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Abstract
Imagestakenwith wide-anglecameras tendto havese-
vere distortionswhich pull points towards the optical
center. Thispaperproposesa new methodfor recovering
the distortionparameters withoutusinganycalibration
objects.Thedistortionscausestraight linesin thescene
to appearascurvesin theimage. Our algorithmseeksto
�nd thedistortionparameters that wouldmaptheimage
curvesto straight lines. Theuserselectsa small setof
pointsalong the image curves.Recoveryof the param-
eters is formulatedas the minimizationof an objective
functionwhich is designedto explicitly accountfor noise
in the selectedimage points. Experimentalresultsare
providedfor syntheticdatawith differentnoiselevelsas
well asfor real images.Thecomputeddistortionparam-
eters are usedto undistorta videostreamin real time,
usinga look-uptable.

1 Intr oduction

It is desirablein mostsurveillanceapplicationsto capture
the region of interestwith as few camerasas possible.
Wide-anglecamerashelp in this regard,but at the cost
of severeimagedistortions. Wide-anglelensesthat ad-
hereto perspective projectionwould necessitatetheuse
of prohibitively large imagedetectors.Theselensesare
thereforedesignedto severelybendraysof light around
the peripheryof the �eld of view1, thuspermittingthe
useof a small imagedetector(say, a CCD). Theeffects
of the resultingimagedistortionsareclearly visible in
Figure1.

Imagesfrom surveillancecamerasare usedessentially
for monitoringby humans,or for furthervisualprocess-
ing. In eithercase,it is desirablethatwide-angledistor-
tionsberemoved.If theopticsof thewide-anglecamera
systemareknownapriori (i.e.thedistortionparameters),
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1The bendingof light rays, typically leadsto a non-singularen-
trancepupil. Theresultinglocusof pupilsin threedimensionsis called
adiacaustic[BornandWolf, 1965]. This impliesthat,for awide-angle
lens,completeremoval of distortionscannotbeachieved. For our pur-
poses,wewill assumeasmallpupil locusthatcanbeapproximatedby
asinglepoint.

Figure1: Imagescapturedwith wide-anglecamerashavesevere
distortionsthatcanaltertheappearancesof objectsin thescene.

thendistortioncorrectioncanbeeasilyappliedusingthe
known parameters.Unfortunately, suchinformation is
seldomrevealedby manufacturers.Furthermore,in mass
production,optical characteristicsaresureto vary from
onelensto the next. It is thereforedesirableto have a
simple calibrationmethodfor extracting the distortion
parametersof eachlens.Thispaperpresentssuchacali-
brationmethod.

Many calibrationmethodshave beensuggestedfor re-
covering lens distortion parameters.Tsai [1987] used
known points in 3D spaceto recover someof the dis-
tortion parameters. Goshtasby[1989] utilized Bezier
patchesto modelthedistortionsanduseda uniformgrid
placedin front of the cameraas a calibrationobject.
Weng[1992] alsousedcalibrationobjectsto extractall
the distortionparameters.All thesemethodsfall in the
categoryof “stellar” calibration[Brown, 1971].

In contrast,Brown [1971] proposeda “non-metric” ap-
proachthat doesnot rely on known scenepoints. In-
stead,herelieson thefactthatstraightlinesin thescene
mustalwaysperspectively projectto straightlinesin the
image.An iterative least-squaresformulationis usedto
estimatedistortionparameterswhich mapdistortedim-
agecurves to straight lines. Brown's algorithm relies
on essentiallynoiselessimagedata,which is obtained
by imagingplumb-linessuspendedagainstablackback-
ground. More recently, Kang [1997] usedsnakes to



representthedistortedcurvesinsteadof discretepoints.
Becker [1995] usedthree mutually orthogonalsetsof
parallellinesanda vanishingpoint constraintto recover
distortionparameters.In [Stein,1997], point correspon-
dencesin multipleimagesareusedto estimateradialdis-
tortions.

Previous work suffers from oneor moreof the follow-
ing restrictions:calibrationobjectsneedto beused,not
all the distortionparametersarerecovered,or the algo-
rithm is highly sensitive to noise. Oneexceptionis the
work of Becker [1995]. However, Becker's constraint
(tripletsof orthogonallines)is lessabundantin urbanset-
tingsthantherandomlyorientedstraightlinesweuse.In
addition,while Becker usesthe Normal distribution to
modelnoise,ouralgorithmmakesnoassumptionsabout
theexactnatureof noisein theselectedimagepoints.We
formulatetheestimationof distortionparametersasthe
minimizationof anoiseinsensitiveobjectivefunctionvia
ef�cient search.Experimentalresultswith syntheticand
realdataarepresented,whichdemonstratetherobustness
of theproposedmethod,in thepresenceof largeamounts
of noise.

2 Distortion Model
Let the true perspective projectionof a scenepoint be
q0 (seeFigure 2). Due to distortionsin the lens, the
point getstransformedto a new point q. Let (x; y) be
the Cartesianand (r; � ) be the polar coordinatesof q,
similarly let (x0; y0) be theCartesianand(r 0; � 0) be the
polarcoordinatesof q0. Also let theopticalcenterC be
locatedat (xp; yp). Then,theCartesianandpolarcoor-
dinatesarerelatedas:

r =
p

�x2 + �y2 ; tan (� ) =
�y
�x

where
�x = x � xp ; �y = y � yp : (1)

Thedistortionof q0 canbesplit into threecomponents:
(1) shift of the imagecenter, (2) radial distortion, and
(3) decenteringdistortion. The�rst of theseis givenby
(xp; yp), while theremainingtwo we will now describe
in greaterdetail.

2.1 Radial Distortions

Radial distortions in most wide-angle cameraspull
points towards the optical center. This kind of
distortion is also referred to as barrel distortion
[BornandWolf, 1965]. This effect is radially symmet-
ric anddependssolely on the distancefrom the optical
center. Theradialdistortionpresentin thepointq is:

� r (q) =

1X

i =1

C2i +1 r 2i +1 ; (2)

where,C2i +1 arethedistortionparameters.Termshigher
than the �fth-order one canbe ignoredas their contri-
bution to thedistortionis negligible in practice[Brown,
1966]. Hence,wehave:
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Figure2: q0 is theperspective projectionof a scenepoint onto
the imageplane.Dueto radialanddecenteringdistortions,q0

getsmappedto thepointq.

� r (q) � C3 r 3 + C5 r 5 : (3)

2.2 DecenteringDistortions

Decentering distortions are caused by the non-
orthogonality of the lens componentswith respect
to the optical axis. It is highly unlikely for an imaging
systemto have no decenteringdistortions,which,unlike
radial distortions,act tangentially. We useConrady's
model[Conrady, 1919] for decenteringdistortion:

� Tx (q) = [P1r 2 (1 + 2 cos2 (� )) + 2P2 r 2 sin( � ) cos(� )]

[1 +

1X

i =1

Pi +2 r 2i ]

� Ty (q) = [P2r 2 (1 + 2 sin2 (� )) + 2P1 r 2 sin( � ) cos(� )]

[1 +

1X

i =1

Pi +2 r 2i ] ; (4)

where, P1; P2; : : : are the distortion parametersand
� Tx ; � Ty are the distortionsalong the x and y direc-
tions,respectively.

Thehigher-ordertermsin theaboveexpressionarerela-
tively insigni�cant. Hence,P1 andP2 aregenerallysuf-
�cient for modelingdecentering[Brown, 1966]:

� Tx (q) � [P1r 2(1 + 2 cos2 (� )) + 2P2r 2 sin( � ) cos(� )]

� Ty (q) � [P2r 2(1 + 2 sin2(� )) + 2P1r 2 sin( � ) cos(� )] :(5)

2.3 CompleteDistortion Model

The total distortion is obtainedas a sum of the above
components:

� x(q) � cos(� )[� r (q)] + � Tx (q)

� y(q) � sin( � )[� r (q)] + � Ty (q) (6)

In order to correctdistortions,we needto recover the
parameters(C3; C5; P1; P2; xp; yp).



3 Objective Function Formulation
Theconstraintusedin this paperis that,underperspec-
tive projection,straightlinesin thesceneshouldproject
to straightlinesin theimage.We assumethattheuserof
our calibrationmethodknows which (distorted)image
curvescorrespondto straightlines in the scene.Based
on this knowledge, the user selectspoints along im-
age curves. In this setting, an objective function can
be de�ned, which whenminimized,yields the parame-
tersthatmapthedistortedpointsto lie on straightlines.
We presentthree objective functions, namely, sum of
squareddistances(from straightlines),normalizedsum
of squareddistancesand one that explicitly estimates
noisein thechosenimagepoints. The �rst two arepre-
sentedmainly to demonstratethatsimpleobjectivefunc-
tions (similar to onesproposedpreviously) are highly
noisesensitive. In contrast,thethird functionis designed
to explicitly accountfor noisein theimagepointschosen
by the user. All our objective functionsarenon-linear
andareminimizedusingef�cient searchalgorithms.In
what follows our goalwill be to recover only the radial
anddecenteringdistortionparameters.The shift of op-
tical center(xp; yp) will be recoveredseparatelyin an
iterative fashion.

3.1 Sumof SquaredDistances(� 1)

This objective function is similar to the one used in
the iterative least-squaresmethoddevelopedby Brown
[1971]. In ourapproach,duringsearch,a setof (hypoth-
esized)distortionparametersS = f C3; C5; P1; P2g are
appliedto the selectedimagepointsq(x; y). Lines are
�tted to the resultingpointsq0(x0; y0) andthe objective
functionis computedasthesumof thesquareddistances
of thepointsfrom theircorresponding“best-�t” lines.

Let thebest-�t line for a setof pointsq0 (originally, on
thesameimagecurve)be:

x0sin(� ) � y0cos(� ) + � = 0 ; (7)

where,� is the anglethe line makeswith the horizon-
tal axisand� is thedistanceof the line from the image
center. Therefore,theerrordueto a singlepoint is given
by:

e1 = (x0sin( � ) � y0cos(� ) + � )2 ;

where
x0 = x + � x(q) ; y0 = y + � y(q) : (8)

Let thenumberof curvesselectedby theuserbeL , and
let thenumberof pointson eachline l bePl . Then,the
objective functionis givenby:

� 1 =

LX

l =1

"
P lX

p=1

�
x0

p;l sin( � l ) � y0
p;l cos(� l ) + � l

� 2

#

: (9)

where� l and � l are the best-�t line parameterscorre-
spondingto imagecurvel and(xp;l ; yp;l ) is thepth point
on line l .

3.2 Normalized Sumof Squares(� 2)

Althoughsimple,theaboveformulationis verysensitive
to noise. Fromthedistortionmodel,it canbeseenthat
noiseis magni�ed by the higher-orderdistortion terms
in S (in particular, thethird- and�fth-order terms).As a
result,pointsthatlie closerto theimagecentercontribute
less to the error than points further away. This effect
is partially remediedby normalizingtheerrore1 by the
squareof thedistance� l of thecorrespondingline l from
the imagecenter. Then,themodi�ed objective function
is:

� 2 =

LX

l =1

"
P lX

p=1

�
x0

p;l sin( � l ) � y0
p;l cos(� l ) + � l

� l

� 2
#

:(10)

3.3 Explicit NoiseEstimation (� 3)
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Figure3: q is a point selectedby the userandq0 is its undis-
torted location on applying the (hypothesized)distortion pa-
rametersS. l is the “best-�t” line estimatedfor all q0, which
arebelievedto lie on thesamesceneline. q̂ is a point closeto
q suchthat,its undistortedlocationq̂0 (obtainedby applyingS
on q̂) lies on l. d is the distancebetweenq andq̂, which we
wish to minimize.

The previousobjective functions,� 1 and� 2 arede�ned
in thespaceof theundistortedpoints(i.e. afterapplying
S). Sincenoisein theselectionprocessis inducedin the
distortedcoordinates,it is moreappropriateto formulate
an objective function that useserrorscomputedin the
spaceof distortedimagepoints,soasto avoid non-linear
biasesinherentto ourdistortionmodel.

As shown in Figure3, let q bethedistortedpoint under
considerationandq0 bethe“undistorted”pointobtained
by applyingthesetof distortionparametersS. Again,l is
thebest-�t line for thepointsq0. We now determine(via
search)the point q̂ closeto q, which whenundistorted
usingS would lie on l at q̂0. Thenew error function is
de�ned as:

e3 = kq � q̂k2 : (11)

Sinceq̂0(x̂0; ŷ0) must lie on l , it must satisfy the con-
straint:

x̂0sin(� ) � ŷ0cos(� ) + � = 0 ;



where: x̂0 = x̂ + � x(q̂) ; ŷ0 = ŷ + � y(q̂) : (12)

Using all the selectedpoints, the objective function is
determinedas:

� 3 =

LX

l =1

 
P lX

p=1

kqp;l � q̂p;l k2

!

: (13)

4 Minimization of � 1, � 2 and � 3

We now describethe non-linearsearchalgorithmsused
to recoverthedistortionparametersS by minimizingthe
objective functions� 1 , � 2 and � 3. It shouldbe noted
thatourcalibrationmethodis in no way restrictedto the
speci�c searchalgorithmswehaveused.

We used a modi�ed simplex search algorithm out-
lined in [Nelder and Mead, 1965], implementedin
the IMSL library. This implementationrequiresup-
per and lower bounds on the parametersto be es-
timated. The bounds we have chosen can model
distortions more severe than those found in typical
wide-angleimaging systems. The following bounds
were used: C3 : (� 10� 5; 10� 5) , C5 : (� 10� 9; 10� 9),
P1 : (� 10� 5; 10� 5) , P2 :(� 10� 5; 10� 5).

At eachstepof the non-linearsearch,given the set of
(hypothesized)parametersS, we mustcomputetheob-
jective function.Computationof � 1 and� 2 is straightfor-
ward,usinga linear least-squaresmethodto �t the lines
l . However, computing� 3 alsorequirestheestimationof
thepointsq̂ (see(12)), for whichthereis noclosed-form
solution.

We solvefor eacĥqp;l by searchingtheneighborhoodof
qp;l for thepoint which, whenundistortedusingS, lies
on l . This requiresa 2D searchandis computationally
intensive asit needsto bedonefor every point selected
by theuser. To speed-upthesearchfor q̂ we formulate
thesearchin a singledimension,sincetherealwaysex-
ists a point in the radial directionof the selectedpoint,
which lies on the true distortedcurve. This approxi-
mationenablesus to estimatethe distortionparameters
(C3; C5; P1; P2), in under1 minuteona300MHz PC.

4.1 Recovering the Optical Center

NotethatwedidnotincludetheopticalcenterC(xp; yp),
in the non-linearsearchfor the distortion parameters
S. Initial experimentsrevealedthat includingC(xp ; yp)
producedunstable results in the presenceof noise.
Therefore, we recommendnesting the estimation of
(C3; C5; P1; P2) within a coarse-to-�nesearchfor the
opticalcenter.

5 SyntheticExperiments
To evaluatetherobustnessof our calibrationtechniques,
it is imperative to test them in the presenceof noise.
Noiseentersthesystemfrom threemainsources:human

errorin selectingpointsin theimage,CCD quantization
andthefact that linesin thesceneneednot beperfectly
straight. It is dif�cult to quantify the robustnessof any
calibrationmethodusingonly realimages,dueto lackof
groundtruth. Hence,wesynthesizeimagepointsneeded
by themethodsdiscussedearlier.

Pointswererandomlysampledfrom syntheticallygen-
eratedlineswith randomorientationsandpositions(see
Figure 4(a)). Using known distortion parameters,the
sampledpointsweredistorted(seeFigure4(b)). To sim-
ulateerroneouspoint selection,we addeduniform noise
in theinterval (� w; + w) (see�gure 4(c)). We thenused
our algorithmto estimatethedistortionparametersfrom
thenoisydataandusedtheseparametersto undistortthe
noiselessimagepoints(seeFigure4(d)).

5.1 Measurementof accuracy

Althoughpreciserecoveryof thedistortionparametersS
ensuresanexactmatchbetweenthesampledpoints(Fig-
ure4 (a)) andtheundistortedpoints(Figure4 (d)), it is
not necessaryfor accuratedistortioncorrection.A good
measureof accuracy androbustnessis the distancebe-
tweentheinitial position(seeFigure4(a))andtherecov-
eredposition(seeFigure4(d)) for eachpoint. We tested
eachobjectivefunctionusinglinesL of differentorienta-
tionsandpositions, variousdistortionparametersS and
severalnoiselevelsin theinterval w = (0; 5) pixels.

Tables1(a),1(b) and1(c) show theerrorspresentin the
recoveredundistortedpointsusingthesumof squares� 1,
normalizedsumof squares� 2 andthe noiseestimation
method� 3 respectively. Errors are de�ned as the av-
erageof the distancesbetweeneachof the undistorted
pointsandtheoriginal sampledpoints.Noticethesharp
degradationof robustnessfor largeamountsof noisein
thesimplesumof squaresapproach(� 1) (seeTable1(a)).
Although� 2 seemsbetterthan� 1 for certainnoiselevels,
its doesnot maintainthat degreeof robustnessfor high
levels of noise. In contrast� 3, is muchmorerobust as
canbeseenfrom Table1(c),evenathighnoiselevels.

Table 2 containsmore exhaustive resultsof objective
function� 3 for differentline orientationsanddistortions
parameters.All theseexperimentsclearly demonstrate
therobustnessof � 3 over theothers.In mostof thecases
� 3 seemsto have sub-pixel accuracy in undistortingthe
imagepointsevenwith high levelsof noise.

As mentionedearlier, recoveryof theshift parametersis
implementedas a coarse-to-�nesearchnearthe image
center. Thesearchfor theopticalcenterwasdoneusing
a 5x5 grid andgrid resolutionsof 10,5 and2 pixels. As
Table3 indicates,�ne searchesin thepresenceof noise
canresultin inaccuratesolutions,while coarsesearches
appeartogivebetterresults.Thetimetakento recoverall
six distortionparameters(C3; C5; P1; P2; xp; yp) is lin-
ear in the numberof grid points being searched.Our
experimentwith a 5x5grid tookabout20minutes.
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Figure4: (a) Pointsrandomlysampledfrom syntheticallygen-
eratedlines. (b) Known distortionsareappliedto thepointsin
(a). (c) Uniformly distributedrandomnoisein theinterval (-5,
5) is addedto thedistortedpointsin (b). (d) Thedistortionpa-
rametersarerecoveredusingthealgorithmbasedon objective
function� 3 andthesenoisyimagepointsasdata.Theseparam-
etersareusedto undothedistortionspresentin (b). Despitethe
largeamountof noise,recovery of undistortedimagepointsis
robust.

Table1(a): Experimentalresultsfor � 1.
Distortion Coef�cients AverageErr or (pixels)

L C3 C4 P1 P2 w = 0 w = 1 w = 2 n = 5
#1 10� 5 10� 9 10� 5 10� 5 0.000 3.360 13.973 42.521

10� 5 10� 9 0:000 0:000 0.000 3.264 13.917 42.574
#2 10� 5 10� 9 10� 5 10� 5 0.000 12.095 39.567 66.817

10� 5 10� 9 0:000 0:000 0.000 12.184 39.616 66.849

Table1(b): Experimentalresultsfor � 2.
Distortion Coef�cients AverageErr or (pixels)

L C3 C5 P1 P2 w = 0 w = 1 w = 2 n = 5
#1 10� 5 10� 9 10� 5 10� 5 0.000 0.356 2.473 12.383

10� 5 10� 9 0:000 0:000 0.000 0.396 2.272 12.373
#2 10� 5 10� 9 10� 5 10� 5 0.000 1.618 5.448 28.639

10� 5 10� 9 0:000 0:000 0.000 1.592 5.550 28.711

Table1(c): Experimentalresultsfor � 3.
Distortion Coef�cients AverageErr or (pixels)

L C3 C5 P1 P2 w = 0 w = 1 w = 2 n = 5
#1 10� 5 10� 9 10� 5 10� 5 0.002 0.363 0.390 0.398

10� 5 10� 9 0:000 0:00 0.003 0.328 0.273 0.318
#2 10� 5 10� 9 10� 5 10� 5 0.008 0.663 0.773 0.502

10� 5 10� 9 0:000 0:000 0.006 0.529 0.734 0.330

Table2: Detailedexperimentalresultsfor � 3.
Distortion Coef�cients AverageErr or (pixels)

L C3 C5 P1 P2 w = 0 w = 1 w = 2 n = 5
#1 10� 5 10� 9 10� 5 10� 5 0.002 0.428 0.522 0.391

10� 5 10� 9 0:000 0:000 0.004 0.344 0.382 0.246
10� 5 10� 10 0:000 0:000 0.281 0.348 0.579 2.818
10� 5 10� 10 10� 6 10� 6 0.007 0.278 0.623 2.782

#2 10� 5 10� 9 10� 5 10� 5 0.000 0.151 0.015 0.068
10� 5 10� 9 0:000 0:000 0.003 0.305 0.339 0.221
10� 5 10� 10 0:000 0:000 0.029 0.152 0.345 1.591
10� 5 10� 10 10� 6 10� 6 0.068 0.192 0.339 1.701

#3 10� 5 10� 9 10� 5 10� 5 0.000 0.501 0.574 0.590
10� 5 10� 9 0:000 0:000 0.007 0.329 0.330 0.337
10� 5 10� 10 0:000 0:000 0.043 0.444 0.488 2.356
10� 5 10� 10 10� 6 10� 6 0.009 0.415 0.645 2.368

Table3: Resultsonestimationof Opticalcenter(xp; yp)
Distortion Coef�cients AverageErr or (pixels)

L C3 C5 P1 P2 Grid w = 0 w = 1 w = 2
#1 10� 5 10� 9 10� 5 10� 5 2 0.002 4.232 9.014

10� 5 10� 9 10� 5 10� 5 5 0.002 0.363 10.220
10� 5 10� 9 10� 5 10� 5 10 0.002 0.363 0.390

#2 10� 5 10� 9 10� 5 10� 5 2 0.008 4.271 3.792
10� 5 10� 9 10� 5 10� 5 5 0.008 0.663 12.017
10� 5 10� 9 10� 5 10� 5 10 0.008 0.663 0.773

6 Resultswith Real Images

We used� 3 to undistortimagescapturedby both,a1=200

CCD Sony camerawith a Computar3.6mmlensanda
1=300CCD ComputarEMH200-L25Hi-Resboardcam-
erawith a 2.5mmlens.

The calibrationof the imageswas doneusinga set of
about10 linesanda total of about250points. Theesti-
mateddistortionparametersobtainedusing� 3 wereused
to undistorttheimages(seeFigure5 andFigure6).

For imagingsystemshaving a large�eld of view, a per-
spectiveprojectionmodelmaynotbeappropriatefor vi-
sualizationpurposes[Fleck,1985]. However, therecov-
ery of the distortionparametersfacilitatesthe mapping
of the imageusingany otherprojectionmodel. For in-
stance,for a wide-anglesystem,a panoramicprojection
modelor a stereoscopicmodelmaybemoresuitable.

Usingthecomputeddistortionparametersanda projec-
tion model,a look-uptablecanbecreatedthatmapsim-



(5 a)

(5 b)

Figure5: (a) Imagecapturedwith a Computar3.6mmlensand
aSony 1=200CCDcamera(b) Distortionparametersrecovered
via theminimizationof � 3 areusedtomap(a)into aperspective
image.

(6 a)

(6 b)

Figure6: (a)Imagecapturedwith aComputar2.5mmlensanda
1=300CCD boardcamera.(b) Distortionparametersrecovered
via theminimizationof � 3 areusedtomap(a)into aperspective
image.

agepointsto their new locations.We usedsuchlook-up
tablesto mapdistortedvideo streamsfrom wide-angle
imagingsystemsto perspectiveimagesin real-time.
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