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Abstract

Imagestaken with wide-anglecameastendto havese-
vere distortions which pull points towards the optical
center Thispaperproposes new methodor recovering
the distortion parametes without usingany calibration
objects.Thedistortionscausestraightlinesin the scene
to appearascurvesin theimage. Our algorithmseekgso
nd thedistortionparametes that wouldmaptheimage
curvesto straight lines. Theuserselectsa small setof
pointsalong theimage curves. Recwery of the param-
eters is formulatedas the minimizationof an objective
functionwhich is designedo explicitly accountfor noise
in the selectedmage points. Experimentalresultsare
providedfor syntheticdatawith differentnoiselevelsas
well asfor realimages. Thecomputedistortionparam-
eters are usedto undistorta video streamin real time
usinga look-uptable

1 Intr oduction

It is desirablen mostsureillanceapplicationgo capture
the region of interestwith asfew camerasas possible.
Wide-anglecameradelpin this regard, but at the cost
of severeimagedistortions. Wide-anglelensesthat ad-
hereto perspectie projectionwould necessitatéhe use
of prohibitively large imagedetectors.Theselensesare
thereforedesignedo severely bendraysof light around
the peripheryof the eld of view?!, thus permittingthe
useof a smallimagedetector(say a CCD). The effects
of the resultingimagedistortionsare clearly visible in
Figurel.

Imagesfrom suneillance camerasare usedessentially
for monitoringby humansopr for furthervisualprocess-
ing. In eithercasejt is desirableghatwide-angledistor

tionsberemoved. If theopticsof thewide-anglecamera
systemareknown apriori (i.e.thedistortionparameters),
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1The bendingof light rays, typically leadsto a non-singularen-
trancepupil. Theresultinglocusof pupilsin threedimensionss called
adiacaustid BornandWolf, 1965. Thisimpliesthat,for awide-angle
lens,completeremoval of distortionscannotbe achieved. For our pur-
poseswe will assume smallpupil locusthatcanbe approximatedy
asinglepoint.

Figurel: Imagesapturedvith wide-anglecamerasiave severe
distortionghatcanaltertheappearances objectsn thescene.

thendistortioncorrectioncanbe easilyappliedusingthe

known parameters.Unfortunately suchinformationis

seldonrevealedby manufcturersFurthermorein mass
production,optical characteristicare sureto vary from

onelensto the next. It is thereforedesirableto have a

simple calibration methodfor extracting the distortion
parametersf eachlens. This papemresentsuchacali-

brationmethod.

Many calibrationmethodshave beensuggestedor re-
covering lens distortion parameters. Tsai [1987 used
known pointsin 3D spaceto recover someof the dis-
tortion parameters. Goshtashy[1989 utilized Bezier
patchego modelthedistortionsanduseda uniformgrid
placedin front of the cameraas a calibration object.
Weng[1997 alsousedcalibrationobjectsto extractall
the distortionparameters All thesemethodsfall in the
catgyory of “stellar” calibration[Brown, 1971].

In contrast,Brown [1971] proposeda “non-metric” ap-
proachthat doesnot rely on known scenepoints. In-
steadhereliesonthefactthatstraightlinesin thescene
mustalwaysperspectiely projectto straightlinesin the
image. An iterative least-squareformulationis usedto
estimatedistortion parametersvhich map distortedim-
agecurvesto straightlines. Brown's algorithm relies
on essentiallynoiselessmage data, which is obtained
by imagingplumb-linessuspendedgainst blackback-
ground. More recently Kang [1997 used snales to



representhe distortedcurvesinsteadof discretepoints.

Becker [1999 usedthree mutually orthogonalsets of

parallellinesanda vanishingpoint constrainto recover

distortionparametersln [Stein, 1997, point correspon-
dencesn multipleimagesareusedto estimataadialdis-

tortions.

Previous work suffers from one or more of the follow-
ing restrictions:calibrationobjectsneedto be used,not
all the distortionparametersrerecovered,or the algo-
rithm is highly sensitve to noise. One exceptionis the
work of Becker [1995. However, Becler's constraint
(tripletsof orthogonalines)is lessabundantn urbanset-
tingsthantherandomlyorientedstraightlineswe use.In
addition, while Becler usesthe Normal distribution to
modelnoise,our algorithmmakesno assumptionsabout
theexactnatureof noisein theselectedmagepoints.We
formulatethe estimationof distortionparametersisthe
minimizationof anoiseinsensitve objectve functionvia
efcient search.Experimentatesultswith syntheticand
realdataarepresentedyhichdemonstratéherobustness
of theproposednethodn thepresencef largeamounts
of noise.

2 Distortion Model

Let the true perspectie projectionof a scenepoint be
q° (seeFigure 2). Due to distortionsin the lens, the
point getstransformedo a new pointq. Let (x;y) be
the Cartesianand (r; ) be the polar coordinatesof q,
similarly let (x%y9 bethe Cartesiarand(r% 9 bethe
polarcoordinate®f q° Also let the opticalcenterC be
locatedat (xp; yp). Then,the Cartesiarand polarcoor
dinatesarerelatedas:

r= x2+y2; tan( )=

x |<

where
X=X Xp;

Y=Y Yp: (1)
Thedistortionof g° canbe split into threecomponents:
(2) shift of the image center (2) radial distortion, and
(3) decenteringlistortion. The rst of theseis givenby
(Xp; ¥p), while theremainingtwo we will now describe
in greateretail.

2.1 Radial Distortions

Radial distortions in most wide-angle cameraspull
points towards the optical center  This kind of
distortion is also referred to as barrel distortion
[BornandWolf, 1965. This effect is radially symmet-
ric and dependssolely on the distancefrom the optical
center Theradialdistortionpresenin thepointq is:

X

r(q) = Coiv 121 (2

where,Coi+1 arethedils%ortionparametersTermshigher
thanthe fth-order one canbe ignoredastheir contri-
bution to the distortionis negligible in practice[Brown,
1966. Hence we have:

Figure2: q°is the perspectie projectionof a scenegpoint onto
theimageplane. Dueto radialanddecenteringlistortions,q°
getsmappedo the point(q.

r(q) Car3+ Csr®: (3)

2.2 DecenteringDistortions

Decentering distortions are caused by the non-
orthogonality of the lens componentswith respect
to the optical axis. It is highly unlikely for animaging
systemto have no decenteringlistortionswhich, unlike
radial distortions,act tangentially We use Conradys
mode[Conrady1919 for decenteringlistortion:

Tx(q)

[P1r?(1 + 2co( )) + 2Par?sin( ) coy( )]

R ,
[1+ Pisa 1]

i=1
[Par?(1 + 2sin?( )) + 2P1r?sin( ) coy( )]

R _
1+ Pis2 141; 4)
i=1

Ty(a)

where, P1;Py;::: are the distortion parametersand
Tx; Ty arethe distortionsalongthe x andy direc-
tions,respectrely.

The higherordertermsin the above expressiorarerela-
tively insigni cant. Hence P; andP, aregenerallysuf-
cient for modelingdecenteringBrown, 1964 :

Tx(q)
Ty(a)

[P1r?(1 + 2cos?( )) + 2P2r?sin( ) cos( )]
[P2r?@@ + 2sin?( )) + 2P1r?sin( ) cos( )] :(5)

2.3 CompleteDistortion Model

The total distortionis obtainedas a sum of the above
components:

cos( )[
sin( )l

Tx(a)
Ty(a) (6)

r(a)l +
r(a)l +

x(q)
y(q)

In orderto correctdistortions,we needto recover the
parameter§Cs; Cs; P1; P2; Xp; Yp).



3 Objective Function Formulation

The constraintusedin this paperis that, underperspec-
tive projection,straightlinesin the sceneshouldproject
to straightlinesin theimage.We assumehatthe userof
our calibrationmethodknows which (distorted)image
curvescorrespondo straightlinesin the scene.Based
on this knowledge, the user selectspoints along im-
age curves. In this setting, an objective function can
be de ned, which whenminimized,yields the parame-
tersthatmapthe distortedpointsto lie on straightlines.
We presentthree objective functions, namely sum of
squaredlistancegfrom straightlines), normalizedsum
of squareddistancesand one that explicitly estimates
noisein the chosenmagepoints. The rst two arepre-
sentedmainly to demonstrat¢éhatsimpleobjective func-
tions (similar to onesproposedpreviously) are highly
noisesensitve. In contrastthethird functionis designed
to explicitly accounfor noisein theimagepointschosen
by the user All our objectie functionsare non-linear
andareminimizedusingef cient searchalgorithms.In
whatfollows our goalwill beto recover only theradial
anddecenteringlistortion parametersThe shift of op-
tical center(xp;yp) will be recoseredseparatelyin an
iterative fashion.

3.1 Sumof Squared Distances( 1)

This objective function is similar to the one usedin
the iterative least-squaremethoddevelopedby Brown
[1971]. In ourapproachduringsearcha setof (hypoth-
esized)distortionparameter$ = fCs; Cs; P1;Pog are
appliedto the selectedmagepointsq(x; y). Linesare
tted to the resultingpointsq%(x% y®% andthe objective
functionis computedasthesumof thesquaredlistances
of thepointsfrom their correspondingbest- t” lines.

Let the best- t line for a setof pointsq® (originally, on
thesamemagecurwe) be:

x%in( ) y%cos()+ =0; )
where, is the anglethe line makeswith the horizon-
tal axisand is the distanceof theline from theimage

center Thereforetheerrordueto asinglepointis given
by:

e1 = (x%in( ) y%cos( )+ )?;

where
x0= x +

x(q) ;y°=y+ y(q): ®)
Let the numberof curvesselectedy theuserbelL, and
let the numberof pointson eachline | be P;. Then,the
objective functionis givenby:
X X
1 = Xpy Sin( 1)
1=1 p=1
where | and | arethe best-t line parametersorre-
spondingo imagecurvel and(Xp; ; yp: ) isthep™ point
onlinel.

#

yo cos( )+ 1 ° :(9)

3.2 Normalized Sumof Squares( »)

Althoughsimple,theabove formulationis very sensitve
to noise. Fromthe distortionmodel,it canbe seenthat
noiseis magni ed by the higherorderdistortionterms
in S (in particular thethird- and fth-order terms).As a
result,pointsthatlie closerto theimagecentercontritute
lessto the error than points further away. This effect
is partially remediedby normalizingthe errore; by the
squareof thedistance | of thecorrespondingine | from
theimagecenter Then,the modi ed objective function

is: . #
X XU X8 sin( 1)y, cos(1)+ (10)

|
1=1 p=1

3.3 Explicit NoiseEstimation ( 3)

Figure 3: q is a point selectecby the userandq’ is its undis-
torted location on applying the (hypothesizedHistortion pa-
rametersS. | is the“best-t” line estimatedor all q°, which
arebelievedto lie onthesamescendine. § is apoint closeto
q suchthat, its undistortedocation6)® (obtainedby applyingS
onq) liesonl. dis thedistancebetweeng and€, whichwe
wishto minimize.

The previous objectie functions, ; and , arede ned
in the spaceof the undistortecpoints(i.e. afterapplying
S). Sincenoisein the selectionprocesss inducedin the
distortedcoordinatesit is moreappropriatéo formulate
an objective function that useserrorscomputedin the
spaceof distortedmagepoints,soasto avoid non-linear
biasednherento our distortionmodel.

As shavn in Figure 3, let g bethedistortedpoint under
consideratiorandqg® be the “undistorted”point obtained
by applyingthesetof distortionparameter§. Again,l is
thebest- t line for the pointsq®. We now determing(via
search)}he point § closeto g, which whenundistorted
usingS would lie on| at§° Thenew errorfunctionis
de nedas:
es=kq qk%: (11)
Since 2% 99 mustlie on I, it mustsatisfy the con-
straint:
20sin( )

9eos()+ =0;



where: 2= x+ x(a) ; ¥°= 9+ y(@): (12)
Using all the selectedpoints, the objective function is

determineds: |

X X

3 = Kdp:;  Op: k? (13)

4 Minimization of 4, >and 3

We now describethe non-linearsearchalgorithmsused
to recoverthedistortionparameter§ by minimizingthe
objective functions 1 , 2 and 3. It shouldbe noted
thatour calibrationmethodis in no way restrictedto the
speci ¢ searchalgorithmswe have used.

We used a modi ed simplex searchalgorithm out-
lined in [Nelder and Mead, 1965, implementedin
the IMSL library. This implementationrequiresup-
per and lower boundson the parametersto be es-
timated. The boundswe have chosencan model
distortions more severe than those found in typical
wide-angleimaging systems. The following bounds
wereused: Cz3: ( 10 5;10 %), Cs:( 10 °;10 9),
P1:( 10 5,10 5 ,P,:( 10 °;10 ®).

At eachstepof the non-linearsearch,given the set of
(hypothesizedparameters, we mustcomputethe ob-
jective function. Computatiorof ; and ; is straightfor
ward, usinga linearleast-squaremethodto t thelines
I. However, computing 3 alsorequiresheestimatiorof
thepointsq (see(12)), for whichthereis no closed-form
solution.

We solvefor eachfl,; by searchingheneighborhooaf
gp: for the point which, whenundistortedusings, lies
onl. Thisrequiresa 2D searchandis computationally
intensize asit needso be donefor every point selected
by the user To speed-ughe searchfor | we formulate
the searchin a singledimension sincetherealways ex-
istsa point in the radial directionof the selectedooint,
which lies on the true distortedcurve. This approxi-
mationenableaus to estimatethe distortion parameters
(C3; Cs; P1; P2), inunderl minuteona300MHz PC.

4.1 Recorering the Optical Center

Notethatwe did notincludetheopticalcenterC(xp; yp),
in the non-linearsearchfor the distortion parameters
S. Initial experimentgevealedthatincludingC(xy; yp)
producedunstable results in the presenceof noise.
Therefore, we recommendnesting the estimation of
(C3; Cs; P1; P2) within a coarse-to- nesearchfor the
opticalcenter

5 Synthetic Experiments

To evaluatetherobustnes®f our calibrationtechniques,
it is imperatie to testthemin the presenceof noise.
Noiseenterghesystemfrom threemainsourceshuman

errorin selectingpointsin theimage,CCD quantization
andthefactthatlinesin the sceneneednot be perfectly
straight. It is dif cult to quantify the robustnesf ary
calibrationmethodusingonly realimagesgdueto lack of
groundtruth. Hence we synthesizémagepointsneeded
by themethoddiscussee@arlier

Pointswere randomlysampledfrom syntheticallygen-
eratedineswith randomorientationsandpositions(see
Figure 4(a)). Using known distortion parametersthe
sampledpointsweredistorted(seeFigure4(b)). To sim-
ulateerroneougoint selectionwe addeduniform noise
in theinterval ( w; + w) (see gure 4(c)). Wethenused
our algorithmto estimatehe distortionparametergrom
thenoisydataandusedtheseparameterso undistortthe
noiselessmagepoints(seeFigure4(d)).

5.1 Measurementof accuracy

Althoughpreciserecovery of thedistortionparameter§

ensuregnexactmatchbetweerthe sampledgoints(Fig-

ure 4 (a)) andthe undistortedpoints (Figure4 (d)), it is

not necessaryor accuratedistortioncorrection.A good
measureof accurag androbustnesss the distancebe-
tweentheinitial position(seeFigure4(a))andtherecor-

eredposition(seeFigure4(d)) for eachpoint. We tested
eachobjectivefunctionusinglinesL of differentorienta-
tionsandpositions, variousdistortionparameter§ and
severalnoiselevelsin theinterval w = (0; 5) pixels.

Tablesl(a), 1(b) and1(c) show the errorspresenin the
recoveredundistortegpointsusingthesumof squaresq,

normalizedsum of squares ; andthe noiseestimation
method 3 respectiely. Errorsare de ned asthe av-

erageof the distancesetweeneachof the undistorted
pointsandthe original sampledooints. Noticethe sharp
degradationof robustnesdor large amountsof noisein

thesimplesumof squarespproacl{ 1) (seeTablel(a)).
Although , seemdetterthan ; for certainnoiselevels,
its doesnot maintainthat degreeof robustnesdor high

levels of noise. In contrast 3, is muchmorerobust as
canbeseenfrom Table1(c), evenathigh noiselevels.

Table 2 containsmore exhaustve resultsof objectve
function 3 for differentline orientationsanddistortions
parameters.All theseexperimentsclearly demonstrate
therobustnes®f 3 overtheothers.In mostof thecases
3 seemdo have sub-pixel accurag in undistortingthe
imagepointsevenwith highlevelsof noise.

As mentionecearliet recovery of the shift parameterss
implementedas a coarse-to- nesearchnearthe image
center The searchor the optical centerwasdoneusing
a 5x5 grid andgrid resolutionof 10,5 and?2 pixels. As
Table3 indicates, ne searche# the presencef noise
canresultin inaccuratesolutions,while coarsesearches
appeato give betteresults.Thetimetakento recoverall
six distortionparameter§Cs; Cs; P1; P2; Xp; yp) is lin-
earin the numberof grid points being searched. Our
experimentwith a 5x5 grid took about20 minutes.



(b)

(©)

(d)

Figure4: (a) Pointsrandomlysampledrom syntheticallygen-
eratedines. (b) Known distortionsareappliedto the pointsin

(a). (c) Uniformly distributedrandomnoisein theintenal (-5,

5) is addedo thedistortedpointsin (b). (d) Thedistortionpa-
rametersarereco/eredusingthe algorithmbasedon objective
function 3 andthesenoisyimagepointsasdata.Theseparam-
etersareusedto undothedistortionspresentn (b). Despitethe
large amountof noise,recovery of undistortedmagepointsis

rohust.

Table 1(a): Experimentatesultsfor ;.

[ Distortion Coef cients

[

AverageErr or (pixels)

L Cs Cy P1 P2 w=0|w=1]|w=2 n=5
#1[10° 107105 [ 10° 0.000 | 3.360 | 13.973| 42.521
10 5 | 10 ° | 0:000 | 0:000 | 0.000 | 3.264 | 13.917 | 42.574
#2[10°[10°%]10°[10° 0.000 | 12.095| 39.567 | 66.817
10 5 | 10 9 | 0:000 | 0:000 | 0.000 | 12.184 | 39.616 | 66.849

Table 1(b): Experimentatesultsfor ».

[ Distortion Coef cients

[

AverageErr or (pixels)

L Cs Cs P1 P2 w=0|w=1|w=2 n=>5
#1[10° 109 ]10° [ 10° 0.000 | 0.356 | 2.473 | 12.383
10 5 | 10 ° | 0:000 | 0:000 | 0.000 | 0.396 | 2.272 | 12.373
#]10°[10°%]10°[10° 0.000 | 1.618 | 5.448 | 28.639
10 5 | 10 2 | 0:000 | 0:000 | 0.000 | 1.592 | 5.550 | 28.711

Table 1(c): Experimentatesultsfor 3.

[ Distortion Coef cients

AverageErr or (pixels)

L Cs Cs P1 P2 w=0|w=1|w=2|n=5
#1110 ° [ 10 Y[ 10 ° [ 10 ® | 0.002 | 0.363 | 0.390 | 0.398
10 5 | 10 ° | 0:000 | 0:00 0.003 0.328 0.273 0.318
#2110 ° |10 [ 10 ° | 10 ® | 0.008 | 0.663 | 0.773 | 0.502
10 5 | 10 ° | 0:000 | 0:000 | 0.006 | 0.529 | 0.734 | 0.330

Table 2: Detailedexperimentatesultsfor 3.

[ Distortion Coef cients

[

AverageErr or (pixels)

l

L Cs Cs Py P2 w=0|w=1[w=2|n=5
#1 |10 ° | 10 9 [ 10 ° | 10 ° | 0.002 | 0.428 | 0.522 | 0.391
10 5| 10 ° | 0:000 | 0:000 | 0.004 | 0.344 | 0.382 | 0.246
10 5 | 10 % | 0:000 | 0:000 | 0.281 | 0.348 | 0.579 | 2.818
10 5 | 10 © | 10 ® | 10 ® | 0.007 | 0.278 | 0.623 | 2.782
#2710 > | 10 9 [ 10 ° [ 10 ° | 0.000 | 0.151 | 0.015 | 0.068
10 5| 10 ° | 0:000 | 0:000 | 0.003 | 0.305 | 0.339 | 0.221
10 5 | 10 % | 0:000 | 0:000 | 0.029 | 0.152 | 0.345 | 1.591
10 5 | 10 * | 10 ® | 10 © | 0.068 | 0.192 | 0.339 | 1.701
#3710 > | 10 9 [ 10 ° [ 10 ° | 0.000 | 0.501 | 0.574 | 0.590
10 5 | 10 ° | 0:000 | 0:000 | 0.007 | 0.329 | 0.330 | 0.337
10 5 | 10 0 | 0:000 | 0:000 | 0.043 | 0.444 | 0.488 | 2.356
10 5| 10 | 10 ® | 10 © | 0.009 | 0.415 | 0.645 | 2.368

Table 3: Resultson estimationof Opticalcenter(xp; yp)

l

Distortion Coef cients

I

AverageErr or (pixels)

L Cs Cs P1 P2 Grid [ w=0|w=1]|w=2
#1 10 ° [ 10 9 [10 ° | 10 ® 2 0.002 | 4.232 | 9.014
105 (10°|10°5|10° 5 0.002 | 0.363 | 10.220
10 5|10 9 | 10 5 | 10 5 | 10 | 0.002 | 0.363 | 0.390
#2 |10 ° [ 10 ° [ 10 ° | 10 ® 2 0.008 | 4.271 | 3.792
105 |10 ° 105 |10 °% 5 0.008 | 0.663 | 12.017
10 5|10 ° |10 5 | 10 ° 10 | 0.008 | 0.663 | 0.773

6 Resultswith Reallmages

We used 3 to undistortimagescapturedvy both,a 1=2%
CCD Sory camerawith a Computar3.6mmlensanda
1=3°0CCD ComputarEMH200-L25Hi-Resboardcam-
erawith a2.5mmlens.

The calibrationof the imageswas doneusing a set of

about10 linesanda total of about250 points. The esti-
mateddistortionparametersbtainedusing ; wereused
to undistorttheimagegqseeFigure5 andFigure6).

For imagingsystemdhaving a large eld of view, a per

spectve projectionmodelmaynot be appropriatdor vi-

sualizationpurposegFleck,1985. However, therecor-

ery of the distortion parametergacilitatesthe mapping
of theimageusingary otherprojectionmodel. For in-

stancefor awide-anglesystema panoramigorojection
modelor a stereoscopimodelmaybemoresuitable.

Using the computeddistortionparametersinda projec-
tion model,alook-uptablecanbecreatedhatmapsim-



(5a)

(5b)

Figure5: (a) Imagecapturedvith a Computar3.6mmlensand
aSory 1=2°°CCD camerab) Distortion parametersecosered
viatheminimizationof 3 areusedto map(a)into aperspectie
image.

(6a)

(6b)

Figure6: (a) Imagecapturedvith aComputa2.5mmlensanda
1=3%°CCD boardcamera.(b) Distortion parametersecovered
viatheminimizationof 3 areusedto map(a)into aperspectie
image.

agepointsto their new locations.We usedsuchlook-up
tablesto map distortedvideo streamsrom wide-angle
imagingsystemgo perspectieimagesn real-time.
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