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Abstract

The applicationof kernel-basedlearning algo-
rithmshas,so far, largely beencon�ned to real-
valueddataand a few specialdatatypes,such
as strings. In this paperwe proposea general
methodof constructingnatural families of ker-
nelsoverdiscretestructures,basedon thematrix
exponentiationidea. In particular, we focuson
generatingkernelson graphs,for which we pro-
poseaspecialclassof exponentialkernels,based
ontheheatequation,calleddiffusionkernels,and
show thatthesecanberegardedasthediscretisa-
tion of thefamiliarGaussiankernelof Euclidean
space.

1. Intr oduction

Kernel-basedalgorithms, such as Gaussianprocesses
(Mackay, 1997),supportvectormachines(Burges,1998),
andkernelPCA(Mika etal.,1998),areenjoyinggreatpop-
ularity in thestatisticallearningcommunity. Thecommon
idea behindthesemethodsis to expressour prior beliefs
aboutthe correlations,or moregenerally, the similarities,
betweenpairsof pointsin dataspace

�

in termsof akernel
function ���

������� 	�


, andtherebyto implicitly con-
structa mapping ���

�
� 	����

to a Hilbert space
���

, in
which thekernelappearsastheinnerproduct,

��������������� �!�"�#���$�%�"���&�!��' (1)

(Scḧolkopf& Smola,2001).With respectto abasisof
�

�

,
eachdatapointthensplits into (a possiblyin�nite number
of) independentfeatures,apropertywhichcanbeexploited
to greateffect.

Graph-like structuresoccurin datain many guises,andin
order to apply machinelearning techniquesto suchdis-
cretedatait is desirableto useakernelto capturethelong-
rangerelationshipsbetweendatapointsinducedby the lo-
cal structureof the graph. Oneobvious exampleof such
data is a graph of documentsrelatedto one anotherby
links, suchas the hyperlink structureof the World Wide
Web. Otherexamplesincludesocialnetworks,citationsbe-
tweenscienti�c articles,andnetworksin linguistics(Albert
& Barab́asi,2001).

Graphsarealsosometimesusedto modelcomplicatedor
only partially understoodstructuresin a �rst approxima-
tion. In chemistryor molecularbiology, for example, it
might beanticipatedthatmoleculeswith similar chemical
structureswill have broadlysimilar properties.While for
two arbitrarymoleculesit might bevery dif�cult to quan-
tify exactly how similar they are, it is not so dif�cult to
proposerules for when two moleculescanbe considered
“neighbors,” for example,whenthey onlydiffer in thepres-
enceor absenceof a single functional group, movement
of a bondto a neigbouringatom,etc. Representingsuch
relationshipsby edgesgives rise to a graph,eachvertex
correspondingto oneof our original objects. Finally, ad-
jacency graphsaresometimesusedwhendatais expected
to becon�ned to a manifoldof lower dimensionalitythan
theoriginalspace(Saul& Roweis,2001;Belkin & Niyogi,
2001) and (Szummer& Jaakkola, 2002). In all of these
cases,thechallengeis to capturein thekernel � the local
andglobalstructureof thegraph.

In additionto adequatelyexpressingtheknown or hypoth-
esizedstructureof thedataspace,thefunction � mustsat-
isfy two mathematicalrequirementsto beableto serveasa
kernel: it mustbe symmetric( �(�������

�

�)�*���#�

�

���+� ) and
positive semi-de�nite. Constructingappropriatepositive
de�nite kernelsis not a simple task, and this haslargely
beenthereasonwhy, with afew exceptions,kernelmethods
have mostlybeencon�ned to Euclideanspaces�

�

�


�,

� ,
whereseveral families of provably positive semi-de�nite
andeasilyinterpretablekernelsareknown. Whendealing
with intrinsically discretedataspaces,the usualapproach
hasbeeneither to map the data to Euclideanspace�rst
(as is commonly done in text classi�cation, treating in-
teger word countsas real numbers(Joachims,1998)) or,
whennosuchsimplemappingis forthcoming,to forgous-
ing kernelmethodsaltogether. A notableexceptionto this
is the line of work stemmingfrom the convolution kernel
idea introducedin (Haussler, 1999)and relatedbut inde-
pendentlyconceivedideason stringkernels�rst presented
in (Watkins,1999).Despitethepromiseof theseideas,rel-
atively little work hasbeendoneon discretekernelssince
thepublicationof thesearticles.

In this paperwe useideasfrom spectralgraphtheory to
proposeanaturalclassof kernelsongraphs,whichwerefer
to asdiffusionkernels. We startout by presentinga more
generalclassof kernels,calledexponentialkernels, appli-



cableto a wide varietyof discreteobjects.In Section3 we
presenttheideasbehinddiffusionkernelsandtheinterpre-
tation of thesekernelson graphs. In Section4 we show
how diffusion kernelscan be computedfor somespecial
familiesof graphs,andthesetechniquesarefurtherdevel-
opedin Section5. Experimentsusingdiffusionkernelsfor
classi�cationof categoricaldataarepresentedin Section6,
andweconcludeandsummarizeour resultsin Section7.

2. Exponential kernels

In this sectionwe show how theexponentiationoperation
onmatricesnaturallyyieldsthecrucialpositive-de�nitecri-
terionof kernels,anddescribehow to build kernelson the
directproductof graphs.

Recall that in the discretecase,positive semi-de�niteness
amountsto -
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for all setsof realcoef�cients :
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for all squareintegrablereal functions
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� ; thelat-
ter is sometimesreferredto asMercer'scondition.

In thediscretecase,for �nite
�

, thekernelcanbeuniquely
representedby an I

�

I

�

I

�

I matrix (which we shalldenote
by the sameletter � ) with rows andcolumnsindexedby
the elementsof

�

, and relatedto the kernel by �

.J.
2

�

�(�������

�

� . Sincethis matrix, calledthe Grammatrix, and
thefunction �K�

�L�M�N� 	O


areessentiallyequivalent(in
particular, the matrix inherits the propertiesof symmetry
andpositive semi-de�niteness),we canrefer to oneor the
otherasthe“kernel”without risk of confusion.

Theexponentialof asquarematrix P is de�ned as
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It is well known that any even power of a symmetricma-
trix is positive semi-de�nite, and that the set of positive
semi-de�nitematricesis completewith respectto limits of
sequencesundertheFrobeniusnorm.Taking P to besym-
metric andreplacing e by

i

e shows that the exponential
of any symmetricmatrix is symmetricandpositive semi-
de�nite, henceit is a candidatefor a kernel.

Conversely, it is easyto show that any in�nitely divisible
kernel � canbeexpressedin theexponentialform (3). In-
�nite divisibility meansthat � canbewritten asan e -fold

convolution
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(Haussler, 1999). Suchkernelsform con-
tinuousfamilies :y���

d
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R

; , indexedby a real pa-
rameter

d

, andarerelatedto in�nitely divisible probabil-
ity distributions, which are the limits of sumsof inde-
pendentrandomvariables(Feller, 1971). The tautology
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Theabove alreadysuggestslooking for kernelsover �nite
setsin theform

�r�

Q RAT

� (5)

guaranteeingpositive de�niteness without seriously re-
strictingour choiceof kernel.Furthermore,differentiating

�‡†0� with respectto
d

andexaminingtheresultingdifferen-
tial equation
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R
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with theaccompanying initial conditions���#9U�‰��g , lends
itself natuallyto theinterpretationthat ���

d

� is theproduct
of a continuousprocess,expressedby P , graduallytrans-
forming it from theidentity matrix ( �(�#9A� ) to a kernelwith
strongerand strongeroff-diagonaleffectsas

d

increases.
We shall seein the examplesbelow that by virtue of this
relationship,choosingP to expressthelocalstructureof

�

will result in the global structureof
�

naturallyemerging
in � . We call �!†A� an exponentialfamily of kernels,with
generatorP andbandwidthparameter

d

.

Notethattheexponentialkernelconstructionis not related
to theresultdescribedin (Berg etal.,1984;Haussler, 1999)
and (Scḧolkopf & Smola,2001), basedon Schoenberg's
pioneeringwork in thelate1930's in thetheoryof positive
de�nite functions(Schoenberg, 1938). This work shows
thatany positivesemi-de�nite � canbewrittenas

���������
�

���

Q‹Š�Œ

.Ž• .

2••

(7)

where ‘ is a conditionallypositive semi-de�nite kernel;
that is, it satis�es (2) underthe additionalconstraintthat
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Whereas(5) involves matrix exponentiationvia (3), for-
mula (7) prescribesthe morestraight-forwardcomponen-
twise exponentiation. On the other hand, conditionally

1Insteadof using the term “conditionally positive de�nite,”
this type of object is sometimesreferredto by sayingthat ”c•

is “negative de�nite.” Confusingly, a negative de�nite kernel is
thennot thesameasthenegative of a positive de�nite kernel,so
we shallavoid usingthis terminology.



positive de�nite matricesaresomewhatelusive mathemat-
ical objects,andit is not clearwhereSchoenberg's beau-
tiful resultwill �nd applicationin statisticallearningthe-
ory. The advantageof our relatively brute-forceapproach
to constructingpositive de�nite objectsis that it only re-
quiresthat thegeneratorP besymmetric(moregenerally,
self-adjoint)andguaranteesthe positive semi-de�niteness
of theresultingkernel � .

Thereis a canonicalway of building exponentialkernels
overdirectproductsof sets,whichwill prove invaluablein
whatfollows. Let :y�

s

�

d

�

; bea family of kernelsover the
set

�

s

with generatorP

s

, andlet :J�
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nential kernelsover the pairs ���
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Plugginginto (6) showsthatthecorrespondingkernelswill
begivensimplyby
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or, usingthetensorproductnotation,�
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3. Diffusion kernelson graphs

An undirected,unweightedgraph © is de�ned by a vertex
set ª and an edgeset « , the latter being the set of un-
orderedpairs :3¬
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G

; , where :J¬

s

��¬

G

;

C

ª whenever the
vertices¬

s

and ¬

G

arejoinedby anedge(denoted¬

sm­

¬

G

).
Equation (6) suggestsusing an exponentialkernel with
generator
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where ?

“

is thedegreeof vertex ´ (numberof edgesema-
natingfrom vertex ´ ).

The negative of this matrix (sometimesup to normaliza-
tion) is calledtheLaplacianof © , andit playsacentralrole
in spectralgraphtheory(Chung,1997). It is instructive to
notethatfor any vector ·
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showing that P is, in fact, negative semi-de�nite. Act-
ing on functions :
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In fact, it is easyto show that on a squaregrid in À -
dimensionalEuclideanspacewith grid spacingÁ , PÃÂŽÁ
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continuousLaplacianÄ
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9 this approximationbecomes
exact. In analogywith classicalphysics,whereequations
of theform
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are usedto describethe diffusion of heatand other sub-
stancesthroughcontinuousmedia,our equation
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with P asde�ned in (9) is calledthe heatequationon © ,
and the resultingkernelsarecalleddiffusion or heatker-
nels.

3.1 A stochasticand a physicalmodel

Thereis a naturalclassof stochasticprocesseson graphs
whosecovariancestructureyields diffusionkernels.Con-
siderthe random�eld obtainedby attachingindependent,
zeromean,varianceÊ

G

randomvariablesË

“

�#9U� to eachver-
tex ´
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ª . Now let eachof theserandomvariables“send”
a fraction ÌqÍ
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of their valueto eachof their respective
neighborsat discretetimesteps
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9 , is exactly of the form (3).
In particular, the covariancebecomesthe diffusionkernel
Cov �
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T . Sincekernelsarein somesensenoth-
ing but “generalized”covariances(in fact, in the caseof
GaussianProcesses,they are thecovariance),this example
supportsthecontentionthatdiffusionkernelsarea natural
choiceongraphs.

Closelyrelatedto theabove is anelectricalmodel.Differ-
entiating(11) with respectto

Ç

yieldsthedifferentialequa-
tions
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Theseequationsare the sameas thosedescribingthe re-
laxation of a network of capacitorsof unit capacitance,
where one plate of eachcapacitoris grounded,and the
otherplatesareconnectedaccordingto thegraphstructure,
eachedgecorrespondingto aconnectionof resistance

a

Â‹Ì .
The :‹Ë
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PF� is thepotential
at capacitoŕ , time
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afterhaving initialized thesystemby
decharging every capacitor, except for capacitor

µ

, which
startsoutat unit potential.

3.2 The continuouslimit

As a specialcase,it is instructive to againconsiderthe in-
�nitely �ne squaregrid on
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It is easyto verify that the solutionof this equationwith
Diracspike initial conditionsë
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Laplacian.

ë

.

�#�&�|���

a

í îAï

d

Q0ð

¸

.

ð

.

2

¸

—

u

Œòñ>R

•

�

showing thatsimilarity to any givenpoint �
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by thekernel,reallydoesbehaveassomesubstancediffus-
ing in space,andalsothat the familiar Gaussiankernelon
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. In this sense,dif-
fusionkernelscanberegardedasageneralizationof Gaus-
siankernelsto graphs.

3.3 Relationship to random walks

It is well known that diffusion is closely relatedto ran-
dom walks. A randomwalk on an unweightedgraph ©
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thatdiffusionkernelsarethecontinuoustime limit of lazy
randomwalks.
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every vertex is of the samedegree ?

“

�q? , mappingeach
vertex ´ to every pathstartingat ´ weightedby thesquare
root of theprobabilityof a lazy randomwalk startingat ´
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is the setof all pathson © , givesa representationof the
kernel in the space�)�
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� of linear combinationsof paths
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; of non-loops,this doesgive a diagonal
representationof � , but nota representationsatisfying(1),
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3.4 Diffusion on weightedgraphs

Finally, we remarkthatdiffusionkernelsarenot restricted
to simpleunweightedgraphs.For multigraphsor weighted
symmetricgraphs,all we needto do is to set P

“Ô®

�‰´
� �

µto be the total weight of all edgesbetweeń and
µ

and
reweight the diagonaltermsaccordingly. The restof the
analysiscarriesthroughasbefore.

4. Somespecialgraphs

In general,computingexponentialkernelsinvolvesdiago-
nalizingthegenerator
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� . The diagonalizationprocessis computation-
ally expensive, however, and the kernel matrix must be
storedin memoryduring the whole time the learningal-
gorithmoperates.Hencethereis interestin thefew special
casesfor whichthekernelmatrixcanbecomputeddirectly.

4.1 ë -regular tr ees

An in�nite ë -regular tree is an undirected,unweighted
graphwith no cycles, in which every vertex hasexactly

ë neighbors. Note that this differs from the notion of a
rooted e -ary treein thatno specialnodeis designatedthe
root. Any vertex canfunction as the root of the tree,but
that too musthave exactly ë neighbors.Hencea 3-regular
treelooksmuchlike a rootedbinarytree,exceptthatat the
root it splits into threebranchesandnot two.

Sincein this graphevery vertex is createdperfectlyequal,
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PF� canonly dependon the relative po-
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4.2 Completegraphs

In theunweightedcompletegraphwith e vertices,any pair
of verticesis joinedby anedge,henceP
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�(��´%�

µ

���

±̄

±

±

²

±

±

±³

acb

�

e

¶

a

�

Q

ð

\

R

e

for ´§�

µ

a

¶

Q

ð

\

R

e

for ´/� �

µ

�

(15)

showing that with increasing
d

, the kernel relaxesexpo-
nentially to ���#´%�

µ
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a
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e . The asymptoticallyexponen-
tial characterof this solution,and the convergenceto the
uniform kernelfor �nite

�

, aredirectconsequencesof the
fact that P is a linear operator, andwe shall seethis type
of behavior recurin otherexamples.

4.3 Closedchains

When © is a singleclosedchainof length e , �(��´%�
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clearlyonly dependon thedistance?&�#´™�
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� alongthechain
betweeń and
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. Labelingtheverticesconsecutively from
9 to e
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, the similarity function at a particular vertex
(without lossof generality, vertex zero)canbe expressed
in termsof its discreteFouriertransform
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showing that the Fourier coef�cients decayindependently
of oneanother. UsingtheinverseFouriertransform,theso-
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4.4 The hypercubeand tensorproductsof complete
graphs

Kernelson the specialgraphsconsideredabove canserve
as building blocks for tensorproduct kernels,as in (8).
For example, it is natural to identify binary strings ¤*�
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� of the À -dimensionalhypercube.Con-
structinga diffusionkernelon thehypercuberegardedasa
graphamountsto assertingthat two sequencesareneigh-
borsif they only differ in a singledigit. From(15) and(8),
thediffusionkernelon thehypercubewill be
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, andis extremelyeasyto compute.Simi-
larly, thediffusionkernelon stringsover analphabetE of
size I E�I will be
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¤ and ¤
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differ.

5. Conjugacy, the methodof imagesand
string kernels

Conjugatingthe Grammatrix by a not necessarilysquare
matrix
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One applicationof this is in creatingvirtual datapoints.
Wehavenotedabovethatthedistinctionbetweenë -regular
treesandin�nite �‡ë

¶

a

� -ary rootedtreesis thatarbitrarily
designatinga vertex in theformerastheroot, we �nd that
it hasanextrabranchemanatingfrom it (Figure1). Taking
for simplicity ëÚ�

l

, the analyticalformulæ(13) and(14)
arehencenotdirectlyapplicableto binaryrootedtrees,be-
causeif wesimplytry to ignorethisbranchby notmapping
any datapointsto it, in thelanguageof theelectricalanal-
ogy of Section3.1, we �nd that somecurrentwill “seep
away” throughit.

The crucial observation is that thegraphpossessesmirror
symmetryaboutthe edgeconnectingthis errantbranchto
therestof thegraph.Mappingeachvertex ´ of thebinary

p

p'

q

q'

Figure1. The three-regular tree(left), which extendsto in�nity
in all directions.A little bendingof thebranchesshows that it is
isomorphicto two rootedbinary treesjoined at the root (right).
Themethodof imagesenablesusto computethediffusionkernel
betweenverticesof thebinary treeby mappingeachto a pair of
vertices JLK
MAK�N)O and JAPQM�P.NRO on thethree-regulartreeandsumming
thecontributionsfrom STJLK
MUPVO , STJLK
M�P N O , STJLK N MWPVO and STJLK N M�P N O

(16).

tree to the analogousvertex on one side of this planeof
symmetryö¥�

ü

�#´à� in the
l
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�#´ß� ontheothersidesolvestheproblem,because,
by symmetry, in theelectricalanalogy, the �o w of current
acrossthe critical edgeconnectingthe two halvesof the
graphwill bezero.Thisconstruction,calledthemethodof
images,correspondsto atransformationmatrixof theform
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binarytrees
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where _ designatesthe root and ? measuresdistanceson
thebinarytree.

Another applicationof conjugateddiffusion kernelsis in
theconstructionof stringkernelssensitiveto matchingnon-
contiguoussubstrings.Theusualapproachto this is to in-
troduce“blank” charactersb into thestrings¤ and ¤

�

to be
compared,so that thecharactersof thecommonsubstring
arealigned..

Usingthetensorproductof completegraphsapproachde-
velopedabove, it is easyto addan extra characterto the
alphabetE to representb . We canthenmap ¤ and ¤

�

to a
generalizedhypercubeE
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of dimensionalitye

7�I ¤¡I

b
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by mappingeachstring to the verticescorrespondingto
all its posssibleextensionsby b 's. Let us representan
alignment between ¤ and ¤
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. Assumingthat all virtual stringsare
weightedequally, theresultingkernelwill be
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, the combinatorialfactor
becomesconstantfor all pairsof stringsand(17) becomes
computableby dynamicprogrammingby therecursion
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For the derivation of recursive formulæsuchas this, and
comparisonto othermeasuresof similaritybetweenstrings,
see(Durbinet al., 1998).

6. Experimentson UCI datasets

In this sectionwe describepreliminaryexperimentswith
diffusion kernels, focusing on the use of kernel-based
methodsfor classifyingcategorical data. For suchprob-
lems,it is oftenquiteunnaturalto encodethedataasvec-
torsin Euclideanspaceto allow theuseof standardkernels.
However asour experimentsshow, even simplediffusion
kernelson thehypercube,asdescribedin Section4.4, can
resultin goodperformancefor suchdata.

For easeof experimentationwe usea large margin classi-
�er basedon thevotedperceptron,asdescribedin (Freund
& Schapire,1999).3 In eachsetof experimentswe com-
paremodelstrainedusingadiffusionkernel,theEuclidean
distance,anda kernelbasedon theHammingdistance.

Datasetshaving a majority of categorical variableswere
chosen;any continuousfeatureswereignored. The diffu-
sionkernelsusedaregivenby thenaturalextensionof the
hypercubekernelsgivenin Section4.4,namely
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where I E

“

I is the numberof valuesin the alphabetof the
´ -th attribute.

Table1 showssampleresultsof experimentscarriedouton
� veUCI datasetshaving amajorityof categoricalfeatures.

3SVMs weretrainedon someof thedatasetsandthe results
werecomparableto whatwereportherefor thevotedperceptron.

In eachexperiment,a votedperceptronwastrained,using
10rounds,for eachkernel.Resultsarereportedfor theset-
ting of thediffusioncoef�cient

d

achieving thebestcross-
validatederror rate.SincetheEuclideankernelperformed
poorly in all cases,the resultsfor this classi�er are not
shown. The resultsareaveragedacross50 randomsplits
of thetrainingandtestdata. In additionto theerror rates,
also shown is the averagenumberof supportvectors(or
perceptrons)used. In general,we seethat the bestclassi-
�ers alsohavethesparsestrepresentation.Thereductionin
error ratevaries,but thesimplediffusionkernelgenerally
performswell.
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Figure2. Theaverageerrorrate(left) andnumberof supportvec-
tors (right) as a function of the diffusion coef�cient z on the

{'|
}•~*€'•'•k‚

dataset. The horizontalline is the baselineperfor-
manceusingtheHammingkernel.

Theperformanceovera rangeof valuesof
d

on the
{'|2}!~„ƒ

€�•'•V‚

datasetis shown in Figure2. We notethat this is a
very easydatasetfor a symboliclearningalgorithm,since
it canbe learnedto an accuracy of about99.50%with a
few simple logical rules. However, standardkernelsper-
form poorly on this dataset,andtheHammingkernelhas
an accuracy of only 96.64%. The simplediffusionkernel
bringstheaccuracy up to 99.23%.

7. Conclusions

We have presenteda naturalapproachto constructingker-
nels on graphsand relateddiscreteobjectsby using the
analogueon graphsof the heatequationon Riemannian
manifolds. The resultingkernelsareeasilyshown to sat-
isfy the crucial positive semi-de�nitenesscriterion, and
they come with intuitive interpretationsin termsof ran-
domwalks,electricalcircuits,andotheraspectsof spectral
graphtheory. We showed how the explicit calculationof
diffusionkernelsis possiblefor speci�c familiesof graphs,
andhow thekernelscorrespondto standardGaussianker-
nelsin a continuouslimit. Preliminaryexperimentsoncat-
egorical data,wherestandardkernelmethodswereprevi-
ouslynot applicable,indicatethatdiffusionkernelscanbe
effectively usedwith standardmargin-basedclassi�cation
schemes.While thetensorproductconstructionallowsone
to incrementallybuild upmorepowerful kernelsfrom sim-
ple components,explicit formulaswill bedif�cult to come
by in general.Yet theuseof diffusionkernelsmaystill be
practicalwhentheunderlyinggraphstructureis sparseby
usingstandardsparsematrix techniques.



HammingDistance DiffusionKernel Improvement

DataSet #Attr Z)ù‹éÚI E�I error I …�ª�I error I …Òª�I

d

Ä

error

Ä

I …�ª•I

†�€�‡�ˆD}!‰tŠ�ˆk‹„Œ�‡B€

9 10 7.64% 387.0 3.64% 62.9 0.30 62% 83%
•*‡QŽ*ˆB‰„•V‰2•�}

13 2 17.98% 750.0 17.66% 314.9 1.50 2% 58%
•!‹„ŒB•k‚D‡

11 42 19.19% 1149.5 18.50% 1033.4 0.40 4% 8%
{'|
}•~*€'•'•k‚

22 10 3.36% 96.3 0.75% 28.2 0.10 77% 70%
‘D•B‰�‡D}

16 2 4.69% 286.0 3.91% 252.9 2.00 17% 12%

Table1. Resultson � ve UCI datasets.For eachdataset,only thecategorical featuresareused.Thecolumnmarked ’”“.•#– —˜– indicates
themaximumnumberof valuesfor anattribute;thusthe

‘*•B‰*‡*}

datasethasbinaryattributes.Resultsarereportedfor thesettingof the
diffusioncoef�cient z achieving thebesterrorrate.

It is oftensaidthatthekey to thesuccessof kernel-basedal-
gorithmsis theimplicit mappingfrom adataspaceto some,
usuallymuchhigherdimensional,featurespacewhichbet-
ter capturesthestructureinherentin thedata.Themotiva-
tion behindthe approachto building kernelspresentedin
this paperis therealizationthatthekernelis a generalrep-
resentationof this inherentstructure,independentof how
we representindividual datapoints. Hence,by construct-
ing akerneldirectlyonwhateverobjectthedatapointsnat-
urally lie on (e.g. a graph),we canavoid thearduouspro-
cessof forcing thedatathroughany Euclideanspacealto-
gether. In effect, thekerneltrick is a methodfor unfolding
structuresin Hilbert space.It canbe usedto unfold non-
trivial correlationstructuresbetweenpoints in Euclidean
space,but it is equallyvaluablefor unfolding othertypes
of structureswhich intrinsically have nothing to do with
linearspacesat all.
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Mika, S.,Scḧolkopf,B., Smola,A., Müller, K., Scholz,M.,
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