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Abstract. We introduce a new class of kernels between distributions.

These induce a kernel on the input space between data points by as-
sociating to each datum a generative model 't to the data point indi-
vidually . The kernel is then computed by integrating the product of the
two generative models corresponding to two data points. This kernel per-
mits discriminativ e estimation via, for instance, support vector machines,
while exploiting the properties, assumptions, and invariancesinherent in
the choice of generative model. It satis es Mercer's condition and can be
computed in closedform for alarge classof models, including exponertial
family models, mixtures, hidden Mark ov models and Bayesian networks.
For other models the kernel can be approximated by sampling methods.
Experiments are shown for multinomial modelsin text classi cation and
for hidden Mark ov models for protein sequenceclassi cation.

1 Intro duction

A variety of e®ortsin madhine learning have explored the fusion of discrimina-
tive and generative estimation to exploit their complemenary advantages.Some
approacesusediscriminativ e learning algorithms and paradigms for generative
models. For instance,a generative model may be estimated conditionally [5,3,21]
or discriminativ ely [11,23] to improve its performance for classi cation. Other
approacesexplore the use of generative models within standard discriminativ e
classi ers sud as support vector machines (SVMs). These generative models
help induce appropriate feature space mappings or kernels. For example, the
Fisher kernel method forms a generative model of the aggregateddata set to
compute a kernel on the resulting statistical manifold [10]. Alternativ ely, infor-
mation di®usiongiveskernelsby solving heat equationson a statistical manifold
over a given generative model's parameter space[16]. Nevertheless,kernels are
frequertly engineeredindependertly of generative modeling to obtain desired
properties [20,9]. For instance, string kernels and sequetial data kernels [18,
17,6,7,26,25] do not speci cally addressthe generative hidden Markov model
(HMM) literature. Howewer, there may potentially be much to gain by building
upon generative modeling, HMM-v ariants and statistical tools to facilitate the
kernel design process.

In this paper, we proposeanother point of contact betweengenerative models
and kernels. We describe a general classof kernelsthat are computed by esti-
mating a generative probability model for ead given datum (or multiple data
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points) in the input spacevia maximum likelihood or another criterion. The
kernel's output value for a pair of data points is then obtained by integrating
the product of their corresponding probability models taken to a power. This
measureof atnit y is a generalizedform of the Bhattacharyya similarity mea-
sure. The kernel readily accommalates many popular distributions allowing us
to considera variety of input spaces(sequencesdiscrete structures, etc.) while
inheriting properties and invariancesof the probabilistic modeling. For instance,
the kernel appliesto exponertial family distributions, mixtures and HMMs.

Previous e®ortsinvolved generative modeling with statistical manifolds us-
ing the Kullback-Leibler (KL) divergenceto set up atnit y measuresbetween
probabilistic models [10,16]. The KL-div ergenceis asymmetric and typically is
approximated by a local metric (i.e. in the neighborhood of a single maximum
likelihood estimate for the whole data set) to generate,for instance, the Fisher
kernel [10]. One disadvantage of such a local approximation is that exponertial
family distributions only generatelinear Fisher kernels (see Section 3). Recert
work in information di®usionkernels[16] proposesan alternativ e way of dealing
with the statistical manifold by partial di®ereriial methods and heat equations
as opposedto a local maximum likelihood estimate for the whole dataset. The
authors explicate the casesof the multinomial on the sphereand the Gaussian
variance on a hyperbolic spacewhich are both solvable and yield interesting
nonlinear kernels. Howewer, the latter work has yet to be extendedto the wide
classof exponertial family or mixture model distributions due to the dixcult y
in 'nding closedform solutions to the heat equation for arbitrary geometries.
In cortrast, the measurewe choose gives a symmetric kernel from the outset
which handlesa wide variety of generative modelsin closedform and can even
be computed via sampling methods for arbitrary distributions.

This paper is organized as follows. We rst presern the generalform of our
kernelasa product of two distributions ead induced from data and note certain
properties. We then showv how the kernel can be computed in closedform for
any distribution in the exponertial family, thereby covering a wide range of
classicalgenerative models. We derive the particular formulas for the Gaussian,
the Bernoulli and the multinomial distribution. We then discusshow to extend
the kernel to any mixture model as well as structured mixture models such as
HMMs. For generative models that are not straightforward, we shonv how we
can readily usesampling methods to compute the kernel. We then presen other
implications of the kernel in terms of the regularization and the reproducing
kernel Hilb ert space.Preliminary experimerts are shavn for the SCOP protein
sequenceadataset and the WebKB text dataset. We concludewith discussions.

2 A Kernel on Distributions

Given a positive (semi-) de nite kernel K :X £ X 7! R on the input spaceX, and
examples 1; 2;:::; m 2 X with Iabelsyl;yg;:::)fm 2 Y, kernel basedlearning
algorithms return hypothesesof the form ( )= ;&K ( ;; )+ b Instead of
dening a kernel directly betweenexamples ; °2 X, in this paper we de ne



a classof kernelsKy, : P £ P 7! R on the spaceof normalized probability
distributions over some probability space- . Speci cally, we de ne the general
Probabilit y Pro duct Kernel betweendistributions p and p°as

Z
Kdpip) = p(x)"*p%x)*dx: 1)
Examples can be of the form of a single data point = fx2 - g or a set
of data points = fXxg;X2;:::;Xn : X; 2 - g. We assumethat for eah

there is an underlying distribution generating data points, and that is a set
of independenr, identically distributed set of samplesfrom that distribution. We
then induce a kernel between and © by forming estimates p and p° of their
underlying distributions and computing the probability product kernel between

these estimates: .

Kl 5 9= Klp;p?) = _ p(x)“p%x)*dx:

Forany p1;pz;::i;pn2P and ®;;®;;:::;®, 2 R,
VAR
chY — iP W& .
®Q Ko pi;pi) = i ®pi(x)” "dx, 0; (2)
i

henceK is trivially positive de nite on P. This implies that for any determin-
istic estimation procedure©: 7! p, K is positive de nite on X and hencea
suitable kernel for usein learning algorithms in its own right. Additionally , K is
invariant (symmetric) with respectto permutations of the individual data points
comprising and ° In the following, we shall omit the bar sign over the induced
kernel and may omit the subscript ¥2when that doesnot risk causingconfusion.

The spaceof distributions P can trivially be embeddedin the Hilb ert space
of functions L1(- ), and the estimation mapping ©: X 7! P can be regarded
as the feature map. By appropriate choice of © and ¥; a powerful family of
kernels can be constructed, combining the advantages of parametric and non-
parametric statistical methods. Essertially, the Probability Product Kernel acts
asameasureof the degreeof similarity or a+nit y * betweenthe two distributions.

For %= 1=2, Z

P_—p___
K(; 9= p(x)  pAx) dx )

which we shall call the Bhattac haryy a Kernel , becausen the statistics litera-
ture it is known as Bhattacharyya's measureof atnit y betweendistributions [4,
1], related to the better known Hellinger's distance

Z 3

P p__
H(p;p?) = % P00 P dx

! The proposed kernels (probabilit y product, Bhattacharyya and expected likeli-

hood) are not the only possible measures of similarity between distributions.

more customary mgasure is the Kullback-Leibler divergence D (p:kpz) =

S pa(X)logpi(x) dx i pi(x)logpz2(x) dx yet it not positive de nite, not sym-
metric, and often not as straightforw ard to use as a kernel.



by H = P 2j 2K . Note that the Hellinger distance can be seenas a principled
symmetric approximation of the Kullback Leibler (KL) divergenceand in fact is
a bound on KL asshawn in [24] where relationships betweenmany information
theoretic divergencesare characterized. Unlik e somedivergencesHellinger nat-
urally implies a symmetric (Bhattac haryya) a+nit y. Kernels of this form were
introducedin [15] and have the special property K ( ; 9 = 1. For %= 1, we note
another interesting con guration wherethe kernel behavesasthe expectation of
one distribution under the other:

4
K(:5 9= p(x)px) dx = Ep[pAx)] = Epelp(x)]; (4)

which we shall refer to as the Exp ected Lik eliho od Kernel . This kernel is
particularly easyto evaluate by sampling methods, as we discussin Section 6.

2.1 Frequentist and Bayesian metho ds of estimation

Various strategies may be usedto estimate p(x) from the sample . Given a
parametric family fp(xju)g,, the simplest approad is to choose p(x) = p(xj{))
corresponding to the maximum likelihood estimator ﬁ: argmaxlogp( ju), but
other point estimators can plugged into ﬁ The Bayesianapproad postulates a
prior p(4) on the parametersand invokes Bayes'rule

- g PP
P )= R T p dn

One could use the Maximum a Posteriori estimate p(Xj{ivap ), where fiyap =
argmaxp(yj ), or the true posterior

Z
p(xj )= p(XjW p(W ) du (5)

In practice, the samples ; are often very small, or consist of just a single da-
tum, and in this casethe Bayesianapproad may provide regularization to avoid
over- tting. Both MAP and maximum likelihood estimators can be seenas ap-
proximations to the full posterior. Another type of regularization to consideris a
form of shrinkagewhich draws estimatesfrom all training points closertogether:

. X )
p=argmax logp( ji)+,  log( ijy) :
i

In the following we shall investigate particular estimation methods for which the
kernel can be computed in closedform.



[Family | A(X) | K (1) |Parameter]|

Gaussian (mean) [ :X "X i 2log(2¥) ZHT u2 RP
Gaussian (variance) i %Iog(Z% i %DIog(u) U2 R.
Multinomial log(i (" + 1)) i log(®)| log(1+ L exp(ua))| p2RP
Exponertial 0 i log(i W M2 R,
Gamma i exp(X)ji X logi (W) M2 R+
Poisson log(X!) exp(p) M2 R

Table 1. Denition of A and K in natural form for some exponertial families.

3 Exponential families

A family of distributions is said to form an exponertial family [2] if it can be
written in the form

P(XjH) = exp(A(X) + W T(x) | K(W)

where the measureis denoted A, the cumulant generating function is denoted
K, the so-calledsuzxcient statistics are computed via T and the p is the natural
parameter of the distribution. Often, T (x) is just Xx.

Many familiar distributions, sud as the Normal, Bernoulli, Multinomial,
Poissonand Gamma distributions can be written in this form (Table 1). Note
that A and K are related through the Laplace transform

Z

K(W = log exp(A(x) + p'T (x)) dx

since p(xju) is normalized. Furthermore, it is straightforward to show that K
is convex. The maximum likelihood estimate for y under this distribution is
given by equating the gradient (which we will denote as G(l)) of the cumulant
generating function to the (empirical) expected value of the su+cient statistic:

G = —(z— =

@@ _ 11X
Q n

T (xi)

i=1

For exponertial families, the Bhattacharyya kernel (¥2= 1=2) is:
z

K(; 9=K@p) = pxiw =2p(xjpd)*=2dx
i ¢ ¢
=exp K 2p+ 310§ KW i 3K

We can expand the above in terms of the actual data and © by using (for
instance) their corresponding maximum likelihood settings for p and p°

It is interesting to note that the above kernel is in general nonlinear for e-
family models(and possiblyin nite dimensionalin feature space)and we expect
the choice of generative distribution to greatly in°uence the resulting kernel



formula we obtain (the Fisher kernelfor e-family modelswhich is typically linear?
in T (x) unlike our kernel). For particular families, more explicit formulae also
exist for general’z In the following, we examine someof these cases.

3.1 Gaussian models

The D dimensional Gaussiandistribution p(x)» N (*; §) is of the form

. i ¢
p(x) = (2491 P=2j§ j' 2 exp'i 3(xi 1)T8T (xj 1)

where § is a positive de nite matrix and j § j denotesits determinant. For a
pair of Gaussiansp» N (3; §) and p®» N (* % § 9, completing the squarein the
exponert givesthe generalprobability product kernel:

z
Kyp;p) = o p(X)%pO(X)V’dX

K ;9

(21/9(1i 214D =2 _§y ]§ ]. 152 J§O' ) .
Bsgi a2 golio, Ly
exp i 5 §'11i§ § 1+§1y gy1y

i . C !
where§Y = '168 11580 11 T and 1Y = 168 11 + 1580 11 0 If the covarianceis
isotropic and xed: § = %1, this simpli'es to:

_ AR — H 1T1+10T10 (101-1)T(1Ol.1)ﬂ
Kodp;p%) = 2072 (2va%) i 24P=2 exp (14 1) o7l T ;

which, for ¥= 1 (the expectedlikelihood kernel) simply givesthe following Gaus-
sian (whosevariance is e®ectively double the original § = ¥£1):

Kk 101 |2-432
WBtlng the above explicitly lg terms of the maximum likelihood setting! = X =

L, xpand0=x%= X~ T xO yields the traditional radial basisfunction
(RBF) kernel:

P ¢
K(; 9= v &P ik Xi xK2=(4%%)
Similarly for ¥= 1=2 (the Bhattacharyya kernel), we also obtain the RBF kernel.
2 Recall the Fisher kernel computed at the dataset's maximum likelihood estimate
W has the following form: K( ; 9 = U Ilﬂulu owhereU =r ,logP( jWju= is the

general formula. For the exponertial family, this reducesto U = T( )i G(U") which
is linear in T( ).



3.2 Bernoulli and Naiv e Bayes Mo dels

The Bernoulli distribution p(x) = °*(1j °) X with parameter°® 2 [0; 1], and its
D dimensional variant, sometimesreferred to as Naive Bayes,

Y N
pX) = (L )
d=1

with ° 2 [0;1]°, are usedto model binary x 2 f0; 1g or multidimensional binary
x2f0;1g° obsenations, respectively. The Bhattacharyya kernel betweena pair
of such distributions

X P
Kl i 9= Klpip) = Ca° D@ i ca)i g
x2f 0;1gP d=1

factorizestrivially (for any setting of %} as:

v
Kp:pd = [(Ca°D”*+ (Li °a)Li °1T:
d=1

3.3 Multinomial Mo dels

integer cournts summing to X, we can usethe multinomial model

X!
p(x) = X1!Xo! i Xp ! ® @GR
P
with parameter vector ® = (®;;®,;:::;®y) subject to 5:1 ®y = 1. The maxi-
mum likelihood estimate given obsenations x : x®@ ;:::;x(M is
@5 = PP
(i)
1 ae1 Xd
For the case¥= 1=2, xing X, the Bhattacharyya kernelK ( ; 9 = K (p;p9
for counts can be computed explicitly using the multinomial theorem, giving:

. #
b4
(@@ =2 = (@€&f)™2  (6)

d=1 d=1

X! A%

K(p;po): X1!Xo!iiiXp!

may sum over all its possiblevalues

" #x A I
R » 1=2 " » 1=2 .
K (p;p?) = (@@ = 1i (&))"

X=0 d=1 d=1



or weight eat power di®erertly (i.e. a power seriesexpansion). For the general
caseof ¥%6 1=2, a general formula for discrete multinomial ewverts is available
(if ¥8 1=2 there is no general closedform formula for counts exceptfor X = 1
where, as opposedto courts, we really have single mutually exclusive everts).
This discrete events scenarioif arguably more relevant and yields the form:

NS
Kp:p) = (@y&f)*

d=1

4 Mixture Mo dels

For extensionsto a mixture model setting, it is clear that the Bhattacharyya
kernel with %= 1=2 becomeslessattractiv e than the expected likelihood kernel
sincethe squareroot of a mixture probability is unwieldly®. However, with %= 1,
we can easily evaluate any mixture model via the subkernel evaluations over the
cross-praluctpof all the hidden states asdollows. Consider the caseof mixture
modelsp = p(m)p(xjm) and p° =~ pqn)pdxjn) (with slight abuse of
notation). Here, the “rst mixture is over M con gurations while the secondis
over N con gurations. The expected likelihood kernel trivially reducesto a sum
of M £ N elemeriary expected likelihood subkernelsK; ( ; 9 for each setting
of the hidden variables:
X X z X
K(; 9= p(m)pn)  p(xjm)pXxjn) dx = p(m)pAn)Kmn ( ; 9:

m n m;n

A generalizationof the above is pogsiblefor 2= 2;3;::: provided that the higher
order kernel K (p1;p2;:::;P2 =  pr(X)p2(X) ::: pasdX) dx is easyto compute.
The above mixture models can be readily applied to our previous solutions for
the Gaussian,the multinomial (if we have a single evert, i.e. X = 1 as opposed
to counts) and the Bernoulli sincethesewere computed explicitly for ¥= 1. No
such solution is readily available for %= 1=2, and general mixture models of
other exponertial family forms needto be derived speci cally for %2= 1. One
heuristic is to simply impute the %= 1=2 value for the subkernel exponertial
family evaluations while maintaining %= 1 for handling the mixture model.

5 Hidden Mark ov Mo dels and Bayesian Net works

Perhaps more interestingly, the above mixture modeling and latent variable
framework extends naturally to HMMs and general latent Bayesian networks
without consideringthe brute force crossproduct of their hidden variables. This
is done by taking advantage of conditional independenciesn the graphical mod-
els. We thus consider new forms of sequence-basedr network-based kernels.

3 Approximations may be possible for the setting ¥»= 1=2 via Jensen'sinequality.



Recall, for instance, the generalform of an HMM for a sequenceof obsenations

X '
p(X) = p(s1) p(x1js1)  P(Stist; 1) P(Xtjst) :

S=sy;ST t=2

The expected likelihood kernel is merely the co-emissionprobability of two dif-
feret HMMs [19,14]. We compute a kernel between two sequences and ©
by tting an HMM to each and summing (or integrating) the product over
all possibleinput sequencesX. Given an HMM p(Xju) with discrete states s;
of cardinality M and an HMM p(X ju® with discrete states u; of cardinality
N, a brute force evaluation would explore MT £ NT con gurations of their
joint hidden variables and compute a subkernel for ead. This is becauseboth

HMMs needto be marginalized over their hidden variablesS = (s3;:::;sr) and
U = (ug;:::;ur). However, due to the Markov structure, we neednot consider
all possiblecon gurations of eadt HMM as shovn below 4:
X 0
K(; 9= p(X) pAX)
X=(X155XT)
X X ¥ _ o X o
= p(stist; 1)P(Utjuy 1) P(Xtjst)P(X¢jur)
S U t=1 Xt
X X ¥

p(stist; 1)PAujue; 1)A(S )
S U t=1

The above indicates only subkernelsKs, .y, = P % p(X¢jst)pAx¢jur) needto be
computed for eat of the T x; variables independenly under ead setting of
their parent variabless; and u;. Thus,we evaluate T£ M £ N subkernels.These
e®ectiely form positive clique functions A(s;u;) = Kg, .y, over the common
parerts of eadh x; variable in the network. It is then straightforward to sum over
hidden states of the resulting graphical model via a junction tree algorithm (see
Figure 1). The two graphs are coupled via common children in X and cliques
over their joint parents emergeas we propagate message$13].
The above etcient approach extendsto general Bayesian networks. These
6’6 directed acyclic graphs whoseprobability distribution factorizesasP (X) =
i P(xij¥%) where % is the set of random variables that are parerts of the
variable x; in the graph. Someof the variables may be latent while others are
in the input or sample space.Ultimately, we only needto compute subkernels
over the con gurations of the common parerts for ead subvariable of X in our
network. Theseform positive clique functions that couple the common parerts:

Z
AW %) = Kywp = pxij%)pxijA)dx:

4 For brevity in the product over t we assumep(sijso) = p(s1) and p(uijuo) = p(u1).
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(&) HMM for p(X). (b) HMM for p(X). (c) Resulting graph.

Fig. 1. The resulting graphical model from two hidden Markov models as the kernel
couples common parents for eac node creating undirected edgesbetweenthem.

The two Bayesiannetworks neednot be the sameaslong as, when marginalized
over their hidden variables, they are distributions over the sample space X .
Computations grow tractably with the enlargedclique sizesof the joint parerts.
Furthermore, if the original networks do not have loops, the resulting fused
network from the expected likelihood kernel will not give rise to loopsitself.

6 Sampling Appro ximation

To accommalate the complete classof generative models (i.e. beyond mixture
modelsand other latent models) whenwe canno longer nd closedform formulas
for the probability product kernel for any setting of % the expected likelihood
kernel can be approximated by sampling methods. This hingeson our ability to
generatesamplesand evaluate their likelihood with a given generative model yet
these operations are often assumedto be readily available.

For ¥= 1 (the expected likelihood kernel) the approximation (c.f. eq. 4)

N K o (i )
K(: 9= Kip) % P+ p(x?)
Xi» p(x) Xio» pO(X)
i=1:::N i=1:::N©°
(where x1;%2;:::;xny and x9;x3;:::;x%0 are iid samplesfrom p and p° respec-

tively and ~ 2 [0; 1] is a parameter of our choosing) is guaranteed to convergeto
the true value of the kernel by the law of large numbers.

Often unusual distributions occur in the context of generative models. Hence,
at least for the expected likelihood kernel, when the analytic approach to calcu-
lating K ( ; 9 fails, we will often nd that we can easily and exciently generate
samplesand compute the kernel using this approximation. In the caseof in nite
samples,the above is an exact evaluation of the kernel. However, in practice we
canusea nite number of samplesyet still consistenly obtain a rapidly corverg-
ing, reliable numerical estimate for the kernel. Furthermore, in the caseswhere
sampling from the distribution is dixcult, we may useimportance sampling and
related methods to compute the kernel.



7 Repro ducing Kernel Hilb ert Spaces

The mapping © : X 7! P described in Section 2 is not the only Hilb ert spacerep-
resenation of K satisfying K ( ; 9 = ho( );©( 9i. The so-calledReproducing
Kernel Hilb ert Space(RKHS) represettation assaiateswith eadr the function
©rkrs () = f = K( ;9:Dening the inner product ashOrkns ( ); ©rkns ( 9i =
K( ; 9 lends the resulting Hilbert spaceH the special property that for any
f2H, W;f i=f(), in particular, HF ;f osi=f ( )=f o )=K(; 9:

Note that by construction of the kernel, H only cortains functions symmetric

above inner groduct can be related to the standard product between functions
by H;f% =" (Pf)( )(Pf9( )d for someregularization operator P : H 7! H
[8].
Kernel based learning algorithms generally return hypothesesof the form
()= Hmmo)i+b= h( )+ blyvhere h2 H and b2 R together minimize the
regularized risk Rreg(h;b) = 2° " L( i; (i) + 3 hh;hi; where( i), isthe
training data, ( )%, are the training labels and L is a loss function. Hence,
understanding P is the key to understanding the way our kernel implements
capacity cortrol, i.e. avoids over- tting.

For our kernel de ned by way of a kernel between distributions, if P is pa-
rameterized by u2 £, we can introduce an analogousRKHS construction with
respect to £ by setting f (1) = K (py; pe) and H ,; f i = K (py; pe) leading to
i ;fui = f(W. A family of distributions indexed by p2 RY is called a location
family if py(x) = pﬁ(xi u%+ ). An example of a location family is the family of
unit variance Normal distributions on RP . When our parametric model for com-
puting Bhattacharyya or expected likelihood kernelsis chosenfrom a location
family, the kernel will be translﬁtion invariant in the sensethat

K(puwpw) = Pu(X) ppo(x) dx = k(W5 );

where, for simplicity, we have set %= 1, although the generalization to other
valuesis obvious. We then have

k(Wi B = po(X) po(xi K>+ 1) dx

and by the corvolution theorem, the Fourier transform of k will be Q(! ) =
[Po(! )]2. On the other hand, by the RKHS property, fi(!) = €' H[po(! )%
Hence,we can recover our kernel in the form

z z

K (P Pro) = k(05 1) = , (PT() (PFLo)(#) d# = f('ﬂf/\u)(!)(ﬁ(\u")(!)d!

by setting P : (1 ) 7! (1 )=jpo(! )j:

The analogousresult for \ordinary" stationary kernelshasbeenwell known
for sometime [22]. The signi cance of the above is that it explains the regular-
ization propertiesimplied by K ( ; 9 in terms of the basedistribution po for our
choice of models P. For \smooth" distributions, jpo(! )j drops o®sharply with



increasingj! j. For instance, for the unit Normal distribution, Po(!) » e =2,

The above expressionfor the regularization operator implies that our learning

algorithm will correspondingly heavily penalizehigh frequency Fourier modesin
, favoring hypothesesthat appear\smooth" in the parameter spacef .

8 Text Exp erimen ts

In one experiment we attempted to classify HTML documerts for the freely
available WebKB dataset using only the text componert of ead web page and
discarding hyperlink information. Text was represetted via a bag-of-words de-
scription which only tracks the frequency of appearanceof words in ead docu-
ment without maintaining information on word orderings. The counts for eat
documert are computed and normalized to sum to unity which corresponds to
the maximum likelihood estimate of the documernt under a multinomial dis-
tribution over counts. This e®q§ti\ely gives the multinomial parameter vector
®= (®;®;:::;®) subject to o, ® = 1 for eah documert.

- - RBFs=1/4 - - RBFs=1/4
RBF s=1 RBF s=1
RBF s=4 RBF s=4

Li

Linear f near
— Bhattacharyya X=1 — Bhattacharyya X=1

Error Rate

0 1 2 3 4 5 3 4 5
Regularization log(C) Regularization log(C)

(a) Training Set Size= 77 (b) Training Set Size= 622

Fig. 2. SVM error rates (and standard deviation) for the Bhattac haryya kernel for
multinomial modelsaswell aserror rates for traditional kernelson the WebKB dataset.
Various levels of regularization are explored and various training set sizesare examined.
Results are shown for 20-fold cross-\alidation.

SVMs were used to discriminate between two categoriesin the WebKB
dataset: faculty web pagesand student web pagesWe comparethe Bhattacharyya
kernel for multinomials 6 (with the setting X = 1) againstthe (linear) dot prod-
uct kernel and the GaussianRBF kernel. The dataset cortains a total of 1641
student web pagesand 1124faculty web pages.The data for eat classis further
split into 4 universitiesand 1 miscellaneouscategory and we performedthe usual
training and testing split as described by [16,12] where testing is performed on
a held out university. We averagedthe results over 20-fold cross-walidation and
show the error rates for the various kernelsin Figure 2.



The "gure shows error rates for di®eren sizesof the training setranging over
77 and 622training points. Each gure plots the averageerror rate of ead kernel
as a function of the SVM regularization parameter C. In addition, we show the
standard deviation of the error rate for the Bhattacharyya kernel. Even though
we only useda singlearbitrary setting of X = 1 for the Bhattacharyya kernel, we
note that it performsbetter than the linear kernelaswell asthe RBF at multiple
settings of its ¥%parameter (wherewe attempted %= f 1=4; 1; 4g). Exploring other
settings of X (or summing over all settings of X as previously discussed)aswell
as exploring various settings of | to perform shrinkage-like regularization might
further improve our results. Nevertheless, in this preliminary application the
Bhattacharyya kernel is promising and the kernel provides a more appropriate
a+nit y measurefor court data which reduceserror (although similar squashing
functions on word frequencieshave already beenexplored in text retrieval).

9 Sequence Exp erimen ts

In another preliminary experiment, we computed the expected likelihood kernel
on HMMs for the SCOP protein sequencedataset [10,17,19]. These sequences
are variable length discrete emissionsfrom an alphabet of roughly 20 symbols.
For simplicity, we only considereda single sub-task in the SCOP experimerts,
namely distinguishing proteins into negative and positive classedor SCOP sub-
families 2.1.1.4 and 2.1. We followed the sametrain and test split suggested
for the SCOP 1.37 PDB-90 database experiments but reduced the size of the
training set and testing set to keep computations simple. Therefore, we only
used a total of 120 positive and 120 negative training examplesand evaluated
the resulting SVM on the appropriately held out 120 positive and 120 negative
testing examples. The HMMs were trained on ead sequencein the dataset.
Thus, we have a total of 480 distinct HMM parameters with a "xed topology
of 2 hidden states. Subsequetly, we computed the Gram matrix over the whole
dataset using the approac in Section5.
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Fig. 3. SVM error rates for the expected likelihood kernel for HMMs. In (a) error
under various levels of regularization is shown (dashed line is training error, solid is
test error). In (b) the corresponding Gram matrix is shown.



Figure 3 shows the error rate under varying levels of regularization for the
expected likelihood kernel. In addition, we show the Gram matrix which was
veri ed to be positive de nite by a singular value decomposition. One openissue
is the potential of the individual HMMs to overt under maximum likelihood
due to the shortnessof the sequencesand the large alphabet size for protein
sequencedthis is less problematic with, e.g. genesequenceswhich are longer
yet have smaller 4-elemen alphabets). Further experiments and comparisons
will be investigatedin future work.

10 Discussion

We have intro duced a new and simple kernel between probability distributions,
the Probability Product Kernel, which estiews some of the complexities that
kernels based on the Kullback-Leibler divergenceoften corntend with. In spe-
cial cases,our kernel reducesto Bhattacharyya's measureof similarity or the
expected likelihood kernel. Furthermore, as a kernel between distributions the
proposedcomputations are available in closedform for many common distribu-
tions and can be exciently approximated in other cases.

To usethe probability product kernel for learning from examples, we pro-
posedthe following generalprocedure.First, selecta classof parametric genera-
tive models suitable for the data at hand. Then for eat data point, estimate the
parametersof the generative model using an appropriate frequertist or Bayesian
procedure. Finally, for ead pair of datapoints, de ne the kernel betweenthem
asthe value of the probability product kernel betweenthe corresponding distri-
butions. The resulting kernel between datapoints can then be plugged into the
kernel basedlearning algorithm of choice (SVM, GaussianProcess,Kernel ICA,
etc.) for classi cation, regressionor data analysis.

The proposedkernel marries discriminativ e learning frameworks with °exible
generative modeling and can exploit advantagesof both parametric an nonpara-
metric approadces. We discussedthe form our kernel takesfor seweral members
of the exponertial family, mixture models, HMMs and Bayesian networks. For
the special caseof location families we also developed the regularization the-
ory corresponding to our new kernel and discussedthe link betweenthe form
of the distribution usedas generative model and the regularization operator on
parameter space.Experimernts on text data and sequencedata indicate that the
approad is feasibleand may be promising in practice.
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