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Abstract

The applicationof kernel-basedearning algo-

rithms has,sofar, largely beencon ned to real-

valueddataand a few specialdatatypes, such
as strings. In this paperwe proposea general
methodof constructingnaturalfamilies of ker-

nelsover discretestructureshasedn the matrix

exponentiationidea. In particular we focuson

generatingkernelson graphs for which we pro-

poseaspecialclassof exponentiakernels based
ontheheatequationgalleddiffusionkernelsand
shawv thatthesecanberegardedasthediscretisa-
tion of thefamiliar Gaussiarkernelof Euclidean
space.

1. Intr oduction

Kernel-basedalgorithms, such as Gaussianprocesses
(Mackay 1997),supportvectormachinegBurges,1998),
andkernelPCA (Mika etal., 1998),areenjoying greatpop-
ularity in the statisticallearningcommunity Thecommon
ideabehindthesemethodsis to expressour prior beliefs
aboutthe correlations,or more generally the similarities,
betweerpairsof pointsin dataspace in termsof akernel

function , andtherebyto implicitly con-
structa mapping to aHilbert space ,in
whichthekernelappearsastheinnerproduct,

1)

(Scholkopf & Smola,2001).With respecto abasisof ,

eachdatapointthensplits into (a possiblyin nite number
of) independenfieaturesa propertywhich canbeexploited
to greateffect.

Graph-like structuresoccurin datain mary guisesandin
orderto apply machinelearningtechniquesto suchdis-
cretedatait is desirablgo useakernelto capturethelong-
rangerelationshipsetweendatapointsinducedby the lo-
cal structureof the graph. One obvious exampleof such
datais a graphof documentsrelatedto one anotherby
links, suchasthe hyperlink structureof the World Wide
Weh Otherexampledncludesocialnetworks,citationsbe-
tweenscienti c articles,andnetworksin linguistics(Albert
& Baralasi,2001).

Graphsare also sometimeaisedto modelcomplicatedor
only partially understoodstructuresin a rst approxima-
tion. In chemistryor molecularbiology, for example, it
might be anticipatedhat moleculeswith similar chemical
structureswill have broadly similar properties.While for
two arbitrarymoleculesit might be very dif cult to quan-
tify exactly how similar they are, it is not so dif cult to
proposerulesfor whentwo moleculescan be considered
“neighbors;, for example whenthey only differin thepres-
enceor absenceof a single functional group, movement
of a bondto a neigbouringatom, etc. Representinguch
relationshipsby edgesgivesrise to a graph, eachvertex
correspondindo one of our original objects. Finally, ad-
jaceny graphsaresometimesisedwhendatais expected
to be con ned to a manifold of lower dimensionalitythan
theoriginal spacqSaul& Roweis,2001;Belkin & Niyogi,
2001) and (Szummer& Jaaklola, 2002). In all of these
casesthe challenges to capturein thekernel thelocal
andglobalstructureof thegraph.

In additionto adequatelyexpressinghe known or hypoth-
esizedstructureof thedataspacethefunction mustsat-
isfy two mathematicatequirementso beableto seneasa
kernel: it mustbe symmetric( ) and
positive semi-de nite. Constructingappropriatepositive
de nite kernelsis not a simple task, andthis haslargely
beenthereasorwhy, with afew exceptionskernelmethods
have mostly beencon ned to Euclideanspaces ,
where several families of provably positve semi-de nite
andeasilyinterpretablekernelsareknown. Whendealing
with intrinsically discretedataspacesthe usualapproach
hasbeeneitherto map the datato Euclideanspace rst
(asis commonlydonein text classi cation, treatingin-
teger word countsas real numbers(Joachims,1998)) or,
whenno suchsimplemappingis forthcoming,to forgo us-
ing kernelmethodsaltogether A notableexceptionto this
is the line of work stemmingfrom the corvolution kernel
ideaintroducedin (Haussler 1999) and relatedbut inde-
pendentlyconcevedideason string kernels rst presented
in (Watkins,1999).Despitethe promiseof theseideas rel-
atively little work hasbeendoneon discretekernelssince
thepublicationof thesearticles.

In this paperwe useideasfrom spectralgraphtheoryto
proposeanaturalclassof kernelsongraphswhichwerefer
to asdiffusionkernels We startout by presentinga more
generalclassof kernels,called exponentialkernels appli-



cableto awide variety of discreteobjects.In Section3 we
presentheideasbehinddiffusionkernelsandtheinterpre-
tation of thesekernelson graphs. In Section4 we showv
how diffusion kernelscan be computedfor somespecial
familiesof graphs,andthesetechniquesarefurtherdevel-
opedin Section5. Experimentausingdiffusionkernelsfor
classi cationof categyoricaldataarepresentedh Section6,
andwe concludeandsummarizeour resultsin Section?.

2. Exponential kernels

In this sectionwe shav how the exponentiationoperation
onmatricenaturallyyieldsthecrucialpositive-de nite cri-

terion of kernels,anddescribehow to build kernelson the
directproductof graphs.

Recallthatin the discretecase positive semi-de niteness
amountgo

)

for all setsof real coefcients , andin the continuous

case,

for all squarantegrablerealfunctions ; thelat-
teris sometimeseferredto asMercer's condition.

In thediscretecasefor nite
representetdy an

, thekernelcanbeuniquely
matrix (which we shalldenote
by the sameletter ) with rows and columnsindexed by
the elementsof , andrelatedto the kernel by

. Sincethis matrix, calledthe Grammatrix, and
thefunction areessentiallyequivalent(in
particular the matrix inherits the propertiesof symmetry
andpositive semi-de niteness)ye canreferto oneor the
otherasthe "k ernel” without risk of confusion.

Theexponentialof asquarematrix  is de ned as

— 3)
wherethelimit alwaysexistsandis equialentto

- - (4)

It is well known thatarny evenpower of a symmetricma-
trix is positive semi-de nite, and that the set of positive
semi-de nitematricesis completewith respecto limits of
sequencesndertheFrobeniusnorm. Taking  to besym-
metricandreplacing by  shows that the exponential
of any symmetricmatrix is symmetricand positive semi-
de nite, henceit is a candidatdor akernel.

Corversely it is easyto shav thatary in nitely divisible
kernel canbeexpressedn the exponentiaform (3). In-
nite divisibility meanghat canbewrittenasan -fold

convolution

for ary (Haussler 1999). Suchkernelsform con-
tinuousfamilies , indexed by a real pa-
rameter , andarerelatedto in nitely divisible probabil-
ity distributions, which are the limits of sumsof inde-
pendentrandomvariables(Feller, 1971). The tautology
becomesas goestoin nity,

whichis equivalentto (3) for —

The above alreadysuggestdooking for kernelsover nite
setsin theform

®)

guaranteeingpositive de niteness without seriously re-
stricting our choiceof kernel. Furthermoredifferentiating

with respecto andexaminingtheresultingdifferen-
tial equation

— (6)
with theaccompaping initial conditions , lends
itself natuallyto theinterpretatiorthat is theproduct

of a continuousprocessexpressedy |, graduallytrans-
formingit from theidentity matrix ( ) to akernelwith
strongerand strongeroff-diagonaleffectsas increases.
We shall seein the examplesbelow that by virtue of this
relationshipchoosing to expresshelocal structureof
will resultin the global structureof  naturallyemeging
in . We call an exponentialfamily of kernels,with
generator andbandwidthparameter .

Notethatthe exponentialkernelconstructions not related
totheresultdescribedn (Berg etal., 1984;Haussler1999)
and (Schlkopf & Smola, 2001), basedon Schoenbeay's
pioneeringwork in thelate 1930'sin thetheoryof positive
de nite functions(Schoenbeg, 1938). This work showvs
thatary positve semi-de nite  canbewritten as

()

where is a conditionally positive semi-de nite kernel,
thatis, it satis es(2) underthe additionalconstraintthat
1

Whereas(b) involves matrix exponentiationvia (3), for-
mula (7) prescribeghe more straight-forward componen-
twise exponentiation. On the other hand, conditionally

lnsteadof using the term “conditionally positive de nite,”
this type of objectis sometimegeferredto by sayingthat
is “negative de nite.” Confusingly a negative de nite kernelis
thennot the sameasthe negative of a positive de nite kernel,so
we shallavoid usingthis terminology



positive de nite matricesaresomeavhatelusive mathemat-
ical objects,andit is not clearwhere Schoenbeg's beau-
tiful resultwill nd applicationin statisticallearningthe-
ory. The advantageof our relatively brute-forceapproach
to constructingpositive de nite objectsis thatit only re-
quiresthatthegenerator be symmetric(moregenerally
self-adjoint)and guaranteeshe positive semi-de niteness
of theresultingkernel

Thereis a canonicalway of building exponentialkernels
overdirect productsof setswhichwill proveinvaluablein
whatfollows. Let beafamily of kernelsoverthe

set  with generator , andlet be afamily of
kernelsover  with generator . To constructanexpo-
nentialkernelsover the pairs , with and

, it is naturalto usethe generator

where if and otherwise.In otherwords,

we take the generatoover the productset

to be ,where and arethe
and dimensionaldiagonalkernels,respectiely.

Plugginginto (6) shavsthatthe correspondingrernelswill
be givensimply by

thatis,
ary exponentiakernel on
overlength sequences

by

. In particular we canlift
toanexponentiakernel

(8)
or, usingthetensorproductnotation,

3. Diffusion kernelson graphs

An undirectedunweightedgraph is de ned by a vertex

set andanedgeset , the latter beingthe setof un-
orderedpairs , Where wheneer the
vertices and arejoinedby anedge(denoted ).

Equation (6) suggestsusing an exponentialkernel with
generator
for
for 9)
otherwise

where is thedegreeof vertex (numberof edgesema-
natingfrom vertex ).

The negative of this matrix (sometimesup to normaliza-
tion) is calledtheLaplacianof , andit playsacentralrole
in spectralgraphtheory(Chung,1997). It is instructive to
notethatfor ary vector ,

shaving that s, in fact, negative semi-de nite. Act-
ing on functions by

, canalsobe regardedas an operator
In fact, it is easyto shav that on a squaregrid in -
dimensionalEuclideanspacewith grid spacing ,
is just the nite differenceapproximationto the familiar
continuoud_aplacian

andthatin the limit this approximationbecomes
exact. In analogywith classicalphysics,whereequations
of theform

are usedto describethe diffusion of heatand other sub-
stanceshroughcontinuousnedia,our equation

— (10)

with  asde nedin (9) is calledthe heatequationon ,
andthe resultingkernelsare called diffusion or heatker-
nels.

3.1 A stochasticand a physical model

Thereis a naturalclassof stochastigorocesse®n graphs
whosecovariancestructureyields diffusion kernels. Con-
sidertherandom eld obtainedby attachingindependent,
zeromeanyariance randomvariables toeachver
tex . Now let eachof theserandomvariables‘send”
afraction of their valueto eachof their respectie
neighborsat discretetime steps ; thatis, let

Introducingthetime evolution operator

canbewrittenas
(11)
Thecovarianceof therandomeld attime is

Cov

which simpli es to

Cov

(12)



by independencat time zero, . Note

that(  holdsregardlessof the particulardistribution of
the , aslongastheirmeanis zeroandtheirvariance
is

Now we candecreas¢hetime stepfrom  to
ing by and by in (11)2, giving

by replac-

which, in the limit , is exactly of the form (3).
In particular the covariancebecomesghe diffusion kernel
Cov . Sincekernelsarein somesensenoth-
ing but “generalized”covarianced(in fact, in the caseof
GaussiarProcesseghey are the covariance)this example
supportghe contentionthat diffusionkernelsarea natural
choiceon graphs.

Closelyrelatedto the above is an electricalmodel. Differ-
entiating(11) with respecto yieldsthedifferentialequa-
tions

Theseequationsare the sameas thosedescribingthe re-
laxation of a network of capacitorsof unit capacitance,
where one plate of eachcapacitoris grounded,and the
otherplatesareconnectedccordingo thegraphstructure,
eachedgecorrespondingo aconnectiorof resistance

The thenmeasurehe potentialateachcapacitorat
time . In particular is the potential
at capacitor , time afterhaving initialized the systemby
dechaging every capacitoy exceptfor capacitor , which
startsout at unit potential.

3.2 The continuouslimit

As aspecialcase|t is instructive to againconsiderthein-
nitely ne squaregrid on . Introducingthe similarity
function , theheatequation(10) gives

Sincethe Laplacianis a local operatorin the sensethat

is only affectedby the behaior of in the neigh-
borhoodof , aslong as is continuousin , the
above canberewrittenassimply

It is easyto verify that the solutionof this equationwith

Dirac spikeinitial conditions is justthe
Gaussian
2Notethat is hereusedto denotein nitesimals andnot the

Laplacian.

shawing thatsimilarity to any givenpoint , asexpressed
by thekernel really doeshehare assomesubstanceliffus-
ing in spaceandalsothatthe familiar Gaussiarkernelon

is justadiffusionkernelwith . In this sensedif-
fusionkernelscanberegardedasageneralizatiorof Gaus-
siankernelsto graphs.

3.3 Relationshipto random walks

It is well known that diffusion is closely relatedto ran-
domwalks. A randomwalk on an unweightedgraph
is a stochastiqrocesgyeneratingsequences
where in sucha way that

if andzerootherwise.

A lazyrandomwalk on  with parameter
is verysimilar, exceptthatwhenatvertex , theproceswill
take eachof the edgesemanatingrom with x edproba-

bility , i.e. for , and
will remainin placewith probability . Consider
ing the distribution in the limit with

and leadsexactly to (3) shaving
thatdiffusionkernelsarethe continuougime limit of lazy
randomwalks.

This analogyalsoshaws that canberegardedasa
sumoverpathsfrom to , namelythesumof theprobabili-
tiesthatthelazy walk takeseachpath.For graphsn which
every vertex is of the samedegree , mappingeach
vertex to every pathstartingat weightedby the square
root of the probability of alazy randomwalk startingat
takingthatpath,

where
is the setof all pathson
kernelin the space

, givesa representatiorf the
of linear combinationsof paths

of theform
for loops,i.e.,
- " otherwise
where™ is thereverseof . In the

basisof loops andlinearcombinations



for all pairs  — of non-loopsthis doesgive a diagonal
representationf , but notarepresentatiopatisfying(1),
because¢herearealternating 'sand 'sonthediago-
nal.

3.4 Diffusion on weightedgraphs

Finally, we remarkthatdiffusion kernelsarenot restricted
to simpleunweightedgraphs.For multigraphsor weighted
symmetricgraphs,all we needto do is to set

to be the total weight of all edgesbetween and and
reweight the diagonaltermsaccordingly The restof the
analysiscarriesthroughasbefore.

4. Somespecialgraphs

In general,computingexponentialkernelsinvolvesdiago-
nalizingthegenerator

whichis alwayspossiblebecause is symmetricandthen
computing

whichis easybecause  will bediagonalwith

. The diagonalizatiorprocessis computation-
ally expensve, however, and the kernel matrix must be
storedin memoryduring the whole time the learningal-
gorithmoperatesHencethereis interestin thefew special
casedor whichthekernelmatrix canbecomputediirectly.

4.1 -regulartrees

An innite -regular tree is an undirected,unweighted
graphwith no cycles, in which every vertex hasexactly

neighbors. Note that this differs from the notion of a
rooted -arytreein thatno specialnodeis designatedhe
root. Any vertex canfunction asthe root of the tree, but
thattoo musthave exactly neighbors.Hencea 3-regular
treelooksmuchlike arootedbinarytree,exceptthatat the
rootit splitsinto threebranchesandnottwo.

Sincein this graphevery vertex is createdoerfectlyequal,
canonly dependon the relative po-

sitionsof and , namelythe length of the unique path
betweerthem, . ChungandYau(1999)shaw that

R (13)
for ,and

R (14)

for thediagonalelements.

4.2 Completegraphs

In theunweighteccompletegraphwith  vertices ary pair
of verticesis joinedby anedge hence
It is easyto verify thatthe correspondingolutionto (10) is

for
(15)

for

shawing that with increasing , the kernelrelaxes expo-
nentially to . The asymptoticallyexponen-
tial characterf this solution, andthe corvergenceto the
uniform kernelfor nite , aredirectconsequencesf the
factthat is alinearoperator andwe shall seethis type
of behavior recurin otherexamples.

4.3 Closedchains

When is asingleclosedchainof length will
clearlyonly dependon thedistance alongthe chain
between and . Labelingtheverticesconsecutrely from

to , the similarity function at a particular vertex
(without loss of generality vertex zero) canbe expressed
in termsof its discreteFouriertransform

Theheatequationmplies

which aftersometrigonometrytranslatesnto

shawing thatthe Fourier coefcients decayindependently
of oneanother UsingtheinverseFouriertransform the so-
lution correspondingdo theinitial condition

at will be

where , andthekernelitself will be



4.4 The hypercubeand tensor productsof complete
graphs

Kernelson the specialgraphsconsiderechbove cansene
as building blocks for tensorproductkernels,asin (8).
For example, it is naturalto identify binary strings
of length  with thevertices
of the -dimensionahypercube.Con-
structinga diffusionkernelon the hypercubeegardedasa
graphamountsto assertinghat two sequencesare neigh-
borsif they only differ in asingledigit. From(15) and(8),
thediffusionkernelon the hypercubewill be

whichonly depend®ntheHammingdistance be-
tween and , andis extremelyeasyto compute.Simi-
larly, the diffusionkernelon stringsover analphabet of

size  will be
where is the numberof characteplacesat which
and differ.

5. Conjugacy, the method of imagesand
string kernels

Conjugatingthe Gram matrix by a not necessarilysquare
matrix

yieldsanew positive semi-de nitekernel
of theform

One applicationof this is in creatingvirtual datapoints.
We have notedaborethatthedistinctionbetween -regular
treesandin nite -ary rootedtreesis thatarbitrarily
designatinga vertex in the formerastheroot, we nd that
it hasanextrabranchemanatingrom it (Figurel). Taking
for simplicity , the analyticalformulae(13) and(14)
arehencenotdirectly applicableto binaryrootedtrees be-
causdf we simplytry to ignorethis branchby notmapping
ary datapointsto it, in thelanguageof the electricalanal-
ogy of Section3.1, we nd thatsomecurrentwill “seep
away” throughit.

The crucial obsenationis that the graphpossessesiirror
symmetryaboutthe edgeconnectingthis errantbranchto
therestof the graph. Mappingeachvertex of the binary

Figurel. Thethree-rgulartree (left), which extendsto in nity

in all directions.A little bendingof the brancheshaws thatit is
isomorphicto two rootedbinary treesjoined at the root (right).
Themethodof imagesenablesisto computethe diffusionkernel
betweerverticesof the binary tree by mappingeachto a pair of

vertices and onthethree-rgulartreeandsumming
thecontributionsfrom , , and
(16).

tree to the analogousvertex on one side of this planeof
symmetry in the -regulartreeand its mirror im-
age ontheothersidesolvestheproblem because,
by symmetry in the electricalanalogy the o w of current
acrossthe critical edgeconnectingthe two halves of the
graphwill bezero.This constructioncalledthe methodof
imagesgcorrespond$o atransformatiormatrix of theform

andyieldsin analyticalform thediffusionkernelfor in nite
binarytrees

(16)

where designateshe rootand measureslistanceson
thebinarytree.

Another applicationof conjugateddiffusion kernelsis in

theconstructiorof stringkernelssensitveto matchingnon-
contiguoussubstrings.The usualapproacho thisis to in-

troduce'blank” characters intothestrings and tobe
comparedso thatthe charactersf the commonsubstring
arealigned..

Usingthetensorproductof completegraphsapproachde-

velopedabove, it is easyto add an extra characterto the

alphabet torepresent . We canthenmap and toa
generalizedypercube of dimensionality

by mappingeachstring to the verticescorrespondingo

all its posssibleextensionsby 's. Let us representan

alignmentbetween and by the vector of matches

where



and let be the set of all alignments
between and . Assumingthatall virtual stringsare
weightedequally theresultingkernelwill be

(17)

for somecombinatoriafactor and

In the specialcasethat , the combinatorialfactor
becomesonstanfor all pairsof stringsand(17) becomes
computabléoy dynamicprogrammingoy therecursion

where
if
otherwise.

For the derivation of recursve formulee suchasthis, and
comparisorto othermeasuresf similarity betweerstrings,
see(Durbinetal., 1998).

6. Experiments on UCI datasets

In this sectionwe describepreliminary experimentswith
diffusion kernels, focusing on the use of kernel-based
methodsfor classifyingcateyorical data. For suchprob-
lems, it is often quite unnaturalto encodethe dataasvec-
torsin Euclidearspaceo allow theuseof standardernels.
However as our experimentsshav, even simple diffusion
kernelson the hypercubeasdescribedn Section4.4, can
resultin goodperformancdor suchdata.

For easeof experimentationwe usea large mamin classi-
er basednthevotedperceptronasdescribedn (Freund
& Schapire,1999)3 In eachsetof experimentswe com-
paremodelstrainedusinga diffusionkernel,the Euclidean
distanceandakernelbasedn the Hammingdistance.

Data setshaving a majority of cateyorical variableswere
chosen;ary continuousfeatureswvereignored. The diffu-
sionkernelsusedaregivenby the naturalextensionof the
hypercubeernelsgivenin Section4.4,namely

where is the numberof valuesin the alphabebf the
-th attribute.

Tablel shovs sampleresultsof experimentscarriedout on
ve UCI datasetshaving amajority of categoricalfeatures.

3SVMs weretrainedon someof the datasetsandthe results
werecomparabléo whatwe reportherefor the votedperceptron.

In eachexperiment,a votedperceptrorwastrained,using
10roundsfor eachkernel.Resultsarereportedor theset-
ting of thediffusioncoefcient achieving the bestcross-
validatederrorrate. Sincethe Euclideankernelperformed
poorly in all cases.the resultsfor this classi er are not
shavn. The resultsare averagedacrosss0 randomsplits
of thetraining andtestdata. In additionto the errorrates,
alsoshawn is the averagenumberof supportvectors(or

perceptronspsed. In generalwe seethatthe bestclassi-
ers alsohave thesparsestepresentationThereductionin

error ratevaries,but the simple diffusion kernelgenerally
performswell.
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Figure2. Theaverageerrorrate(left) andnumberof supportvec-
tors (right) as a function of the diffusion coefcient  on the

dataset. The horizontalline is the baselineperfor
manceusingthe Hammingkernel.

The performanceverarangeof valuesof onthe

datasetis shavn in Figure2. We notethatthisis a
very easydatasetfor a symboliclearningalgorithm,since
it canbe learnedto an accurag of about99.50%with a
few simplelogical rules. However, standarckernelsper
form poorly on this dataset,andthe Hammingkernelhas
anaccuray of only 96.64%. The simplediffusion kernel
bringstheaccurag upto 99.23%.

7.Conclusions

We have presentedh naturalapproacho constructingker
nels on graphsand relateddiscreteobjectsby using the
analogueon graphsof the heatequationon Riemannian
manifolds. The resultingkernelsare easily shavn to sat-
isfy the crucial positive semi-de nitenesscriterion, and
they come with intuitive interpretationsn termsof ran-
domwalks,electricalcircuits,andotheraspect®f spectral
graphtheory We shoved how the explicit calculationof
diffusionkernelsis possiblefor speci ¢ familiesof graphs,
andhow the kernelscorrespondo standardsaussiarker-
nelsin a continuoudimit. Preliminaryexperimentson cat-
egorical data,wherestandardkernel methodswere previ-
ously not applicable jndicatethat diffusionkernelscanbe
effectively usedwith standardnamin-basectlassi cation
schemesWhile thetensomroductconstructiorallows one
to incrementallybuild up morepowerful kernelsfrom sim-
ple componentsexplicit formulaswill bedif cult to come
by in general.Yetthe useof diffusionkernelsmaystill be
practicalwhenthe underlyinggraphstructureis sparseby
usingstandardsparsematrix techniques.



HammingDistance DiffusionKernel Improvement
DataSet | #Attr | | error | error | error
9 10 7.64% 387.0| 3.64% 62.9 0.30 62% 83%
13 2 17.98% 750.0| 17.66% 3149 1.50 2% 58%
11 42 19.19% 1149.5| 18.50% 1033.4 0.40 4% 8%
22 10 3.36% 96.3 0.75% 28.2 0.10 7% 70%
16 2 469% 286.0| 3.91% 2529 2.00 17% 12%

Tablel.Resultson ve UCI datasets.For eachdataset,only the cateyoricalfeaturesareused.The columnmarked
datasethashinaryattributes.Resultsarereportedfor the settingof the

themaximumnumberof valuesfor anattribute;thusthe
diffusioncoefcient achieving thebesterrorrate.

It is oftensaidthatthekey to thesuccessf kernel-basedl-

gorithmsis theimplicit mappingfrom adataspaceo some,
usuallymuchhigherdimensionalfeaturespacewhich bet-
ter captureghe structureinherentin the data. The motiva-
tion behindthe approachto building kernelspresentedn

this paperis therealizationthatthe kernelis a generarep-
resentatiorof this inherentstructure,independentf how

we representndividual datapoints. Hence,by construct-
ing akerneldirectly onwhatever objectthedatapointsnat-
urally lie on (e.g. agraph),we canavoid the arduouspro-

cessof forcing the datathroughary Euclideanspacealto-

gether In effect, the kerneltrick is a methodfor unfolding
structuredn Hilbert space.It canbe usedto unfold non-
trivial correlationstructuresbetweenpointsin Euclidean
spacebut it is equally valuablefor unfolding othertypes
of structureswhich intrinsically have nothingto do with

linearspacestall.
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