere x and X are homogeneous ve
tors in theform: x = (x; y; w)>, X = (X;Y; Z;W )>, and\=" means equality up to s
ale.If we denote the vanishing points for the X ,Y and Z dire
tions as (respe
tively) vX , vY andv, then it is 
lear by inspe
tion [Fau93℄ that the�rst three 
olumns of P are the vanishing points:vX = p1, vY = p2 and v = p3, and that the �nal
olumn of P is the proje
tion of the origin of theworld 
oordinate system, o = p4. Sin
e our 
hoi
eof 
oordinate frame has the X and Y axes in thereferen
e plane p1 = vX and p2 = vY are twodistin
t points on the vanishing line. Choosingthese �xes theX and Y aÆne 
oordinate axes. Wedenote the vanishing line by l, and to emphasizethat the vanishing points vX and vY lie on it, wedenote them by l?1 , l?2 , with l?i � l = 0.Columns 1, 2 and 4 of the proje
tion matrix arethe three 
olumns of the referen
e plane to imagehomography. This homography must have rank
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xFig. 9. Measuring the distan
e of a plane �0 from theparallel referen
e plane �, the geometry.three, otherwise the referen
e plane to image mapis degenerate. Consequently, the �nal 
olumn (theorigin of the 
oordinate system) must not lie onthe vanishing line, sin
e if it does then all three
olumns are points on the vanishing line, and thusare not linearly independent. Hen
e we set it tobe p4 = l=jjljj =�l.Therefore the �nal parameterization of the pro-je
tion matrix P is:P = � l?1 l?2 �v �l � (4)where � is a s
ale fa
tor, whi
h has an importantrôle to play in the remainder of the paper.Note that the verti
al vanishing point v imposestwo 
onstraints on the P matrix, the vanishing linel imposes two and the � parameter only one for atotal of �ve independent 
onstraints (at this stagethe �rst two 
olumns of the P matrix are not 
om-pletely known; the only 
onstraint is that they areorthogonal to the plane vanishing line l, l>i �l = 0).In general however the P matrix has eleven d.o.f.,whi
h 
an be regarded as 
omprising eight for theworld-to-image homography indu
ed by the refer-en
e plane, two for the vanishing point and onefor the aÆne parameter �. In our 
ase the vanish-ing line determines two of the eight d.o.f. of thehomography.In the following se
tions we show how to
ompute various measurements from this proje
-tion matrix. Measurements of distan
es betweenplanes are independent of the �rst two (in gen-eral under-determined) 
olumns of P. If v andl are spe
i�ed, the only unknown quantity forthese measurements is �. Coordinate measure-

ments within the planes depend on the �rst twoand the fourth 
olumns of P. These 
olumns de�nean aÆne 
oordinate frame within the plane. AÆnemeasurements (e.g. area ratios), though, are in-dependent of the a
tual 
oordinate frame and de-pend only on the fourth 
olumn of P. If any metri
information on the plane is known, we may impose
onstraints on the 
hoi
e of the frame.3.1. Measurements between parallel planes3.1.1. Distan
e of a plane from the referen
eplane �We wish to measure the distan
e between s
eneplanes spe
i�ed by a point X and a point X0 in thes
ene (see �g. 3a). These points may be 
hosen asrespe
tively X = (X;Y; 0)> and X0 = (X;Y; Z)>,and their images are x and x0 (�g. 9). If P is theproje
tion matrix then the image 
oordinates arex = P0BB� XY01 1CCA ; x0 = P0BB� XYZ1 1CCAThe equations above 
an be rewritten asx = �(Xp1 + Y p2 + p4) (5)x0 = �0(Xp1 + Y p2 + Zp3 + p4) (6)where � and �0 are unknown s
ale fa
tors, and piis the ith 
olumn of the P matrix.Sin
e p1 � �l = p2 � �l = 0 and p4 � �l = 1, takingthe s
alar produ
t of (5) with �l yields � =�l �x andtherefore (6) 
an be rewritten asx0 = �0(x� + �Zv) (7)By taking the ve
tor produ
t of both termsof (7) with x0 we obtainx� x0 = ��Z�(v � x0)) (8)and, �nally, taking the norm of both sides of (8)yields �Z = � jjx� x0jj(�l � x)jjv � x0jj (9)Sin
e �Z s
ales linearly with �, aÆne stru
turehas been obtained. If � is known, then a metri
value for Z 
an be immediately 
omputed as:Z = � jjx� x0jj(p4 � x)jjp3 � x0jj (10)



Single View Metrology 9Conversely, if Z is known (i.e. it is a referen
edistan
e) then (9) provides a means of 
omputing�, and hen
e removing the aÆne ambiguity.Metri
 
alibration from multiple referen
es.If more than one referen
e distan
e is knownthen an estimate of � 
an be derived from an er-ror minimization algorithm. We here show a spe-
ial 
ase where all distan
es are measured fromthe same referen
e plane and an algebrai
 erroris minimized. An optimal minimization algorithmwill be des
ribed in se
tion 4.2.1.For the ith referen
e distan
e Zi with end pointsri and r0i we de�ne: �i = jjri � r0ijj, �i = �l � ri,
i = jjv � r0ijj. Therefore, from (9) we obtain:�Z�i
i = ��i (11)Note that all the points ri are images of worldpoints Ri on the referen
e plane �.We now de�ne the n � 2 matrix A (reorganis-ing (11)) as: A = 0BBBBBB� Z1�1
1 �1... ...Zi�i
i �i... ...Zn�n
n �n
1CCCCCCAwhere n is the number of referen
e distan
es.If there is no measurement error or n = 1 thenAs = 0 where s = ( s1 s2 )> is a homogeneous2-ve
tor and � = s1s2 (12)In general n > 1 and un
ertainty is present inthe referen
e distan
es. In this 
ase we �nd the so-lution s whi
h minimizes jjAsjj. That is the eigen-ve
tor of the 2� 2 matrix M = A>A 
orrespondingto its minimum eigenvalue. The parameter � is�nally 
omputed from (12).With more referen
e distan
es Zi, � is esti-mated more a

urately (see se
tion 4), but nomore 
onstraints are added on the P matrix.

x/

x
lx

lx/

Fig. 10. Measuring heights using parallel lines: Theverti
al vanishing point and the vanishing line for theground plane have been 
omputed. The distan
e of the topof the window on the left wall from the ground is knownand used as referen
e. The distan
e of the top of the win-dow on the right wall from the ground is 
omputed fromthe distan
e between the two horizontal lines whose imagesare lx0 and lx. The top line lx0 is de�ned by the top edgeof the window, and the line lx is the 
orresponding one onthe ground plane. The distan
e between them is 
omputedto be 294.3
m.Worked example. In �gure 10 the distan
e of ahorizontal line from the ground is measured.� The verti
al vanishing point v is 
omputed byinterse
ting verti
al (s
ene) edges;All images of lines parallel to the ground plane inter-se
t in points on the horizon, therefore:� A point v1 on the horizon is 
omputed by inter-se
ting the edges of the planks on the right sideof the shed;� a se
ond point v2 is 
omputed by interse
tingthe edges of the planks on the left side of theshed and the parallel edges on the roof;� the plane vanishing line l is 
omputed by joiningthose two points (l = v1 � v2);� the distan
e of the top of the frame of the win-dow on the left from the ground has been mea-sured on site and used as referen
e to 
ompute� as in (9).� the line lx0 , the image of a horizontal line, issele
ted in the image by 
hoosing any two pointson it;� the asso
iated vanishing point vh is 
omputedas vh = lx0 � l;� the line lx, whi
h is the image of a line parallelto lx0 in the s
ene is 
onstrained to pass throughvh, therefore lx is spe
i�ed by 
hoosing one ad-ditional point on it;� a point x0 is sele
ted along the line lx0 and its
orresponding point x on the line lx 
omputedas x = (x0 � v) � lx;� equation (10) is now applied to the pair of pointsx, x0 to 
ompute the distan
e Z = 294:3
m.
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//x //π

π/
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X

v

l

π

x//

/
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rZFig. 11. Measuring the distan
e between any two planes�0 and �00 parallel to the referen
e plane �.3.1.2. Distan
e between any two parallel planesThe proje
tion matrix P from the world to theimage is de�ned in (4) with respe
t to a 
oordi-nate frame on the referen
e plane (�g. 9). In thisse
tion we determine the proje
tion matrix P0 re-ferred to the parallel plane �0 and we show howdistan
es from the plane �0 
an be 
omputed.Suppose the world 
oordinate system is trans-lated by Zr from the plane � onto the plane �0along the referen
e dire
tion (�g. 11), then we 
anparametrize the new proje
tion matrix P0 as:P0 = � p1 p2 p3 Zrp3 + p4 � (13)Note that if Zr = 0 then P0 = P as expe
ted.The distan
e Z 0 of the plane �00 from the plane�0 in spa
e 
an be 
omputed as (
.f. (10)).Z 0 = � jjx0 � x00jj�0jjp3 � x00jj (14)with �0 = x0 � p41 + Zrp3 � p4

Fig. 12. Measuring heights of obje
ts on separateplanes: The height of the desk is known and the height ofthe �le on the desk is 
omputed.Worked example. In �gure 12 the height of a �leon a desk is 
omputed from the height of the deskitself� The ground is the referen
e plane � and thetop of the desk is the plane denoted as �0 in�gure 11;� the plane vanishing line and verti
al vanishingpoint are 
omputed as usual by interse
ting par-allel edges;� the distan
e Zr between the points r and r0 isknown (the height of the desk has been mea-sured on site) and used to 
ompute the � pa-rameter from (9);� equation (14) is now applied to the end pointsof the marked segment to 
ompute the heightZ0 = 32.0
m.3.2. Measurements on parallel planesAs des
ribed in se
tion 2.2, given the homologybetween two planes � and �0 in the pen
il we 
antransfer all points from one plane to the other andmake aÆne measurements in either plane.The homology between the planes 
an be de-rived dire
tly from the two proje
tion matri
es (4)and (13). The plane-to-image homographies areextra
ted from the proje
tion matri
es ignoringthe third 
olumn, to give:H = � p1 p2 p4 � ; H0 = � p1 p2 Zrp3 + p4 �Then ~H = H0H�1 maps image points on the plane� onto points on the plane �0 and so de�nes thehomology.By inspe
tion, sin
e p1 � p4 = 0 and p2 � p4 = 0then (I + Zrp3p>4 )H = H0, hen
e the homology
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a

bFig. 13. Measuring ratios of areas on separateplanes: (a) original image with two windows hilighted;(b) the left window is transferred onto the plane identi�edby r0 by the homology mapping (16). The two areas nowlie on the same plane and 
an, therefore, be 
ompared.The ratio between the areas of the two windows is then
omputed as: A1A2 = 1:45.matrix ~H is: ~H = I+ Zrp3p>4 (15)Alternatively from the (4) the homology matrix
an be written as:~H = I+  v�l> (16)with v the verti
al vanishing point, �l the normal-ized plane vanishing line and  = �Zr (
.f. (3)).If the distan
e Zr and the last two 
olumns ofthe matrix P are known then the homology be-tween the two planes � and �0 is 
omputed asin (15). Otherwise, if only v and l are known and

two 
orresponding points r and r0 are viewed, thenthe homology parameter  in (16) 
an be 
om-puted from (9) (remember that �Zr =  ) with-out knowing either the distan
e Zr between thetwo planes or the � parameter.Examples of homology transfer and aÆne mea-surements are shown in �gures 8 and 13.Worked example. In �gure 13 we 
ompute theratio between the areas of two windows A1A2 in theworld.� The orthogonal vanishing point v is 
omputedby interse
ting the edges of the small windowslinking the two front planes;� the plane vanishing line l (
ommon to both frontplanes) is 
omputed by interse
ting two sets ofparallel edges on the two planes;� the only remaining parameter  of the homology~H in (16) is 
omputed from (9) as = � jjr� r0jj(�l � r)jjv� r0jj� ea
h of the four 
orners of the window on theleft is transferred by the homology ~H onto the
orresponding points on the plane of the otherwindow (�g. 13b);Now we have two quadrilaterals on the same plane� the image is aÆne-warped pulling the plane van-ishing line to in�nity [LZ98℄;� the ratio between the two areas in the world is
omputed as the ratio between the areas in theaÆne-warped image. We obtain A1A2 = 1:45.3.3. Determining 
amera positionSuppose the 
amera 
entre isC = (X
; Y
; Z
;W
)>(see �gure 2). Then sin
e PC = 0 we havePC = p1X
 + p2Y
 + p3Z
 + p4W
 = 0 (17)The solution to this set of equations is given(using Cramer's rule) byX
 = �det � p2 p3 p4 � ;Y
 = det � p1 p3 p4 � ;Z
 = �det � p1 p2 p4 � ;W
 = det � p1 p2 p3 � (18)and the lo
ation of the 
amera 
entre is de�ned.
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Y

Z

X
oFig. 14. Computing the lo
ation of the 
amera:Equations (18) are used to obtain:X
 = -381.0
m, Y
 = -653.7
m, Z
 = 162.8
m.If � is unknown we 
an write:X
 = �det � p2 v p4 � ;Y
 = det � p1 v p4 � ;�Z
 = �det � p1 p2 p4 � ;W
 = det � p1 p2 v � (19)and we obtain the distan
e Z
 of the 
amera
entre from the plane up to the aÆne s
ale fa
tor�. As before, we may upgrade the distan
e Z
 tometri
 with knowledge of �, or use knowledge ofthe 
amera height to 
ompute � and upgrade theaÆne stru
ture.Note that aÆne viewing 
onditions (where the
amera 
entre is at in�nity) present no problemin expressions (18) and (19), sin
e in this 
ase wehave �l = �0 0 ��> and v = �� � 0�>. Hen
eW
 = 0 so we obtain a 
amera 
entre on the planeat in�nity, as expe
ted. This point on �1 repre-sents the viewing dire
tion for the parallel proje
-tion.If the viewpoint is �nite (i.e. not aÆne view-ing 
onditions) then the formula for �Z
 may bedeveloped further by taking the s
alar produ
t ofboth sides of (17) with the vanishing line �l. Theresult is �Z
 = � 1�l � v (20)

Worked example. In �gure 14 the position of the
amera 
entre with respe
t to the 
hosen Cartesian
oordinates system is determined.Note that in this 
ase we have 
hosen p4 to be thepoint o in the �gure instead of �l.� The ground plane (X;Y plane) is the referen
e;� the verti
al vanishing point is 
omputed by in-terse
ting verti
al edges;� the two sides of the re
tangular base of the por
hhave been measured thus providing the positionof four points on the referen
e plane. The world-to-image homography is 
omputed from thosepoints [CRZ99a℄;� the distan
e of the top of the frame of the win-dow on the left from the ground has been mea-sured on site and used as referen
e to 
ompute� as in (9).� the 3D position of the 
amera 
entre is then
omputed simply by applying equations (18).We obtainX
 = �381:0
m Y
 = �653:7
m Z
 = 162:8
mIn �gure 22
, the 
amera has been superimposed intoa virtual view of the re
onstru
ted s
ene.4. Un
ertainty AnalysisFeature dete
tion and extra
tion { whether man-ual or automati
 (e.g. using an edge dete
tor) {
an only be a
hieved to a �nite a

ura
y. Anyfeatures extra
ted from an image, therefore, aresubje
t to measurements errors. In this se
tion we
onsider how these errors propagate through themeasurement formulae in order to quantify the un-
ertainty on the �nal measurements [Fau93℄. Thisis a
hieved by using a �rst order error analysis.We �rst analyse the un
ertainty on the proje
-tion matrix and then the un
ertainty on distan
emeasurements.4.1. Un
ertainty on the P matrixThe un
ertainty in P depends on the lo
ation ofthe vanishing line, the lo
ation of the vanishingpoint, and on �, the aÆne s
ale fa
tor. Sin
e onlythe �nal two 
olumns 
ontribute, we model theun
ertainty in P as a 6�6 homogeneous 
ovarian
ematrix, �P. Sin
e the two 
olumns have only �vedegrees of freedom (two for v, two for l and onefor �), the 
ovarian
e matrix is singular, with rank�ve.
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al independen
e between thetwo 
olumn ve
tors p3 and p4 the 6� 6 rank �ve
ovarian
e matrix �P 
an be written as:�P = � �p3 00 �p4 � (21)Furthermore, assuming statisti
al independen
ebetween � and v, sin
e p3 = �v, we have:�p3 = �2�v + �2�vv> (22)with �v the homogeneous 3�3 
ovarian
e of thevanishing point v and the varian
e �2� 
omputedas in Appendix D.Sin
e p4 =�l = ljjljj its 
ovarian
e is:�p4 = �p4�l �l �p4�l > (23)where the 3� 3 Ja
obian �p4�l is�p4�l = l � lI� ll>(l � l) 324.2. Un
ertainty on measurements between planesWhen making measurements between planes (10),un
ertainty arises from the un
ertain image lo
a-tions of the points x and x0 and from the un
er-tainty in P.The un
ertainty in the end points x, x0 of thelength to be measured (resulting largely from the�nite a

ura
y with whi
h these features may belo
ated in the image) is modeled by 
ovarian
ematri
es �x and �x0 .4.2.1. Maximum likelihood estimation of the endpoints and un
ertainties. In this se
tion we as-sume a noise-free P matrix. This assumption willbe removed in se
tion 4.2.2.Sin
e in the error-free 
ase, x and x0 must bealigned with the verti
al vanishing point we 
andetermine the maximum likelihood estimates (x̂and x̂0) of their true lo
ations by minimizing thesum of the Mahalanobis distan
es between the in-put points x and x0 and their MLE estimates x̂and x̂0 minx̂2;x̂02; [ (x2 � x̂2)>��1x2 (x2 � x̂2) (24)+ (x02 � x̂02)>��1x02 (x02 � x̂02) ℄

x

x

xΛ

xΛ /

/

x̂

x̂/

a b 
Fig. 15. Maximum likelihood estimation of the endpoints: (a) Original image (
loseup of �g. 16b). (b) Theun
ertainty ellipses of the end points, �x and �x0 , areshown. These ellipses are de�ned manually, and indi
atea 
on�den
e region for lo
alizing the points. (
) MLE endpoints x̂ and x̂0 are aligned with the verti
al vanishing point(outside the image).subje
t to the alignment 
onstraintv � (x̂� x̂0) = 0 (25)(the subs
ript 2 indi
ates inhomogeneous 2-ve
tors).This is a 
onstrained minimization problem. A
losed-form solution 
an be found (by the La-grange multiplier method) in the spe
ial 
ase that�x02 = 
2 �x2with 
 a s
alar, but, unfortunately, in the general
ase there is no 
losed-form solution to the prob-lem. Nevertheless, in the general 
ase, an initialsolution 
an be 
omputed by using the approxima-tion given in Appendix B and then re�ning it byrunning a numeri
al algorithm su
h as Levenberg-Marquardt.On
e the MLE end points have been esti-mated, we use standard te
hniques [Fau93, Cla98℄to obtain a �rst order approximation to the4 � 4, rank-three 
ovarian
e of the MLE 4-ve
tor�̂> = ( x̂0>2 x̂>2 ). Figure 15 illustrates the idea(see Appendix C for details).4.2.2. Un
ertainty on distan
e measurements.Assuming noise in both end points and in the pro-je
tion matrix, and statisti
al independen
e be-tween �̂ and P we obtain a �rst order approxima-tion for the varian
e of the distan
e Z of a point



14 A.Criminisi, I.Reid, A.Zissermanfrom a plane:�2Z =rZ � ��̂ 00 �P �rZ> (26)where rZ is the 1� 10 Ja
obian matrix of thefun
tion (10) whi
h maps the proje
tion matrixand the end points x, x0 to their world distan
eZ. The 
omputation of rZ is explained in detailin Appendix C.4.3. Un
ertainty on 
amera positionThe distan
e of the 
amera 
entre from the ref-eren
e plane is 
omputed a

ording to (20) whi
h
an be rewritten as:Z
 = �(p4 � p3)�1 (27)If we assume an exa
t Pmatrix, then the 
ameradistan
e is exa
t too, in fa
t it depends only on thematrix elements of P. Likewise, the a

ura
y of Z
depends only on the a

ura
y of the P matrix.Equation (27) maps R6 into R, and the asso
i-ated 1�6 Ja
obian matrixrZ
 is readily derivedto be rZ
 = Z2
 � p>4 p>3 �and, from a �rst order analysis the varian
e ofZ
 is �2Z
 =rZ
�PrZ
> (28)where �P is 
omputed in se
tion 4.1.The varian
es �2X
 and �2Y
 of the X;Y lo
a-tion of the 
amera 
an be 
omupted in a similarway [CRZ99a℄.4.4. Example - un
ertainty on measurements be-tween planesIn this se
tion we show the e�e
ts of the numberof referen
e distan
es and image lo
alization erroron the predi
ted un
ertainty in measurements.An image obtained from a se
urity 
amerawith a poor quality lens is shown in �gure 16a.It has been 
orre
ted for radial distortion us-ing the method des
ribed by Devernay andFaugeras [DF95℄, and the 
oor taken as the ref-eren
e plane.The s
ene is 
alibrated by identifying two pointsv1;v2 on the referen
e plane's vanishing line

(shown in white at the top of ea
h image) andthe verti
al vanishing point v. These points are
omputed by interse
ting sets of parallel lines.The un
ertainty on ea
h point is assumed to beGaussian and isotropi
 with standard deviation0:1pixels. The un
ertainty of the vanishing lineis derived from a �rst order propagation throughthe ve
tor produ
t operation l = v1 � v2. Theproje
tion matrix P is therefore un
ertain with its
ovarian
e given by (21).In addition the end points of the height to bemeasured are assumed to be un
ertain and their
ovarian
es estimated as in se
tion 4. The un-
ertainties in the height measurements shown are
omputed as 3-standard deviation intervals.In �gure 16b one referen
e height is used to
ompute the aÆne s
ale fa
tor � from (9) (i.e.the minimum number of referen
es). Un
ertaintyhas been assumed in the referen
e heights, verti
alvanishing point and plane vanishing line. On
e �is 
omputed other measurements in the same di-re
tion are metri
. The height of the man hasbeen 
omputed and shown in the �gure. It di�ersby 4mm from the known true value.The un
ertainty asso
iated with the height ofthe man is 
omputed from (26) and displayed in�gure 16b. Note that the true height value fallsalways within the 
omputed 3-standard deviationrange as expe
ted.As the number of referen
e distan
es is in-
reased (see �gures 16
,d), so the un
ertainty onP (in fa
t just on �) de
reases, resulting in a de-
rease in un
ertainty of the measured height, astheoreti
ally expe
ted (see Appendix D). Equa-tion (12) has been employed, here, to metri
-
alibrate the distan
e from the 
oor.Figure 17 shows images of the same s
ene withthe same people, but a
quired from a di�erentpoint of view. As before the un
ertainty on themeasurements de
reases as the number of refer-en
es in
reases (�g. 17b,
). The measurement isthe same as in the previous view (�g. 16) thusdemostrating invarian
e to 
amera lo
ation.Figure 18 shows an example, where the heightof the woman and the related un
ertainty are 
om-puted for two di�erent orientations of the un
er-tainty ellipses of the end points. In �gure 18b thetwo input ellipses of �gure 18a have been rotatedby an angle of approximately 40o, maintaining thesize and position of the 
entres. The angle be-
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a b

 dFig. 16. Measuring heights and estimating their un
ertainty: (a) Original image; (b) Image 
orre
ted for radialdistortion and measurements superimposed. With only one supplied referen
e height the man's height has been measured tobe Z = 190.4 � 3.94
m, (
.f. ground truth value 190
m). The un
ertainty has been estimated by using (26) (the un
ertaintybound is at � 3 std.dev.). (
) With two referen
e heights Z = 190.4 � 3.47
m. (d) With three referen
e heights Z = 190.4� 3.27
m. Note that in the limit �P = 0 (error-free P matrix) the height un
ertainty redu
es to 2.16
m for all (b,
,d); theresidual error, in this 
ase, is due only to the error on the two end points.

a b 
Fig. 17. Measuring heights and estimating their un
ertainty, se
ond point of view: (a) Original image; (b) theimage has been 
orre
ted for radial distortion and height measurements 
omputed and superimposed. With one suppliedreferen
e height Z = 190.2 � 5.01
m (
.f. ground truth value 190
m). (
) With two referen
e heights Z = 190.4 � 3.34
m.See �gure 16 for details.tween the dire
tion de�ned by the major axes (di-re
tion of maximum un
ertainty) of ea
h ellipseand the measuring dire
tion is smaller than in�g. 18a and the un
ertainty in the measurementsgreater as expe
ted. 4.5. Monte Carlo testIn this se
tion we validate the �rst order erroranalysis des
ribed above by 
omputing the un
er-tainty of the height of the man in �g. 16d usingour �rst order analyti
al method and 
omparing
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a bFig. 18. Estimating the un
ertainty in height measurements for di�erent orientations of the input 3-standard deviation un
ertainty ellipses: (a) Cropped version of image 16a with measurements superimposed: Z= 169.8 � 2.5
m (at 3-standard deviations). The ground truth is Z = 170
m, it lies within the 
omputed range. (b) theinput ellipses have been rotated keeping their size and position �xed: Z = 169.8 � 3.1
m (at 3-standard deviations). Theheight measurement is less a

urate.
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Fig. 19. Monte Carlo simulation of the example in �g. 16d: (a) distribution of the input base point x and the
orresponding 3-standard deviation ellipse. (b) distribution of the input top point x0 and the 
orresponding 3-standarddeviation ellipse. Note that �gures (a) and (b) are drawn at the same s
ale. (
) the analyti
al and simulated distributionsof the 
omputed distan
e Z. The two 
urves are almost perfe
tly overlapping.it to the un
ertainty derived from Monte Carlosimulations as des
ribed in table 1.Spe
i�
ally, we 
ompute the statisti
al standarddeviation of the man's height from a referen
eplane and 
ompare it with the standard deviationobtained from the �rst order error analysis.Un
ertainty is modeled as Gaussian noise anddes
ribed by 
ovarian
e matri
es. We assumenoise on the end points of the three referen
e dis-tan
es. Un
ertainty is assumed also on the verti-
al vanishing point, the plane vanishing line andon the end points of the height to be measured.

Figure 19 shows the results of the test. Thebase point is randomly distributed a

ording to a2D non-isotropi
 Gaussian about the mean lo
a-tion x (on the feet of the man in �gure 16) with
ovarian
e matrix �x (�gure 19a). Similarly thetop point is randomly distributed a

ording to a2D non-isotropi
 Gaussian about the mean lo
a-tion x0 (on the head of the man in �gure 16), with
ovarian
e �x0 (�gure 19b).The two 
ovarian
e matri
es are respe
tively:�x = � 10:18 0:590:59 6:52 � �x0 = � 4:01 0:220:22 1:36 �



Single View Metrology 17Table 1. Monte Carlo simulation.� for j=1 to S (with S = number of samples)For ea
h referen
e: given the measured ref-eren
e end points r (on the referen
e plane)and r0, generate a random base point rj , arandom top point r0j and a random referen
edistan
e Zrj a

ording to the asso
iated 
o-varian
es.Generate a random vanishing point a

ord-ing to its 
ovarian
e �v .Generate a random plane vanishing line a
-
ording to its 
ovarian
e �l.Compute the � parameter by applying (12)to the referen
es, and the 
urrent P ma-trix (4).Generate a random base point xj and a ran-dom top point x0j for the distan
e to be 
om-puted a

ording to their respe
tive 
ovari-an
es �x and �x0 .Proje
t the points xj and x0j onto the best�tting line through the vanishing point (seese
t. 4.2.1).Compute the 
urrent distan
e Zj by apply-ing (10).� The statisti
al standard deviation of the popu-lation of simulated Zj values is 
omputed as�02Z = PSj=1(Zj � Z)2Sand 
ompared to the analyti
al one (26).Suitable values for the 
ovarian
es of the threereferen
es, the vanishing point and the vanishingline have been used. The simulation has been runwith S = 10000 samples.Analyti
al and simulated distributions of Z areplotted in �gure 19
; the two 
urves are almostoverlapping. Slight di�eren
es are due to the as-sumptions of statisti
al independen
e (21, 22, 26)and �rst order trun
ation introdu
ed by the erroranalysis.A 
omparison between statisti
al and analyti
alstandard deviations is reported in the table belowwith the 
orresponding relative error:First Order Monte Carlo relative error�Z �0Z j�Z��0Z j�0Z1.091 
m 1.087 
m 0.37 %Note that Z = 190:45
m and the asso
iated �rstorder un
ertainty 3 � �Z = 3:27
m is shown in�g. 16d.

In the limit �P = 0 (error-free P matrix) thesimulated and analyti
al results are even 
loser.This result shows the validity of the �rst orderapproximation in this 
ase and numerous other ex-amples have followed the same pattern. Howeversome 
are must be exer
ised sin
e as the inputun
ertainty in
reases, not only does the outputun
ertainty in
reases, but the relative error be-tween statisti
al and analyti
al output standarddeviations also in
reases. For large 
ovarian
es,the assumption of linearity and therefore the �rstorder analysis no longer holds.This is illustrated in the table below where therelative error is shown for various in
reasing val-ues of the input un
ertainties. The un
ertaintiesof referen
es distan
es and end points are multi-plied by the in
reasing fa
tor 
; for instan
e, if�x is the 
ovarian
e of the image point x then�x(
) = 
2�x.
 1 5 10 20 30j�Z��0Z j�0Z (%) 0.37 1.68 3.15 8.71 16.95In the aÆne 
ase (when the verti
al vanishingpoint and the plane vanishing line are at in�n-ity) the �rst order error propagation is exa
t (nolonger just an approximation as in the general pro-je
tive 
ase), and the analyti
 and Monte Carlosimulation results 
oin
ide.5. Appli
ations5.1. Forensi
 s
ien
eA 
ommon requirement in surveillan
e images isto obtain measurements from the s
ene, su
h asthe height of a felon. Although, the felon has usu-ally departed the s
ene, referen
e lengths 
an bemeasured from �xtures su
h as tables and win-dows.In �gure 20 we 
ompute the height of the suspi-
ious person standing next to the phonebox. Theground is the referen
e plane and the verti
al isthe referen
e dire
tion. The edges of the pavingstones are used to 
ompute the plane vanishingline, the edges of the phonebox to 
ompute theverti
al vanishing point; and the height of thephonebox provides the metri
 
alibration in theverti
al dire
tion (�gure 20b). The height of the
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a b 
Fig. 20. The height of a person standing by a phonebox is 
omputed: (a) Original image. (b) The ground planeis the referen
e plane, and its vanishing line is 
omputed from the paving stones on the 
oor. The verti
al vanishing pointis 
omputed from the edges of the phonebox, whose height is known and used as referen
e. Vanishing line and referen
eheight are shown. (
) The 
omputed height of the person and the estimated un
ertainty are shown. The veridi
al height is187
m. Note that the person is leaning slightly on his right foot.
a b 
Fig. 21. Measuring height of furniture in The Queen's College Upper Library, Oxford: (a) Original image. (b)The plane vanishing line (white horizontal line) and referen
e height (white verti
al line) are superimposed on the originalimage; the marked shelf is 156
m high. (
) Computed heights and related un
ertainties; the un
ertainty bound is at � 3std.dev. The ground truth is: 115
m for the right hand shelf, 97
m for the 
hair and 149
m for the shelf at the left. Notethat the ground truth always falls within the 
omputed un
ertainty range.person is then 
omputed using (10) and shown in�gure 20
. The ground truth is 187
m, note thatthe person is leaning slightly down on his rightfoot.

The asso
iated un
ertainty has also been esti-mated; two un
ertainty ellipses have been de�ned,one on the head of the person and one on the feetand then propagated through the 
hain of 
ompu-tations as des
ribed in se
tion 4 to give the 2:2
m3-standard deviation un
ertainty range shown in�gure 20
.

5.2. Furniture measurementsIn this se
tion another appli
ation is des
ribed.Heights of furniture like shelves, tables or windowsin an indoor environment are measured.Figure 21a shows a desk in The Queen's Collegeupper library in Oxford. The 
oor is the referen
eplane and its vanishing line has been 
omputed byinterse
ting edges of the 
oorboards. The verti
alvanishing point has been 
omputed by interse
tingthe verti
al edges of the bookshelf. The vanish-ing line is shown in �gure 21b with the referen
eheight used. Only one referen
e height (minimalset) has been used in this example.
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a b


Fig. 22. Complete 3D re
onstru
tion of a real s
ene: (a) original image; (b) a view of the re
onstru
ted 3D model;(
) A view of the re
onstru
ted 3D model whi
h shows the position of the 
amera 
entre (plane lo
ation X,Y and height)with respe
t to the s
ene.The 
omputed heights and asso
iated un
er-tainties are shown in �gure 21
. The un
ertaintybound is �3 standard deviations. Note that theground truth always falls within the 
omputed un-
ertainty range. The height of the 
amera is 
om-puted as 1:71m from the 
oor. 5.3. Virtual modellingIn �gure 22 we show an example of 
omplete 3Dre
onstru
tion of a real s
ene from a single image.Two sets of horizontal edges are used to 
omputethe vanishing line for the ground plane, and ver-ti
al edges used to 
ompute the verti
al vanishingpoint.The distan
e of the top of the window to theground, and the height of one of the pillars are



20 A.Criminisi, I.Reid, A.Zissermanused as referen
e heights. Furthermore the twosides of the base of the por
h have been measuredthus de�ning the metri
 
alibration of the groundplane.Figure 22b shows a view of the re
onstru
tedmodel. Noti
e that the person is represented sim-ply as a 
at silhouette sin
e we have made no at-tempt to re
over his volume. The position of the
amera 
entre is also estimated and superimposedon a di�erent view of the 3D model in �gure 22
.5.4. Modelling paintingsFigure 23 shows a masterpie
e of Italian Renais-san
e painting, \La Flagellazione di Cristo" byPiero della Fran
es
a (1416 - 1492). The paintingfaithfully follows the geometri
 rules of perspe
-tive, and therefore the methods developed here
an be applied to obtain a 3D re
onstru
tion ofthe s
ene.Unlike other te
hniques [HAA97℄ whose mainaim is to 
reate 
onvin
ing new views of the paint-ing regardless of the 
orre
tness of the 3D geom-etry, here we re
onstru
t a geometri
ally 
orre
t3D model of the viewed s
ene (see �g. 23
,d).In the painting analysed here, the ground planeis 
hosen as referen
e and its vanishing line 
om-puted from the several parallel lines on it. Theverti
al vanishing point follows from the verti
allines and 
onsequently the relative heights of peo-ple and 
olumns 
an be 
omputed. Figure 23bshows the painting with height measurements su-perimposed. Christ's height is taken as referen
eand the heights of the other people are expressedas relative per
entage di�eren
es. Note the 
on-sisten
y between the height of the people in theforeground with the height of the people in theba
kground.By assuming a square 
oor pattern the groundplane has been re
ti�ed and the position of ea
hobje
t estimated [LCZ99, CRZ99a, SM99℄. Thes
ale of 
oor relative to heights is set from theratio between height and base of the frontoparal-lel ar
hway. The measurements, up to an overalls
ale fa
tor are used to 
ompute a three dimen-sional VRML model of the s
ene.Figure 23
 shows a view of the re
onstru
tedmodel. Note that the people are represented as
at silhouettes and the 
olumns have been ap-

proximated with 
ylinders. The partially seen 
eil-ing has been re
onstru
ted 
orre
tly. Figure 23dshows a di�erent view of the re
onstru
ted model,where the roof has been removed to show the rel-ative position of the people in the s
ene.6. Summary and Con
lusionsWe have explored how the aÆne stru
ture ofthree-dimensional spa
e may be partially re
ov-ered from perspe
tive images in terms of a set ofplanes parallel to a referen
e plane and a referen
edire
tion not parallel to the referen
e plane.Algorithms have been des
ribed to obtain dif-ferent kinds of measurements: measuring the dis-tan
e between planes parallel to a referen
e plane;
omputing area and length ratios on two parallelplanes; 
omputing the 
amera's lo
ation.A �rst order error propagation analysis has beenperformed to estimate un
ertainties on the pro-je
tion matrix and on measurements of point or
amera lo
ation in the spa
e. The error analysishas been validated by using Monte Carlo statisti-
al tests.Examples have been provided to show the 
om-puted measurements and un
ertainties on real im-ages.More generally, aÆne three-dimensional spa
emay be represented entirely by sets of parallelplanes and dire
tions [Ber87℄. We are 
urrentlyinvestigating how this full geometry is best rep-resented and 
omputed from a single perspe
tiveimage.6.1. Missing base pointA restri
tion of the measurement method wehave presented is the need to identify 
orrespond-ing points between planes. One 
ase where themethod does not apply therefore is that of mea-suring the distan
e of a general 3D point to a ref-eren
e plane (the 
orresponding point on the ref-eren
e plane is unde�ned). Here the homology isunder-determined.One 
ase of interest is when only one view isprovided and a light-sour
e 
asts shadows ontothe referen
e plane. The light-sour
e provides re-stri
tions analogous to a se
ond viewpoint [RF93,RZ96, RN98, VGPZ98℄, so the proje
tion (in the
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 dFig. 23. Complete 3D re
onstru
tion of a Renaissan
e painting: (a) La Flagellazione di Cristo, (1460, Urbino,Galleria Nazionale delle Mar
he). (b) Height measurements are superimposed on the original image. Christ's height istaken as referen
e and the heights of all the other people are expressed as per
ent di�eren
es. The vanishing line is dashed.(
) A view of the re
onstru
ted 3D model. The patterned 
oor has been re
onstru
ted in areas where it is o

luded bytaking advantage of the symmetry of its pattern. (d) Another view of the model with the roof removed to show the relativepositions of people and ar
hite
tural elements in the s
ene. Note the repeated geometri
 pattern on the 
oor in the areadelimited by the 
olumns (barely visible in the painting). Note that the people are represented simply as 
at silhouettessin
e it is not possible to re
over their volume from one image, they have been 
ut out manually from the original image.The 
olumns have been approximated with 
ylinders.referen
e dire
tion) of the 3D point onto the ref-eren
e plane may be determined by making use ofthe homology de�ned by the 3D points and theirshadows. Appendix AImplementation detailsEdge dete
tionStraight line segments are dete
ted by Canny edgedete
tion at subpixel a

ura
y [Can86℄; edge link-ing; segmentation of the edgel 
hain at high 
ur-vature points; and �nally straight line �tting byorthogonal regression to the resulting 
hain seg-
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Fig. 24. Computing the plane vanishing line: The vanishing line for the referen
e plane (ground) is shown in solidbla
k. The planks on both sides of the shed de�ne two sets of lines parallel to the ground (dashed); they interse
t in pointson the vanishing line.ments (�g. 25b). Lines whi
h are proje
tion of aphysi
al edge in the world often appear broken inthe image be
ause of o

lusions. A simple mergingalgorithm based on orthogonal regression has beenimplemented to merge manually sele
ted edges to-gether. Merging aligned edges to 
reate longerones in
reases the a

ura
y of their lo
ation andorientation. An example is shown in �gure 25
.S
ene 
alibrationVanishing line and vanishing points 
an be es-timated dire
tly from the image and no expli
itknowledge of the relative geometry between 
am-era and viewed s
ene is required. Vanishing linesand vanishing points may lie outside the physi-
al image (see �g. 5), but this does not a�e
t the
omputations.Computing the vanishing point. All world linesparallel to the referen
e dire
tion are imaged aslines whi
h interse
t in the same vanishing point(see �g 2) [Bar83, CT90℄. Therefore two su
h linesare suÆ
ient to de�ne it. However, if more thantwo lines are available a Maximum Likelihood Es-timate algorithm [LZ98℄ is employed to estimatethe point.Computing the vanishing line. Images of linesparallel to ea
h other and to a plane interse
t inpoints on the plane vanishing line. Therefore twosets of those lines with di�erent dire
tions are suf-�
ient to de�ne the plane vanishing line (�g. 24).If more than two orientations are available thenthe 
omputation of the vanishing line is performedby employing a Maximum Likelihood algorithm.

Appendix BMaximum likelihood estimation of endpoints for isotropi
 un
ertaintiesGiven two points x and x0 with distributions �xand �x0 isotropi
 but not ne
essarily equal, weestimate the points x̂ and x̂0 su
h that the 
ostfun
tion (24) is minimized and the alignment 
on-straint (25) satis�ed. It is a 
onstrained minimiza-tion problem; a 
losed form solution esists in this
ase.The 2�2 
ovarian
e matri
es �x and �x0 for thetwo inhomogeneous end points x and x0 de�ne two
ir
les with radius r = �x = �y and r0 = �x0 = �y0respe
tively.The line l through the vanishing point v thatbest �ts the points x and x0 
an be 
omputed as:l = 0� 1 +p1 + �2��(1 +p1 + �2)vx � �vy 1Awith � = 2 r0dxdy + rd0xd0yr0(d2x � d2y) + r(d02x � d02y )where d and d0 are the following 2-ve
tors:d = x� v d0 = x0 � vNote that this formulation is valid if v is �nite.The orthogonal proje
tions of the points x andx0 onto the line l are the two estimated homoge-
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Fig. 25. Computing and merging straight edges:(a) original image; (b) 
omputed edges: some of the edgesdete
ted by the Canny edge dete
tor; straight lines havebeen �tted to them. (
) edges after merging: di�erentpie
es of broken lines, belonging to the same edge in spa
e,have been merged together.neous points x̂ and x̂0:x̂ = 0� ly(x � Fl)� lxlw�lx(x � Fl)� lylwl2x + l2y 1A (29)x̂0 = 0� ly(x0 � Fl)� lxlw�lx(x0 � Fl)� lylwl2x + l2y 1A

with F = � 0 1 0�1 0 0 �.The points x̂ and x̂0 obtained above are usedto provide an initial solution in the general non-isotropi
 
ovarian
e 
ase, for whi
h 
losed-formsolution does not exist. In the general 
ase thenon-isotropi
 
ovarian
e matri
es �x and �x0 areapproximated with isotropi
 ones with radiusr = jdet(�x)j1=4 r0 = jdet(�x0)j1=4then (29) is applied and the solution end points arere�ned by using a Levenberg-Marquardt numeri-
al algorithm to minimize the (24) while satisfyingthe alignment 
onstraint (25).Appendix CVarian
e of distan
e between planesCovarian
e of MLE end pointsIn Appendix B we have shown how to estimatethe MLE points x̂ and x̂0. We here demonstratehow to 
ompute the 4�4 
ovarian
e matrix of theMLE 4-ve
tor �̂ = (x̂>x̂0>)> from the 
ovarian
esof the input points x and x0 and the 
ovarian
e ofthe proje
tion matrix.In order to simplify the following developmentwe de�ne the points: b = x on the plane �; andt = x0 on the plane �0 
orresponding to x.It 
an be shown that the 4 � 4 
ovarian
e ma-trix ��̂ of the ve
tor �̂ = � b̂x b̂y t̂x t̂y �> (MLEtop and base points, see se
tion (4.2.1)) 
an be
omputed by using the impli
it fun
tion theo-rem [Cla98, Fau93℄ as:��̂ = A�1B��B>A�> (30)where � = (bx; by; tx; ty; p13; p23; p33)> and�� = 24 �b 0 00 �t 00 0 �p3 35 (31)�b and �t are the 2� 2 
ovarian
e matri
es of thepoints b and t respe
tively and �p3 is the 3 � 3
ovarian
e matrix of the ve
tor p3 = �v de�nedin (4). Note that the assumption of statisti
alindependen
e in (31) is a valid one.



24 A.Criminisi, I.Reid, A.ZissermanThe matrix A in (30) is the the following 4� 4matrix A = [ A1 A2 ℄A1 = 2664 �eb1 � Æt �eb2 � ÆtÆexÆby ÆeyÆby � ��p33��p33 � ÆexÆbx �ÆeyÆbx��Æty �Ætx 3775A2 = 2664 ��p33Æty �p33Ætx��et11 � �p33Æby ��et12 � �p33Æby��et12 + �p33Æbx ��et22 + �p33Æbx�Æby ��Æbx 3775where we have de�ned:� Et = ��1t and etij its ijth element;� Eb = ��1b and eb1 and eb2 respe
tively its �rstand se
ond row;� p = (p13; p23)>, Æt = p33t̂� p,Æb = p33b̂� p, Æe = eb2 � eb1 ;� � = (p3 � t̂)y � (p3 � t̂)x, � = Æe�(b�b̂)� ;The matrix B in (30) is the following 4� 7 ma-trix: B = [ B1 B2 ℄B1 = 2664 eb1 � Æt eb2 � Æt 0 0�ÆexÆby �ÆeyÆby �et11 �et12ÆexÆbx ÆeyÆbx �et12 �et220 0 0 0 3775B2 = 2664 �Æty ��Ætx ���1��Æby ��(� + Æby ) ��2�(� + Æbx) �Æbx ���3�(t̂y � b̂y) �(b̂x � t̂x) ��4 3775where we have de�ned�1 = t̂y(p23 t̂x � p13t̂y)�2 = b̂y(p13 + p23)� p23(t̂x + t̂y)�3 = b̂x(p13 + p23)� p13(t̂x + t̂y)�4 = t̂xb̂y � t̂y b̂xNote that if the vanishing point is noise-freethen ��̂ has rank 3 as expe
ted be
ause of thealignment 
onstraint.Varian
e of the distan
e measurement, �2ZAs seen in se
tion 4.2.1 and 4.2.2 the 
omponentsof the �̂ ve
tor are used to 
ompute the distan
e

Z a

ording to equation (9) rewritten here as:Z = � jjb̂� t̂jj(p4 � b̂)jjp3 � t̂jjwith the MLE points b̂, t̂ homogeneous withunit third 
oordinate.Let us de�ne� = jjb̂� t̂jj; 
 = jjp3 � t̂jj; � = p4 � b̂The varian
e �2Z of the measurement Z dependson the 
ovarian
e of the �̂ ve
tor and the 
ovari-an
e of the 6-ve
tor p = � p>3 p>4 �> 
omputedin se
tion 4.1. If �̂ and p are statisti
ally indepen-dent, then from �rst order error analysis�2Z =rZ � ��̂ 00 �p �rZ> (32)the 1� 10 Ja
obian rZ is:rZ = Z0BBBBB� F� (t̂�b̂)�t̂�2 � p4� �F� (b̂�t̂)�b̂�2 � (p3�t̂)�p3
2 �(p3�t̂)�t̂
2� b̂�
1CCCCCA>

where F = � 1 0 00 1 0 �.Note that the assumption of statisti
al indepen-den
e in (32) is an approximation.Appendix DVarian
e of the aÆne parameter �In se
tion 8 the aÆne parameter � is obtained by
omputing the eigenve
tor s with smallest eigen-value of the matrix A>A (9). If the measuredreferen
e points are noise-free, or n = 1, thens = Null(A) and in general we 
an assume thatfor s the residual error s>A>As = � � 0.We now use matrix perturbation theory [GVL89,SS90, Wil65℄ to 
ompute the 
ovarian
e �s of thesolution ve
tor s based on this zero approxima-tion.Note that the ith row of the matrix A depends onthe normalized vanishing line l, on the vanishingpoint v, on the referen
e end points bi; ti and onreferen
e distan
es Zi. Un
ertainty in any of those
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es an un
ertainty in the matrix Aand therefore un
ertainty in the �nal solution s.We now de�ne the input ve
tor� = (lx ly lw vx vy vw Z1 t1x t1y b1x b1y � � �Zn tnx tny bnx bny )>whi
h 
ontains the plane vanishing line, the van-ishing point and the 5n 
omponents of the n ref-eren
es. Be
ause of noise we have:� = ~� + Æ� =(~lx ~ly ~lw ~vx ~vy ~vw ~Z1 ~t1x ~t1y ~b1x ~b1y � � �~Zn ~tnx ~tny ~bnx ~bny )> +(Ælx Æly Ælw Ævx Ævy Ævw ÆZ1 Æt1x Æt1y � � �ÆZn Ætnx Ætny Æbnx Æbny )>where the `~' indi
ates noiseless quantities.We assume that the noise is gaussian with zeromean and also that di�erent referen
e distan
esare un
orrelated. However, the rows of the A ma-trix are 
orrelated by the presen
e of v and l inea
h of them.The 1� 2 row-ve
tor of the design matrix A isai = � Zi�i
i �i �with i = 1 � � �n.Be
ause of the noise ai = ~ai + Æai andÆai = � �i
iÆZi + Zi
iÆ�i + Zi�iÆ
i Æ�i �It 
an be shown that Æ�i, Æ
i and Æ�i 
an be
omputed as fun
tions of Æ� and therefore, takinga

ount of the statisti
al dependen
e of the rows ofthe A matrix, the 2�2 matri
es E(Æa>i Æaj) 8i; j =1 � � �n 
an be 
omputed.Furthermore if we de�ne the matrix M = A>Athen M = (~A+ ÆA)>(~A+ ÆA) =~A>~A+ ÆA>~A+ ~A>ÆA+ ÆA>ÆAThus M = ~M+ ÆM and for the �rst order approx-imation we get ÆM = ÆA>~A+ ~A>ÆA.As noted the ve
tor s is the eigenve
tor 
orre-sponding to the null eigenvalue of the matrix ~M;the other eigensolution is: ~M~u2 = ~�2~u2 with ~u2the se
ond eigenve
tor of the A>A matrix and ~�2the 
orresponding eigenvalue.It is proved in [GVL89, SB95℄ that the variationof the solutions is related to the noise of the matrix

M as: Æs = � ~u2~u>2~�2 ÆM~sbut sin
e ÆM~s = ÆA>~A~s+ ~A>ÆA~s and ~A~s = 0 thenÆM~s = ~A>ÆA~sand thus Æs = ~J~A>ÆA~s where ~J is simply~J = � ~u2~u>2~�2Therefore:�s = E �ÆsÆs>� (33)= ~JE h~A>ÆA~s~s>ÆA>~Ai ~J>= ~JE 24 nXi=1 ~a>i (Æ~ai � ~s) nXj=1 ~aj(Æ~aj � ~s)35 ~J>= ~JE 24 nXi=1 ~a>i 0� nXj=1 ~aj~s>(Æ~a>i Æ~aj)~s1A35 ~J>= ~J24 nXi=1 ~a>i 0� nXj=1 ~aj~s>E(Æ~a>i Æ~aj)~s1A35 ~J>having used that(Æ~ai � ~s)(Æ~aj � ~s) = ~s>(Æ~a>i Æ~aj)~sNow 
onsidering that ~J is a symmetri
 matrix(~J> = ~J) eq. (33) 
an be written as�s = ~J~S~Jwhere ~S is the following 2� 2 matrix:~S = nXi=1 ~a>i 0� nXj=1 ~aj~s>Eij~s1Awith Eij = E(Æ~a>i Æ~aj).Note that many of the above equations requirethe true noise-free quantities, whi
h in general arenot available. Weng et al. [WHA89℄ pointed outthat if one writes, for instan
e, ~A = A�ÆA and sub-stitutes this in the relevant equations, the term inÆA disappears in the �rst order expression, allow-ing ~A to be simply inter
hanged with A, and so on.Therefore the 2�2 
ovarian
e matrix �s is simply�s = JSJ (34)



26 A.Criminisi, I.Reid, A.Zissermanwhere J = �u2u2>�2 . The 2� 2 matrix S is:S = nXi=1 a>i 0� nXj=1 ajs>Eijs1A (35)with ai the ith 1 � 2 row-ve
tor of the designmatrix A and n the number of referen
es.The 2� 2 
ovarian
e matrix �s of the ve
tor sis therefore 
omputed.Noise-free v and l.In the 
ase �l = 0 and �v = 0 then (35) simplybe
omes: S = nXi=1 a>i ais>Eiis (36)in fa
t the rows of the A matrix are all statisti-
ally independent.Varian
e of �It is easy to 
onvert the 2� 2 homogeneous 
o-varian
e matrix �s in (34) into inhomogeneous 
o-ordinates. In fa
t, sin
e s = � s(1) s(2) �> and� = s(1)s(2) for a �rst order error analysis the vari-an
e of the aÆne parameter � is�2� =r��sr�> (37)with the 1� 2 Ja
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