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Abstract

Learning can often be viewed as the problem of mapping
from an input space to an output space. Examples of these
mappings are used to construct a continuous function that
approzimates given data and generalizes for intermediate in-
stances. Generalized Radial Basis Function (GRBF) net-
works are used to formulate this approzimating function. A
novel method is introduced to construct an optimal GRBF
network for a given mapping and error bound using the in-
tegral wavelet transform. Simple one-dimensional examples
are used to demonstrate how the optimal network is supertor
to one constructed using standard ad hoc optimization tech-
niques. The paper concludes with an application of optimal
GRBF networks to object recognition and pose estimation.
The results of this application are favorable.

1 Introduction

Visual learning is fast emerging as an area of great re-
search interest. Often, learning can be equated to construct-
ing a continuous function that maps a given set of inputs
to outputs. A common mechanism for performing such a
mapping is a neural network. Poggio and Girosi {12] dis-
cuss a particularly interesting class of neural networks called
Radial Basis Function (RBF) networks. Unlike multi-layer
perceptrons and other traditional neural networks, RBF net-
works have a rigorous formulation and can approximate any
function to any specified degree of precision [1]. These net-
works have been used for recognition of stick figures {11] and
face perception {3].

Although RBF networks have a rigorous formulation, this
advantage is lost in most practical implementations. The
reason is the assumption that RBF networks consist of as
many basis functions as training examples. In practice, this
proves to be a severe limitation as the number of training
data is typically large. This is remedied by using Gener-
alized Radial Basis Function (GRBF) networks that have
fewer basis functions than examples. However, the param-
eters of the GRBF network are typically set in an ad hoc
manner [12]. In this paper, we introduce an analytic method
that sets the network parameters for any given input-output
mapping and error bound. The GRBF network constructed
using this method can be shown to be the smallest network
for the given mapping and error bound.

This result is achieved through a novel construction and
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application of the integral wavelet transform [4). Wavelet
bases are constructed from radial basis functions. The mag-
nitude of the wavelet coefficients determine the importance
to the mapping of the radial basis functions that comprise
the wavelet. We use the coefficients and Parseval’s theo-
rem to determine the number of bases required and their
parameters.

The paper is organized as follows. The formulation of an
input-output mapping using a GRBF network is described
in section 2. The relation between the integral wavelet trans-
form and a GRBF network is presented in section 3. Section
4 presents a simple example that demonstrates the advan-
tage of the transform approach. Finally, the transform ap-
proach is applied to the problem of object recognition and
pose estimation. The paper concludes with a discussion of
other possible applications of the proposed technique.

2 Radial Basis Function Networks

The strength of RBF networks is that input-output map-
pings are learned in a mathematically rigorous formalism
using approximation theory and regularization techniques
[13]. The first part of this section is a brief overview of RBF
and GRBF networks (see [12] for details).

Learning the mapping between input and output spaces
is equivalent to finding a continuous multivariate function
that best approximates the given data and interpolates for
intermediary instances. Several functions can approximate
and interpolate given data. To derive a unique function a
priori assumptions about the smoothness of the mapping
are made. These smoothness constraints are embedded in
the function using regularization techniques. The approx-
imating function is one that minimizes the following cost
functional:

N

HIF(W,x)] = Y (f(x:) = F(W,x.))* + A[[PF(W,%)II",
- ®

Where, F(W,x) is the function that approximates the data
and W are the parameters of the function, P is a differ-
ential operator determined by the smoothness assumptions,
x: are the N points at which f(x) is known, and A is the
regularization parameter that controls the tradeoff between
enforcing the smoothness constraint P and fitting the known
data. The approximating function that minimizes the above
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functional has the form :

N

F(W,x) =Y eiGxxi) (2)

=1

wlhere, G(x;x;) are radial basis functions and ¢; are the
coefficients of the functions. Two theorems by Micchelli [8]
can be used to determine whether a function can be used as
a radial basis function. Thin-plate splines and gaussians are
two types of functions that meet these conditions (see [12]
for a more extensive list).

Casting the approximating function  as a network is
straightforward. The RBT network has three layers, each
fully connected to the next. The first layer consists of a
single input unit, the vector x. The second layer consists
of multidimensional RBI’s. There exists one RBF centered
at each data point x;. The output unit is a weighted sum
of these basis functions. Each weight, ¢;, is associated with
a connection between a basis and the output unit. So the
approximating function in (2) can be implemented as the
network shown in Figure (1).

F(W,x)

Figure 1: The RBF network has three layers. The first
layer is the input vector, x. The second layer consists of
the radial basis functions G(x;x1) to G(x;xn). The ¢; are
the weights between the i** basis function and the output,
F(W,x), which is the third layer.

The above RBF network has as many basis functions as
examples. This becomes a problem in most applications,
since typically a large number of examples are given. For
this reason, RBF networks are generally implemented with
fewer basis functions than data points. The approximating
function, however, is no longer an exact representation of
the mapping of interest. Clearly, the representation tends
to become worse as the number of basis functions used is
reduced. The approximating function now appears as

T

F(W,x) =Y ¢;G(x;z5) @)

j=1

where n < N and z; are the new centers of the basis func-
tions. This type of network is called a Generalized Radial

Basis I'unction (GRBI) Network. The centers and coeffi-
cients in (3) are computed by minimizing the following cost
functional:

N

HIF(W,x)] =Y (f(x) = F(W,x,))° (4)

1=1

This cost functional is almost always minimized in the fol-
lowing ad hoc manner. A user provides initial values for the
number n of basis functions, their positions z;, and their
spans. Optimization techniques are then used to adjust the
center values and the spans. Then the pseudo-inverse is
used to calculate the coeflicients, ¢;. If the approximation
is not within the desired error bound, the user increases the
number of basis functions and repeats the procedure.

This process is cumbersome. It also sacrifices the theo-
retical structure that makes the RBF approach appealing.
The greatest disadvantage is that, given a data set and a
specified error bound, the number of basis functions, as well
as their parameters, required to perform the mapping can-
not be determined analytically.

3 Integral Wavelet Transforms and

GRBF Networks
In this section, we describe how the integral wavelet
transform [4] is used to generate a GRBF network. It shall
be shown that by using the transform, the smallest number
of basis functions required for a given mapping and error
bound can be determined analytically. In addition, the pa-
rameters of these bases are directly obtained.

3.1 The Wavelet Transform

The integral wavelet transform (IWT) can be viewed as a
generalization of the principle underlying the Fourier trans-
form. The IWT allows us to construct orthonormal basis
functions that are localized in space and then decompose
a function in terms of these bases. For the case of a 1-D

function, f(z) (R* + R!'), the IWT has the basic form [4] :

+co

(Tyf)(b,a) = / Yoa(2) f(2)dz

—00

where ;
- z —
Yo.a(z) = la| 1/2¢(T)

are the wavelet bases. The function f(z)is characterized by
the following: (a) The location of a change in f(z) in terms
of a position parameter b; (b) The rate in the change in
f(z)in terms of a span parameter a; (c) The amount of this
change in terms of of (Ty f)(b,2). In addition, the function
f(z) can be reconstructed from the basis functions using:

f) =3 ST )b o) fol 2 w20,

The ITWT allows us to decompose functions at differ-
ent resolution levels, from fine to coarse. The accuracy in
reconstructing the original function decreases as one goes
to coarser resolution levels. Two functions are involved in
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the wavelet transform, a scaling function and the wavelet.
The a and b para.meters of the wavelet are discretized:

a = 53— and b = ; 1,7 € Z where j 1s a scale parame-
ter and k is a position parameter. The scaling function is
written as

$ik(z) =27 $(277x — k).
These scaling functions are then used to construct wavelet
bases and scaling functions at coarser resolution levels.
The wavelet bases are orthonormal across scale and either
biorthonomal or orthonormal across position. Using or-
thonormal bases the following exact representation of a func-
tion, f(z), can be obtained [4]:

=2 2 dilkyu

2775 — k). (5)

where _
d;(k) =< f(k),»(277x—k) > . (6)

If we use a scaling function that approximates a radial ba-
sis function then (5) is identical to the approximating func-
tions of (2) in section 2. One class of scaling functions that
approximate radial basis functions are B-splines.

3.2 Calculating the Wavelet Coeflicients

The training data given, z; — f(z;) can be considered a
discrete signal. So a Discrete Integral Wavelet Transform [7]
is implemented. The input space is discretized into 27 bins,
where J typically ranges from 9 to 11. The f(z:) values
are then placed into the appropriate bin by rounding off z;.
Since the bins are small we assume that any error introduced
from the rounding off is negligible.

The next step involves calculating the transform coeffi-
cients d; x for the wavelet bases ;.. Mallat’s Fast Wavelet
algorithm (7] is extended to unevenly sampled data to cal-
culate these coefficients. Mallat’s algorithm is pyramidal in
nature [7)]:

[0 %c;]12(k) (7)
[w *c;]12(k) (8)

where, | 2 denotes downsampling by two, keep every other
term. The ¢ values correspond to the signal at the finest
resolution level, i.e. the discrete function f(k). The for-
mulae for o and w for the Battle-Lamarié wavelet basis (7]
constructed from cubic S-splines are given in Appendix A.
This algorithm is iterated for 7 = 0 to 1 — J, where 0 is the
finest resolution level and 1 — J is the coarsest level.

Since little is known about the training data, we assume
that f(k) need not be evenly sampled. This brings up the
question of how to implement:

a(z) = f(=) * g(z) (9)

when f(z) is an unevenly sampled discrete signal and g(z)
is a continuous function.

The Lomb periodogram [6] is used to implement the
above convolution. The periodogram performs a Fourier
transform on unevenly sampled data, so we can map f(z) —

Ci=1 (k) =
dj-1(k) =
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F(w) where F'(w) are the transform coeflicients. A unique
continuous function h(z) can then be constructed that hag
the samie spectral properties as f(x), l.e. H(w) = F(w), and
identical spatial properties at all known z.. The functioy
h(x) has the form :

- z F &)07” w.)o-nl:L
r)ﬂ_

m=

(10)

L(z) replaces f(«) in the convolution in (9).
In the fast wavelet algorithm [7], the above technigue is
used to compute a continuous function ¢j_, (z):

Vv (Mwo)Cy (mwe) e™ o™,

(11)

This continuous function c¢j_;(z) is sampled at the j'* res
olution level and then downsampled by 2 to obtain ci—1(k).
The same procedure is used to calculate d;_(k). Ap-
proximations due to the oversampling inherent in the peri-
odogram are introduced in this technique. A more rigorous
but much more computational intensive method to perform
a IWT on unevenly sampled data has been developed by
Buhmann and Micchelli {2]). (For more details on our exten-
sion of Mallat’s algorithm see [9]).

The mappings consider so far have been R! — R!. To
extend the transform to functions that map R™ — R™,
multidimensional functions, ®(x) and ¥(x), are introduced
for both the scaling and wavelet functions. Both ¥(x) and
®(x) are tensor product splines separable with respect each
dimension z4. The decomposition of f(x) becomes

1-J Ka(5}  Ka(j)
FO0=3 0 3 Y ()W ks (1) (50)
31=0 k;(7)=0 kn(7)

(12)
where k corresponds to the vector [kiks...kn) and Ka(j)
are the number of basis functions at the resolution level
j in the dimension z4. Since ¥(x) and ®(x) are separa-
ble, the coefficients d , k can be calculated by applying the
fast wavelet algonthm to each dimension. Often we have
multiple functions as the output rather than a scalar. A
multiple function f(x) is equivalent to a vector of functions
[f1(x), ..., fi(x), ... fm(x)) where fi(x) has the same form as
(12) except d; i is replaced with d,y ;, the transform coef-
ficient for the 1'* output at the 7'* resolution level for the
k'™ basis. The result of the IWT applied to a mapping from
R™ — R™ are the wavelet coefficients dJ k.

3.3 From Wavelet Coefficients to a GRBF
Network
Using the coefficients, d . Lk and a specified approxima-
tion error bound, a GRBF network is constructed. Assume
that the L? norm between a function f(x) and the approxi-
mating function F(W,x) must be less than the error bound,
€:

e> > ECx) = F(W,x))|I* (13)




where, N is the number of known examples of f(x). Since
the wavelet bases are orthonormal the energy in the approx-
imating function is

m 1-J K{(5) KL

)
IFW,x)[P=>"3" 3" . Z &y, (19

=1 j=0 k;=0 kn=0

where K4(J) < K4(7). Hence, not all the wavelet bases are
used in the approximating function. Using (14), equation
(13) can be written as :

m J-1 Ky(3) KL

¢ >1- %ZZ Do dik

I=1 j=0 k;=0 kn=0

(15)

where P; is the total energy in the signal f(x).

The number of wavelet bases used in the approximation
for a given ¢ is calculated by finding K}(7) at each resolution
level 7 and each dimension z4 until the above condition is
satisfied. One way of doing this is by calculating sums of
the squares of the coeflicients over the output dimensions :

2
Sj,k = Z dj,k,l .
{=1

These sums s, are then ordered from 1 to M so that
8 (1), k(1) > 3;‘(2),k(2). > “'SJ'(M),k(M). \fvhere M is the num-
ber of wavelet bases in the decomposition of f(x). Equation
(15) can now be expressed as follows:
Ml
1
2
C21- 5 ke (16)
i=1

where M' is the smallest integer that satisfies the above
condition. The resulting approximating function is

Ml
F(W,%) =Y 800 ke Lo ke ()

=1

(n

where 8¢y k(i) is a vector composed of the wavelet coeffi-
cients dj(‘.) IROYE

) k(i
& ¢ keiy = :

(i) K(i)m

The expression in (17) can easily be mapped to a GRBF net-
work as shown in Figure 2. The wavelet bases, \IIJ.(i) ken (3,
are a linear sum of scaling functions that approxima.té }(‘LgF’s
asymptotically. For this reason, thes networks are GRBF
network.

gj(l)'k(l)

F(W x)

Figure 2: The optimal GRBF network derived using the
wavelet transform. The first layer is the input vector, x.
The second layer consists of the wavelet bases \Ifj(l) k(1) to
\Ijj(M’),k(M’)‘ (0 .k is the weight between the i*" wavelet

basis and the output, F(W, x).

4 A Simple Example

Later in this paper a network is constructed that recog-

nizes objects and estimates their pose in a scene. Here, a
simple 1-dimensional example is presented to demonstrate
the advantage of using the transform technique over tradi-
tional optimization methods. For this demonstration we
use the following two functions : fi(n) = sin(27n/64)
and fa(n + 1) = 3f2(n)(1 — f2(n)), f2(0) = 0.4467, where
0 <n < 63andn € 7 (see Figure 3(a) and (b)). The
GRBF networks constructed for these two functions using
the transform approach will be referred to as optimal net-
works, henceforth. For a comparison, GRBF networks are
also constructed using a traditional algorithm, and are re-
ferred to as conventional networks. The specific algorithm
used is outlined below :
(2) Initialize the number of basis functions, n. (b) Set the
values of these bases to a subset of the N data points, and
set the spans to % where Az is the span of the input space.
(c) Calculate the coefficients using the pseudo-inverse. (d)
Use conjugate gradient decent to adjust the centers of the
basis functions. (e) Return to (c) until the difference in the
error functional in two iterations is negligible. (f) If the er-
ror functional is greater than the specified bound, increment
n and return to (b).

The accuracy of the optimal and conventional networks
as a function of the number of bases, for both functions, is
shown in Figure (4). In both cases, the error functional de-
cays faster and monotonically for the optimal network. In
the case of the first function f1 the improvement is negligi-
ble. The performance of the optimal network is dramatically
superior for the second function f2, since the optimal net-
work is not susceptible to the problem of local minima in
the parameter space. *

The parameters of the optimal network are computed
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much quicker than those of the conventional network. For
the example functions above, the parameters for the optimal
network are determined within 9.06sec on a Sun Sprac work-
station. In contrast, it can take up to 10.04sec and 20min
to set the parameters of the conventional network, depend-
ing on the number of basis functions required. Figure (3)
shows tlie reconstruction of the two example functions using
the two types of networks. The performance of the optimal
network 1s superior to that of the conventional network for
the second function. For the first function the optimal net-
work is slightly more accurate. In summary, the optimal
network is constructed more accurately and faster than the
conventional network.

iy

Figure 3: (a) fi. (b) f2. (c) Reconstruction of fi by an
optimal network with 8 bases. (d) Reconstruction of f> by
an optimal network with 32 bases. (e) Reconstruction of fi
by a conventional network with 8 bases. (f) Reconstruction
of fathe by a conventional network with 32 bases.

5 Learning and Recognition of 3-

Dimensional Objects

Object recognition and pose estimation was chosen as a
high-dimensional application of GRBF networks. The in-
puts and outputs that are used to construct the network
are those used by the system developed by Murase and Na-
yar [10] that creates a compact representation of object ap-
pearance parameterized by pose. Murase and Nayar con-
struct a subspace (typically of 10-20 dimensions) called the
eigenspace from a large image set of several objects in var-
ious poses. Every image of an object is mapped to a point
in the eigenspace. The set of points in the eigenspace that
correspond to all the images of an object is referred to as
a discrete manifold. Given a novel object image, the object
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Figure 4: The decay in the L? error in approximating fi as
the number of bases increases for (a) the optimal network
and (b) the conventional network. The decay in the error
in approximating f for (c) the optimal network and (d) the
conventional network.

region is segmented, normalized in brightness and scale and
mapped to the eigenspace. The closest manifold determines
the identity of the object in the image and the exact posi-
tion of the new projection on the manifold yields the pose
of the object.

We develop a GRBF network (for each of the 20 objects
shown in Figure 6) that uses the discrete manifold of an ob-
Jject to construct a continuous mapping from a point in the
eigenspace to a confidence value C,, that represents the likeli-
hood that the novel image is that of the object for which the
network has been developed, and the pose, §,, of the object.
This network is generated using the transform technique
developed in this paper. The result is a set of P optimal
networks where P is the total number of objects. During
recognition, the input projection in eigenspace is mapped
by each of the networks and the network that produces the
highest confidence value reveals the identity of the object
and 1ts pose.

Note that the pose of each object has a discontinuity at
0, = 360°. The size of any GRBF network is clearly depen-
dent on the continuity of the function it seceks to approxi-
mate. Therefore, judicious selection of data representation
can dramatically reduce network size. In the present appli-
cation, we benefited by using sin{f,) and cos(f,) as outputs,
instead of using 6. This eliminates the ill-conditioning that
results from the discontinuity in §,. During recognition, the
network with the highest confidence value Cj is first iden-
tified and if this value exceeds a threshold level (i.e. if the
projection is close enough to the object’s manifold), then
pose 8; is computed from sin(6,) and cos(6,).

In our experiments, an optimal network was constructed
for each of the 20 objects used by Nayar and Murase [10] (see
Figure 5). The input space, a 15-dimensional eigenspace,
was discretized into 1024 boxes in each of its dimensions.




Figure 5: The 20 objects used in the object recognition and
pose estimation experiments (from [10]).

S sin(0,)

Figure 6: An optimal recognition network for an object, p.
The input is a point in eigenspace and the outputs are the
confidence Cp, and pose sin(fp) and cos(6,).

Clearly, it is impossible to store and process 1024!° entries.
Instead, a sparse tensor (an extension of the concept of a
sparse matrix [5]) was constructed with only the entries for
which f(x;) were known. The networks ability to learn and
generalize examples presented to it was tested using two
data sets. The training set includes 36 discrete manifold
points {poses) for each object and was used to generate the
networks. The test setincludes a different set of 36 manifold
points and was used to test the accuracy of the networks in
generalizing to data not seen before.

The most important task of the set of networks is to
correctly recognize objects in both sets. In our experiments,
every point in both the training and test sets was correctly
recognized yielding a 100% recognition rate. We found that
for any object v, 0.842 < Cp < 1.217 when v = p and
0.0 < Cp < 0.211 when v # p, leading to robust object
identification.

The networks’ accuracy in pose estimation was also stud-
ied. For each object, two networks (network; and networks)
were constructed using the data in the training set by vary-

ing the error bound, €. The error bound for the networks
was set such that average absolute pose error for networlk;
was 0.57 and 1.5° for networks, for each object. The accu-
racy of pose estimation is defined as the absolute difference
between the known pose and the pose estimated by the net-
work. lt 1s computed for both the test set and the training
set and the results are summarized in Figure 7. As expected,
the average errors in pose estimation are greater for the test
set than the training set. A comparison of the performance
of the two networks is summarized in Figure 8.

Figure 7: Histograms of the absolute value of the error, 8.,
between poses estimated by network; and the known poses,
for (a) the test set.and (b) the training set. Histograms for
network, for (c) the test set and (d) the training set. Each
bar in the histograms corresponds to 0.1°.

. Average Accuracy | Average Accuracy
Time (test set) (Lraining set) Memory
Network | [ 2} Imsec 058" 0.31° 40 kbytes
Network 9| S8msec 163 1.36" 13 kbytes

Figure 8: The performance of optimal networks for all ob-
jects in terms of the time, accuracy, and memory involved
in recognition is summarized above.

6 Conclusion

We have introduced a novel approach to setting RBF
network parameters using the integral wavelet transform.
This approach allows us to generate optimal RBF networks
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given an error bound. The network generated is the small-
@st network that performs the mapping for the error bound.
"The advantage of the transform approach over conventional
optimization based techniques is demonstrated using two 1-
Aimensional functions as well as the multidimensional prob-
lem of 3-dimensional object recognition and pose estimation.
"The networks generated by the transform approach outper-
formed the other networks. The difference in performance
vvas often dramatic.

The use of optimal RBF networks is not limited to high-
level vision processes like recognition. This type of network
can be used for edge detection, a low-level vision process.
The network can be taught edges of varying angles and
sharpness and then find them in an image. For any vision
problem that can be forinulated from variational and regu-
larization principles, the optimal RBF network should offer
an efficient solution. A few problems that can be stated in
tlhese terms are shape from shading, both area based and
contour based optical flow, and spatiotemporal approxima-
tion. Therefore, the ideas presented in this paper have far
reaching implications.

7 Appendix A

The filter formulae, v (k) and w (k), that were used in
section 3.2 to calculate the wavelet coefficients, dj i, are

given below. These formulae were calculated by Unser, Al-
droubi, and Eden [15] [14].

o BI(f)

v (k) — 1L g 1

o —27 Bl7(f+l)
& (k) — LeT?UI(F4 b)) i l2)

1
Bl(z) = Soi0 2416+ 1191[z+ 2714+ 120022 +27% + 2% +279)

US(z) = %(z2 +4z4 644271+ 2%

The above filters are iterated across each dimension to
yeild, dj k-
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