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Abstract. We intro duce a new class of kernels between distributions.
These induce a kernel on the input space between data points by as-
sociating to each datum a generative model ¯t to the data point indi-
vidually . The kernel is then computed by integrating the product of the
two generative models corresponding to two data points. This kernel per-
mits discriminativ e estimation via, for instance, support vector machines,
while exploiting the properties, assumptions, and invariances inherent in
the choice of generative model. It satis¯es Mercer's condition and can be
computed in closedform for a large classof models, including exponential
family models, mixtures, hidden Mark ov models and Bayesian networks.
For other models the kernel can be approximated by sampling methods.
Experiments are shown for multinomial models in text classi¯cation and
for hidden Mark ov models for protein sequenceclassi¯cation.

1 In tro duction

A variety of e®ortsin machine learning have explored the fusion of discrimina-
tiv e and generative estimation to exploit their complementary advantages.Some
approachesusediscriminativ e learning algorithms and paradigms for generative
models.For instance,a generativemodel may beestimatedconditionally [5,3,21]
or discriminativ ely [11,23] to improve its performance for classi¯cation. Other
approachesexplore the useof generative models within standard discriminativ e
classi¯ers such as support vector machines (SVMs). These generative models
help induce appropriate feature spacemappings or kernels. For example, the
Fisher kernel method forms a generative model of the aggregateddata set to
compute a kernel on the resulting statistical manifold [10]. Alternativ ely, infor-
mation di®usiongiveskernelsby solving heat equationson a statistical manifold
over a given generative model's parameter space[16]. Nevertheless,kernels are
frequently engineeredindependently of generative modeling to obtain desired
properties [20,9]. For instance, string kernels and sequential data kernels [18,
17,6,7,26,25] do not speci¯cally addressthe generative hidden Markov model
(HMM) literature. However, there may potentially be much to gain by building
upon generative modeling, HMM-v ariants and statistical tools to facilitate the
kernel designprocess.

In this paper, we proposeanother point of contact betweengenerative models
and kernels. We describe a general classof kernels that are computed by esti-
mating a generative probabilit y model for each given datum (or multiple data
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points) in the input spacevia maximum likelihood or another criterion. The
kernel's output value for a pair of data points is then obtained by integrating
the product of their corresponding probabilit y models taken to a power. This
measureof a±nit y is a generalizedform of the Bhattacharyya similarit y mea-
sure. The kernel readily accommodates many popular distributions allowing us
to considera variety of input spaces(sequences,discrete structures, etc.) while
inheriting properties and invariancesof the probabilistic modeling. For instance,
the kernel applies to exponential family distributions, mixtures and HMMs.

Previous e®orts involved generative modeling with statistical manifolds us-
ing the Kullback-Leibler (KL) divergenceto set up a±nit y measuresbetween
probabilistic models [10,16]. The KL-div ergenceis asymmetric and typically is
approximated by a local metric (i.e. in the neighborhood of a single maximum
likelihood estimate for the whole data set) to generate,for instance, the Fisher
kernel [10]. One disadvantage of such a local approximation is that exponential
family distributions only generatelinear Fisher kernels (seeSection 3). Recent
work in information di®usionkernels[16] proposesan alternativ e way of dealing
with the statistical manifold by partial di®erential methods and heat equations
as opposedto a local maximum likelihood estimate for the whole dataset. The
authors explicate the casesof the multinomial on the sphereand the Gaussian
variance on a hyperbolic spacewhich are both solvable and yield interesting
nonlinear kernels.However, the latter work has yet to be extended to the wide
classof exponential family or mixture model distributions due to the di±cult y
in ¯nding closed form solutions to the heat equation for arbitrary geometries.
In contrast, the measurewe choose gives a symmetric kernel from the outset
which handlesa wide variety of generative models in closedform and can even
be computed via sampling methods for arbitrary distributions.

This paper is organized as follows. We ¯rst present the general form of our
kernel asa product of two distributions each induced from data and note certain
properties. We then show how the kernel can be computed in closed form for
any distribution in the exponential family, thereby covering a wide range of
classicalgenerative models. We derive the particular formulas for the Gaussian,
the Bernoulli and the multinomial distribution. We then discusshow to extend
the kernel to any mixture model as well as structured mixture models such as
HMMs. For generative models that are not straightforward, we show how we
can readily usesampling methods to compute the kernel. We then present other
implications of the kernel in terms of the regularization and the reproducing
kernel Hilb ert space.Preliminary experiments are shown for the SCOP protein
sequencedataset and the WebKB text dataset. We concludewith discussions.

2 A Kernel on Distributions

Given a positive (semi-) de¯nite kernel K :X £ X 7! R on the input spaceX , and
examples �

1; �

2; : : : ; �

m 2 X with labels y1; y2; : : : ym 2 Y, kernel basedlearning
algorithms return hypothesesof the form � ( � ) =

P
i ®i K ( �

i ; � ) + b. Instead of
de¯ning a kernel directly between examples � ; � 0 2 X , in this paper we de¯ne



a class of kernels K ½ : P £ P 7! R on the space of normalized probabilit y
distributions over someprobabilit y space­ . Speci¯cally, we de¯ne the general
Probabilit y Pro duct Kernel betweendistributions p and p0 as

K ½(p;p0) =
Z

­
p(x)½p0(x)½dx: (1)

Examples can be of the form of a single data point � = f x 2 ­ g or a set
of data points � = f x1; x2; : : : ; xn : x i 2 ­ g. We assumethat for each �

there is an underlying distribution generating data points, and that � is a set
of independent, identically distributed set of samplesfrom that distribution. We
then induce a kernel between � and �

0 by forming estimates p and p0 of their
underlying distributions and computing the probabilit y product kernel between
theseestimates:

K ½( � ; �

0) = K ½(p;p0) =
Z

­
p(x)½p0(x)½dx:

For any p1; p2; : : : ; pn 2 P and ®1; ®2; : : : ; ®n 2 R,
X

i

X

j

®i ®j K ½(pi ; pi ) =
Z

­

¡ P
i ®i pi (x)½

¢2
dx ¸ 0 ; (2)

henceK is trivially positive de¯nite on P. This implies that for any determin-
istic estimation procedure © : � 7! p, K is positive de¯nite on X and hence a
suitable kernel for usein learning algorithms in its own right. Additionally , K is
invariant (symmetric) with respect to permutations of the individual data points
comprising � and �

0. In the following, we shall omit the bar sign over the induced
kernel and may omit the subscript ½when that doesnot risk causingconfusion.

The spaceof distributions P can trivially be embeddedin the Hilb ert space
of functions L 1(­ ), and the estimation mapping © : X 7! P can be regarded
as the feature map. By appropriate choice of © and ½, a powerful family of
kernels can be constructed, combining the advantages of parametric and non-
parametric statistical methods. Essentially , the Probabilit y Product Kernel acts
asa measureof the degreeof similarit y or a±nit y 1 betweenthe two distributions.

For ½= 1=2,
K ( � ; �

0) =
Z p

p(x)
p

p0(x) dx (3)

which we shall call the Bhattac haryy a Kernel , becausein the statistics litera-
ture it is known asBhattacharyya's measureof a±nit y betweendistributions [4,
1], related to the better known Hellinger's distance

H (p;p0) =
1
2

Z ³ p
p(x) ¡

p
p0(x)

´ 2
dx

1 The proposed kernels (probabilit y product, Bhattac haryya and expected lik eli-
hood) are not the only possible measures of similarit y between distributions.
A more customary measure is the Kullbac k-Leibler divergence D (p1kp2) =R

­ p1(x) log p1(x) dx ¡
R

­ p1(x) log p2(x) dx yet it not positive de¯nite, not sym-
metric, and often not as straightforw ard to use as a kernel.



by H =
p

2¡ 2K . Note that the Hellinger distance can be seenas a principled
symmetric approximation of the Kullback Leibler (KL) divergenceand in fact is
a bound on KL as shown in [24] where relationships betweenmany information
theoretic divergencesare characterized. Unlike somedivergences,Hellinger nat-
urally implies a symmetric (Bhattacharyya) a±nit y. Kernels of this form were
intro ducedin [15] and have the special property K ( � ; �

0) = 1. For ½= 1, we note
another interesting con¯guration where the kernel behavesas the expectation of
one distribution under the other:

K ( � ; �

0) =
Z

p(x) p0(x) dx = Ep[p0(x)] = Ep0[p(x)]; (4)

which we shall refer to as the Exp ected Lik eliho od Kernel . This kernel is
particularly easyto evaluate by sampling methods, as we discussin Section 6.

2.1 Frequen tist and Bayesian metho ds of estimation

Various strategies may be used to estimate p(x) from the sample � . Given a
parametric family f p(xjµ)gµ, the simplest approach is to choose p(x) = p(xjµ̂)
corresponding to the maximum likelihood estimator µ̂ = argmax logp( � jµ), but
other point estimators can plugged into µ̂. The Bayesianapproach postulates a
prior p(µ) on the parametersand invokesBayes' rule

p(µj � ) =
p( � jµ) p(µ)R
p( � jµ) p(µ) dµ

:

One could use the Maximum a Posteriori estimate p(xjµ̂MAP ), where µ̂MAP =
argmaxp(µj � ), or the true posterior

p(xj � ) =
Z

p(xjµ) p(µj � ) dµ: (5)

In practice, the samples � i are often very small, or consist of just a single da-
tum, and in this casethe Bayesianapproach may provide regularization to avoid
over-¯tting. Both MAP and maximum likelihood estimators can be seenas ap-
proximations to the full posterior. Another type of regularization to consideris a
form of shrinkagewhich draws estimatesfrom all training points closertogether:

µ = argmax
·

logp( � jµ) + ¸
X

i

log( � i jµ)
¸
:

In the following we shall investigateparticular estimation methods for which the
kernel can be computed in closedform.



Family A (X ) K(µ) Parameter

Gaussian (mean) ¡ 1
2 X T X ¡ D

2 log(2¼) 1
2 µT µ µ2 RD

Gaussian (variance) ¡ 1
2 log(2¼) ¡ 1

2 log(µ) µ2 R+

Multinomial log(¡ (´ + 1)) ¡ log(º ) ´ log(1 +
P D

d=1 exp(µd )) µ2 RD

Exponential 0 ¡ log(¡ µ) µ2 R¡

Gamma ¡ exp(X ) ¡ X log ¡ (µ) µ2 R+

Poisson log(X !) exp(µ) µ2 R

Table 1. De¯nition of A and K in natural form for someexponential families.

3 Exp onential families

A family of distributions is said to form an exponential family [2] if it can be
written in the form

p(xjµ) = exp(A(x) + µT T (x) ¡ K(µ))

where the measureis denoted A , the cumulant generating function is denoted
K, the so-calledsu±cient statistics are computed via T and the µ is the natural
parameter of the distribution. Often, T (x) is just x.

Many familiar distributions, such as the Normal, Bernoulli, Multinomial,
Poissonand Gamma distributions can be written in this form (Table 1). Note
that A and K are related through the Laplace transform

K(µ) = log
Z

exp(A(x) + µTT (x)) dx

since p(xjµ) is normalized. Furthermore, it is straightforward to show that K
is convex. The maximum likelihood estimate for µ under this distribution is
given by equating the gradient (which we will denote as G(µ)) of the cumulant
generating function to the (empirical) expected value of the su±cient statistic:

G(µ) =
@K(µ)

@µ
=

1
n

nX

i =1

T (x i )

For exponential families, the Bhattacharyya kernel (½= 1=2) is:

K ( � ; �

0) = K (p;p0) =
Z

p(xjµ)1=2p(xjµ0)1=2dx

= exp
¡
K

¡
1
2 µ + 1

2 µ0¢¡ 1
2 K(µ) ¡ 1

2 K(µ0)
¢

:

We can expand the above in terms of the actual data � and �

0 by using (for
instance) their corresponding maximum likelihood settings for µ and µ0.

It is interesting to note that the above kernel is in general nonlinear for e-
family models(and possibly in¯nite dimensional in feature space)and we expect
the choice of generative distribution to greatly in°uence the resulting kernel



formula weobtain (the Fisher kernel for e-family modelswhich is typically linear2

in T (x) unlike our kernel). For particular families, more explicit formulae also
exist for general½. In the following, we examinesomeof thesecases.

3.1 Gaussian mo dels

The D dimensional Gaussiandistribution p(x) » N (¹; § ) is of the form

p(x) = (2¼)¡ D =2 j § j¡ 1=2 exp
¡
¡ 1

2 (x ¡ ¹ )T § ¡ 1(x ¡ ¹ )
¢

where § is a positive de¯nite matrix and j § j denotes its determinant. For a
pair of Gaussiansp» N (¹; § ) and p0» N (¹ 0; § 0), completing the squarein the
exponent gives the generalprobabilit y product kernel:

K ½( � ; �

0) = K ½(p;p0) =
Z

RD
p(x)½p0(x)½dx

= (2¼)(1 ¡ 2½)D =2 ¯
¯ § y

¯
¯1=2

j § j¡ ½=2 j § 0j¡ ½=2

exp
µ

¡
½
2

¹ > § ¡ 1¹ ¡
½
2

¹ 0> § 0¡ 1¹ 0+
1
2

¹ y>
§ y¹ y

¶

where § y =
¡
½§¡ 1+ ½§0¡ 1¢¡ 1

and ¹ y = ½§¡ 1¹ + ½§0¡ 1¹ 0. If the covariance is
isotropic and ¯xed: § = ¾2I , this simpli¯es to:

K ½(p;p0) = 2D =2 (2¼¾2)(1 ¡ 2½)D =2 exp
µ

(½¡ 1)
¹ T¹ + ¹ 0T¹ 0

2¾2 ¡
(¹ 0¡ ¹ )T (¹ 0¡ ¹ )

4¾2

¶
;

which, for ½= 1 (the expectedlikelihood kernel) simply givesthe following Gaus-
sian (whosevariance is e®ectively double the original § = ¾2I ):

K (p;p0) = 1
(4¼¾2 )D = 2 e¡k ¹ 0¡ ¹ k2 =(4¾2 )

Writing the above explicitly in terms of the maximum likelihood setting ¹ = x =
1
n

P n
i =1 x i and ¹ 0 = x0 = 1

n 0

P n 0

i =1 x0
i , yields the traditional radial basis function

(RBF) kernel:

K ( � ; �

0) = 1
(4¼¾2 )D = 2 exp

¡
¡k x ¡ x0k2=(4¾2)

¢

Similarly for ½= 1=2 (the Bhattacharyya kernel), we alsoobtain the RBF kernel.

2 Recall the Fisher kernel computed at the dataset's maximum lik elihood estimate
µ¤ has the following form: K ( � ; �

0) = U � I ¡ 1
µ¤ U

�

0 where U � = r µ log P( � jµ)jµ¤ is the
general formula. For the exponential family, this reducesto U � = T ( � ) ¡ G(µ¤ ) which
is linear in T ( � ).



3.2 Bernoulli and Naiv e Bayes Mo dels

The Bernoulli distribution p(x) = ° x (1 ¡ ° )1¡ x with parameter ° 2 [0; 1], and its
D dimensional variant, sometimesreferred to as Naive Bayes,

p(x) =
DY

d=1

° x d
d (1 ¡ ° d)1¡ x d

with ° 2 [0; 1]D , are used to model binary x 2 f 0; 1g or multidimensional binary
x 2 f 0; 1gD observations, respectively. The Bhattacharyya kernel betweena pair
of such distributions

K ½( � ; �

0) = K ½(p;p0) =
X

x 2f 0;1gD

DY

d=1

(° d° 0
d)½xd ((1 ¡ ° d)(1 ¡ ° 0

d))½(1¡ x d )

factorizes trivially (for any setting of ½) as:

K ½(p;p0) =
DY

d=1

[(° d° 0
d)½+ (1 ¡ ° d)½(1 ¡ ° 0

d)½] :

3.3 Multinomial Mo dels

For discrete count data, when x = (x1; x2; : : : ; xD ) is a vector of non-negative
integer counts summing to X , we can usethe multinomial model

p(x) =
X !

x1! x2! : : : xD !
®x 1

1 ®x 2
2 : : : ®x D

D

with parameter vector ® = (®1; ®2; : : : ; ®D ) subject to
P D

d=1 ®d = 1. The maxi-
mum likelihood estimate given observations x (1) ; x (2) ; : : : ; x (n ) is

®̂d =
P n

i =1 x ( i )
dP n

i =1

P D
d=1 x ( i )

d

:

For the case½= 1=2, ¯xing X , the Bhattacharyya kernel K ( � ; �

0) = K (p;p0)
for counts can be computed explicitly using the multinomial theorem, giving:

K (p;p0) =
X

x =( x 1 ;x 2 ;:::;x D )
P

i x i = X

X !
x1! x2! : : : xD !

DY

d=1

(®d®0
d)x d =2 =

"
DX

d=1

(®d®0
d)1=2

#X

(6)

which is equivalent to the homogeneouspolynomial kernel of order X =2 between
(®1; ®2; : : : ; ®D ) and (®0

1; ®0
2; : : : ; ®0

D ). If we do not wish to hold X constant, we
may sum over all its possiblevalues

K (p;p0) =
1X

X =0

"
DX

d=1

(®d®0
d)1=2

#X

=

Ã

1 ¡
DX

d=1

(®d®0
d)1=2

! ¡ 1



or weight each power di®erently (i.e. a power seriesexpansion).For the general
caseof ½6= 1=2, a general formula for discrete multinomial events is available
(if ½6= 1=2 there is no general closedform formula for counts except for X = 1
where, as opposedto counts, we really have single mutually exclusive events).
This discrete events scenarioif arguably more relevant and yields the form:

K (p;p0) =
DX

d=1

(®d®0
d)½:

4 Mixture Mo dels

For extensions to a mixture model setting, it is clear that the Bhattacharyya
kernel with ½= 1=2 becomeslessattractiv e than the expected likelihood kernel
sincethe squareroot of a mixture probabilit y is unwieldly3. However, with ½= 1,
we can easily evaluate any mixture model via the subkernel evaluations over the
cross-product of all the hidden states as follows. Consider the caseof mixture
models p =

P
m p(m)p(xjm) and p0 =

P
n p0(n)p0(xjn) (with slight abuse of

notation). Here, the ¯rst mixture is over M con¯gurations while the secondis
over N con¯gurations. The expected likelihood kernel trivially reducesto a sum
of M £ N elementary expected likelihood subkernelsK i;j ( 	 ; 	

0) for each setting
of the hidden variables:

K ( 	 ; 	

0) =
X

m

X

n

p(m)p0(n)
Z

p(xjm)p0(xjn) dx =
X

m;n

p(m)p0(n)K m;n ( 	 ; 	

0):

A generalizationof the above is possiblefor ½= 2; 3; : : : provided that the higher
order kernel K (p1; p2; : : : ; p2½) =

R
p1(x)p2(x) : : : p2½(x) dx is easy to compute.

The above mixture models can be readily applied to our previous solutions for
the Gaussian,the multinomial (if we have a single event, i.e. X = 1 as opposed
to counts) and the Bernoulli since thesewere computed explicitly for ½= 1. No
such solution is readily available for ½= 1=2, and general mixture models of
other exponential family forms need to be derived speci¯cally for ½= 1. One
heuristic is to simply impute the ½= 1=2 value for the subkernel exponential
family evaluations while maintaining ½= 1 for handling the mixture model.

5 Hidden Mark ov Mo dels and Bayesian Net works

Perhaps more interestingly, the above mixture modeling and latent variable
framework extends naturally to HMMs and general latent Bayesian networks
without consideringthe brute force crossproduct of their hidden variables.This
is doneby taking advantage of conditional independenciesin the graphical mod-
els. We thus consider new forms of sequence-basedor network-based kernels.

3 Approximations may be possible for the setting ½= 1=2 via Jensen's inequalit y.



Recall, for instance, the generalform of an HMM for a sequenceof observations
X = (x1; : : : ; xT ) (as discrete or continuous vectors):

p(X ) =
X

S= s1 ;::: ;sT

p(s1) p(x1js1)
TY

t =2

p(st jst ¡ 1) p(x t jst ) :

The expected likelihood kernel is merely the co-emissionprobabilit y of two dif-
ferent HMMs [19,14]. We compute a kernel between two sequences
 and 


0

by ¯tting an HMM to each and summing (or integrating) the product over
all possible input sequencesX . Given an HMM p(X jµ) with discrete states st

of cardinalit y M and an HMM p(X jµ0) with discrete states ut of cardinalit y
N , a brute force evaluation would explore M T £ N T con¯gurations of their
joint hidden variables and compute a subkernel for each. This is becauseboth
HMMs needto be marginalized over their hidden variablesS = (s1; : : : ; sT ) and
U = (u1; : : : ; uT ). However, due to the Markov structure, we neednot consider
all possiblecon¯gurations of each HMM as shown below 4:

K ( 
 ; 


0) =
X

X =( x 1 ;::: ;x T )

p(X ) p0(X )

=
X

S

X

U

TY

t =1

p(st jst ¡ 1)p0(ut jut ¡ 1)
X

x t

p(x t jst )p0(x t jut )

=
X

S

X

U

TY

t =1

p(st jst ¡ 1)p0(ut jut ¡ 1)Ã(st ; ut ) :

The above indicates only subkernels K st ;u t =
P

x t
p(x t jst )p0(x t jut ) need to be

computed for each of the T x t variables independently under each setting of
their parent variablesst and ut . Thus, we evaluate T £ M £ N subkernels.These
e®ectively form positive clique functions Ã(st ; ut ) = K st ;u t over the common
parents of each x t variable in the network. It is then straightforward to sum over
hidden states of the resulting graphical model via a junction tree algorithm (see
Figure 1). The two graphs are coupled via common children in X and cliques
over their joint parents emergeas we propagate messages[13].

The above e±cient approach extends to general Bayesian networks. These
are directed acyclic graphs whoseprobabilit y distribution factorizes as P(X ) =Q

i P(x i j¼i ) where ¼i is the set of random variables that are parents of the
variable x i in the graph. Someof the variables may be latent while others are
in the input or sample space.Ultimately , we only need to compute subkernels
over the con¯gurations of the common parents for each subvariable of X in our
network. Theseform positive clique functions that couple the common parents:

Ã(¼i ; ¼0
i ) = K ¼i ;¼0

i
=

Z
p(x i j¼i )p0(x i j¼0

i )dx:

4 For brevit y in the product over t we assumep(s1 js0) = p(s1) and p(u1 ju0) = p(u1).
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(a) HMM for p(X ). (b) HMM for p0(X ). (c) Resulting graph.

Fig. 1. The resulting graphical model from two hidden Mark ov models as the kernel
couples common parents for each node creating undirected edgesbetween them.

The two Bayesiannetworks neednot be the sameas long as, when marginalized
over their hidden variables, they are distributions over the sample space X .
Computations grow tractably with the enlargedclique sizesof the joint parents.
Furthermore, if the original networks do not have loops, the resulting fused
network from the expected likelihood kernel will not give rise to loops itself.

6 Sampling Appro ximation

To accommodate the complete classof generative models (i.e. beyond mixture
modelsand other latent models)whenwecanno longer ¯nd closedform formulas
for the probabilit y product kernel for any setting of ½, the expected likelihood
kernel can be approximated by sampling methods. This hingeson our abilit y to
generatesamplesand evaluate their likelihood with a given generative model yet
theseoperations are often assumedto be readily available.

For ½= 1 (the expected likelihood kernel) the approximation (c.f. eq. 4)

K ( � ; �

0) = K (p;p0) ¼
¯
N

X

x i » p(x )

i =1 ;:::;N

p0(x i ) +
(1 ¡ ¯ )

N 0

X

x 0
i » p0(x )

i =1 ;::: ;N 0

p(x0
i )

(where x1; x2; : : : ; xN and x0
1; x0

2; : : : ; x0
N 0 are iid samplesfrom p and p0 respec-

tiv ely and ¯ 2 [0; 1] is a parameter of our choosing) is guaranteed to convergeto
the true value of the kernel by the law of large numbers.

Often unusual distributions occur in the context of generative models.Hence,
at least for the expected likelihood kernel, when the analytic approach to calcu-
lating K ( � ; �

0) fails, we will often ¯nd that we can easily and e±ciently generate
samplesand compute the kernel using this approximation. In the caseof in¯nite
samples,the above is an exact evaluation of the kernel. However, in practice we
can usea ¯nite number of samplesyet still consistently obtain a rapidly converg-
ing, reliable numerical estimate for the kernel. Furthermore, in the caseswhere
sampling from the distribution is di±cult, we may useimportance sampling and
related methods to compute the kernel.



7 Repro ducing Kernel Hilb ert Spaces

The mapping © :X 7! P described in Section2 is not the only Hilb ert spacerep-
resentation of K satisfying K ( � ; �

0) = h©( � ); ©( �

0)i . The so-calledReproducing
Kernel Hilb ert Space(RKHS) representation associateswith each � the function
©RKHS ( � ) = f 
 = K ( � ; ¢): De¯ning the inner product ash©RKHS ( � ); ©RKHS ( �

0)i =
K ( � ; �

0) lends the resulting Hilb ert spaceH the special property that for any
f 2 H , hf ; f 
 i = f ( � ), in particular, hf 
 ; f 


0i = f 
 ( �

0) = f 


0( � ) = K ( � ; �

0) :
Note that by construction of the kernel, H only contains functions symmetric

in f x1; x2; : : : ; xn g, i.e. invariant under permutations of the components of � . The
above inner product can be related to the standard product between functions
by hf ; f 0i =

R�

(Pf )( � ) (Pf 0)( � ) d � for someregularization operator P : H 7! H
[8].

Kernel based learning algorithms generally return hypothesesof the form
�

( � ) = hh; ©( � )i + b = h( � ) + b where h 2 H and b2 R together minimize the
regularized risk Rreg (h; b) = 1

m

P m
i L( � i ;

�

( � i )) + 1
2 hh; hi ; where ( � i )m

i =1 is the
training data, ( � i )m

i =1 are the training labels and L is a loss function. Hence,
understanding P is the key to understanding the way our kernel implements
capacity control, i.e. avoids over-¯tting.

For our kernel de¯ned by way of a kernel between distributions, if P is pa-
rameterized by µ2 £ , we can intro duce an analogousRKHS construction with
respect to £ by setting f µ(µ0) = K (pµ; pµ0) and hf µ; f µ0i = K (pµ; pµ0) leading to
hf ; f µi = f (µ). A family of distributions indexed by µ2 Rd is called a location
family if pµ(x) = p0

µ(x ¡ µ0+ µ). An example of a location family is the family of
unit varianceNormal distributions on RD . When our parametric model for com-
puting Bhattacharyya or expected likelihood kernels is chosenfrom a location
family, the kernel will be translation invariant in the sensethat

K (pµ; pµ0) =
Z

pµ(x) pµ0(x) dx = k(µ0¡ µ);

where, for simplicit y, we have set ½= 1, although the generalization to other
values is obvious. We then have

k(µ0¡ µ) =
Z

p0(x) p0(x ¡ µ0+ µ) dx

and by the convolution theorem, the Fourier transform of k will be k̂(! ) =
[p̂0(! )]2. On the other hand, by the RKHS property, f̂ µ(! ) = ei! µ[p̂0(! )]2.
Hence,we can recover our kernel in the form

K (pµ; pµ0) = k(µ0¡ µ) =
Z

£
(Pf µ)(#) (Pf µ0)(#) d# =

Z

£̂
(P̂ f̂ µ)( ! ) (P̂ f̂ µ0)( ! ) d!

by setting P̂ : f̂ (! ) 7! f̂ (! )=j p̂0(! ) j :
The analogousresult for \ordinary" stationary kernelshas beenwell known

for sometime [22]. The signi¯cance of the above is that it explains the regular-
ization properties implied by K ( � ; �

0) in terms of the basedistribution p0 for our
choice of models P. For \smooth" distributions, j p̂0(! ) j drops o®sharply with



increasing j ! j. For instance, for the unit Normal distribution, p̂0(! ) » e¡ ! 2 =2.
The above expressionfor the regularization operator implies that our learning
algorithm will correspondingly heavily penalizehigh frequencyFourier modesin

�

, favoring hypothesesthat appear \smooth" in the parameter space£ .

8 Text Exp erimen ts

In one experiment we attempted to classify HTML documents for the freely
available WebKB dataset using only the text component of each web pageand
discarding hyperlink information. Text was represented via a bag-of-words de-
scription which only tracks the frequency of appearanceof words in each docu-
ment without maintaining information on word orderings. The counts for each
document are computed and normalized to sum to unit y which corresponds to
the maximum likelihood estimate of the document under a multinomial dis-
tribution over counts. This e®ectively gives the multinomial parameter vector
® = (®1; ®2; : : : ; ®D ) subject to

P D
d=1 ®d = 1 for each document.
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Fig. 2. SVM error rates (and standard deviation) for the Bhattac haryya kernel for
multinomial models aswell aserror rates for traditional kernelson the WebKB dataset.
Various levelsof regularization are explored and various training set sizesare examined.
Results are shown for 20-fold cross-validation.

SVMs were used to discriminate between two categories in the WebKB
dataset: faculty webpagesand student webpages.Wecomparethe Bhattacharyya
kernel for multinomials 6 (with the setting X = 1) against the (linear) dot prod-
uct kernel and the GaussianRBF kernel. The dataset contains a total of 1641
student web pagesand 1124faculty web pages.The data for each classis further
split into 4 universitiesand 1 miscellaneouscategoryand we performedthe usual
training and testing split as described by [16,12] where testing is performed on
a held out university. We averagedthe results over 20-fold cross-validation and
show the error rates for the various kernels in Figure 2.



The ¯gure shows error rates for di®erent sizesof the training set ranging over
77 and 622training points. Each ¯gure plots the averageerror rate of each kernel
as a function of the SVM regularization parameter C. In addition, we show the
standard deviation of the error rate for the Bhattacharyya kernel. Even though
we only useda singlearbitrary setting of X = 1 for the Bhattacharyya kernel, we
note that it performsbetter than the linear kernel aswell asthe RBF at multiple
settingsof its ¾parameter (whereweattempted ¾= f 1=4; 1; 4g). Exploring other
settings of X (or summing over all settings of X aspreviously discussed)aswell
as exploring various settings of ¸ to perform shrinkage-like regularization might
further improve our results. Nevertheless, in this preliminary application the
Bhattacharyya kernel is promising and the kernel provides a more appropriate
a±nit y measurefor count data which reduceserror (although similar squashing
functions on word frequencieshave already beenexplored in text retrieval).

9 Sequence Exp erimen ts

In another preliminary experiment, we computed the expected likelihood kernel
on HMMs for the SCOP protein sequencedataset [10,17,19]. These sequences
are variable length discrete emissionsfrom an alphabet of roughly 20 symbols.
For simplicit y, we only considereda single sub-task in the SCOP experiments,
namely distinguishing proteins into negative and positive classesfor SCOP sub-
families 2.1.1.4 and 2.1. We followed the same train and test split suggested
for the SCOP 1.37 PDB-90 databaseexperiments but reduced the size of the
training set and testing set to keep computations simple. Therefore, we only
used a total of 120 positive and 120 negative training examplesand evaluated
the resulting SVM on the appropriately held out 120 positive and 120 negative
testing examples. The HMMs were trained on each sequencein the dataset.
Thus, we have a total of 480 distinct HMM parameters with a ¯xed topology
of 2 hidden states. Subsequently , we computed the Gram matrix over the whole
dataset using the approach in Section 5.
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Fig. 3. SVM error rates for the expected lik elihood kernel for HMMs. In (a) error
under various levels of regularization is shown (dashed line is training error, solid is
test error). In (b) the corresponding Gram matrix is shown.



Figure 3 shows the error rate under varying levels of regularization for the
expected likelihood kernel. In addition, we show the Gram matrix which was
veri¯ed to be positive de¯nite by a singular value decomposition. One open issue
is the potential of the individual HMMs to over¯t under maximum likelihood
due to the shortnessof the sequencesand the large alphabet size for protein
sequences(this is lessproblematic with, e.g. genesequences,which are longer
yet have smaller 4-element alphabets). Further experiments and comparisons
will be investigated in future work.

10 Discussion

We have intro duced a new and simple kernel betweenprobabilit y distributions,
the Probabilit y Product Kernel, which eschews some of the complexities that
kernels based on the Kullback-Leibler divergenceoften contend with. In spe-
cial cases,our kernel reducesto Bhattacharyya's measureof similarit y or the
expected likelihood kernel. Furthermore, as a kernel between distributions the
proposedcomputations are available in closedform for many common distribu-
tions and can be e±ciently approximated in other cases.

To use the probabilit y product kernel for learning from examples,we pro-
posedthe following generalprocedure.First, selecta classof parametric genera-
tiv e modelssuitable for the data at hand. Then for each data point, estimate the
parametersof the generative model using an appropriate frequentist or Bayesian
procedure. Finally, for each pair of datapoints, de¯ne the kernel between them
as the value of the probabilit y product kernel betweenthe corresponding distri-
butions. The resulting kernel between datapoints can then be plugged into the
kernel basedlearning algorithm of choice (SVM, GaussianProcess,Kernel ICA,
etc.) for classi¯cation, regressionor data analysis.

The proposedkernel marries discriminativ e learning frameworks with °exible
generative modeling and can exploit advantagesof both parametric an nonpara-
metric approaches.We discussedthe form our kernel takes for several members
of the exponential family, mixture models, HMMs and Bayesian networks. For
the special caseof location families we also developed the regularization the-
ory corresponding to our new kernel and discussedthe link between the form
of the distribution usedas generative model and the regularization operator on
parameter space.Experiments on text data and sequencedata indicate that the
approach is feasibleand may be promising in practice.

Ac knowledgmen ts

Thanks to A. Jagota and R. Lyngsoe for pro¯le HMM comparisoncode,C. Leslie
and R. Kuang for SCOP data and the refereesfor important corrections.

References

1. F Aherne, N. Thacker, and P. Rockett. The Bhattac haryya metric as an absolute
similarit y measurefor frequency coded data. Kybernetika, 32(4):1{7, 1997.



2. O. Barndor®-Nielsen. Information and Exponential Families in Statistical Theory.
John Wiley & Sons,1978.

3. Y. Bengio and P. Frasconi. Input-output HMM's for sequenceprocessing. IEEE
Transactions on Neural Networks, 7(5):1231{1249, September 1996.

4. A. Bhattac haryya. On a measureof divergencebetweentwo statistical populations
de¯ned by their probabilit y distributions. Bul l. Calcutta Math Soc., 1943.

5. C. Bishop. Neural Networks for Pattern Recognition . Oxford Press, 1996.
6. M. Collins and N. Du®y. Convolution kernels for natural language. In Neural

Information Processing Systems14, 2002.
7. C. Cortes, P. Ha®ner, and M. Mohri. Rational kernels. In Neural Information

Processing Systems15, 2002.
8. F. Girosi, M. Jones, and T. Poggio. Regularization theory and neural network

architectures. Neural Computation , 7:219{269, 1995.
9. D. Haussler. Convolution kernels on discrete structures. Technical Report UCSC-

CRL-99-10, Univ ersity of California at Santa Cruz, 1999.
10. T. Jaakkola and D. Haussler. Exploiting generative models in discriminativ e clas-

si¯ers. In Neural Information Processing Systems11, 1998.
11. T. Jaakkola, M. Meila, and T. Jebara. Maxim um entropy discrimination. In Neural

Information Processing Systems12, 1999.
12. T. Joachims, N. Cristianini, and J. Shawe-Taylor. Composite kernels for hypertext

categorisation. In International Conference on Machine Learning, 2001.
13. M. Jordan. Learning in Graphical Models. Klu wer Academic, 1997.
14. T. Kin, K. Tsuda, and K. Asai. Marginalized kernelsfor rna sequencedata analysis.

In Proc. Genome Informatics , 2002.
15. R. Kondor and T. Jebara. A kernel between sets of vectors. Machine Learning:

Tenth International Conference, ICML 2003, February 2003.
16. J. La®erty and G. Lebanon. Information di®usion kernels. In Neural Information

Processing Systems, 2002.
17. C. Leslie, E. Eskin, J. Weston, and W.S. Noble. Mismatch string kernels for svm

protein classi¯cation. In Neural Information Processing Systems, 2002.
18. H. Lodhi, C. Saunders, J. Shawe-Taylor, N. Cristianini, and C. Watkins. Text

classi¯cation using string kernels. Journal of Machine Learning Research, 2:419{
444, February 2002.

19. R.B. Lyngso, C.N.S. Pedersen,and H. Nielsen. Metrics and similarit y measures
for hidden markov models. In Proceedings of the 7th International Conference on
Intel ligent Systemsfor Molecular Biology (ISMB) , 1999.

20. C. Ong, A. Smola, and R. Williamson. Superkernels. In Neural Information Pro-
cessing Systems, 2002.

21. C. Rathinavelu and L. Deng. Speech tra jectory discrimination using the minim um
classi¯cation error learning. In IEEE Trans. on Speech and Audio Processing, 1997.

22. A. J. Smola and B. SchÄolkopf. From regularization operators to support vector
machines. In Neural Information Processing Systems, pages343{349, 1998.

23. N. Tishby, W. Bialek, and F. Pereira. The information bottleneck method: Extract-
ing relevant information from concurrent data. Technical report, NEC Research
Institute, 1998.

24. F. Topsoe. Some inequalities for information divergenceand related measuresof
discrimination. J. of Inequalities in Pure and Applied Mathematics, 2(1), 1999.

25. S.V.N. Vishawanathan and A.J. Smola. Fast kernels for string and tree matching.
In Neural Information Processing Systems15, 2002.

26. C. Watkins. Advances in kernel methods, chapter Dynamic Alignment Kernels.
MIT Press, 2000.


